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I am deeply indebted to Ophira, Tami, Orli, Amir, Ur, Maya, Lotem, Sara, Ya’ar and Arava for being there


The Subcritical Brain weaves together theoretical ideas from random graphs, nonlinear dynamics, prime numbers and quantum computation, to address one of the most important questions in science — how brains compute. A must read for anyone interested in theoretical studies of cortical microcircuits.

—Prof Dario Ringach, Professor of Neurobiology & Psychology, David Geffen School of Medicine, University of California, Los Angeles

The field of Neural Networks has grown in the 1980s, and became a very active interdisciplinary arena leading to new insights into two major research topics: brain research and computational modeling. The latter has developed into Machine Learning, branching out recently into Deep Learning.

This book represents very well this dual character of the field. In some chapters, the author draws on lessons from Mathematics and Engineering, to explain or paraphrase brain processing. In others he applies lessons from Biology to the construction of novel engineering and computational devices and techniques.

Any reader who is fond of Applied Mathematics will be delighted to witness the author’s skillful use of abstract tools in investigating brain mechanisms. His discussion follows many of his original contributions to the field. In the last chapters he summarizes his work with leading neurologists in addressing issues of movement disorders in neurologically impaired patients.

Baram’s main thesis is that weakly connected small neural circuits offer higher information processing capacities than large neural networks. Paraphrasing this message we may emphasize the importance of diversity in both the brain’s system of systems and the education of its researchers. The book is a fine example of the latter, widening the scope of the student and the researcher who wishes to augment his/her education on a multitude of pertinent topics.

—Prof David Horn, Professor of Physics, Incumbent of the Edouard and Francoise Jaupart Chair of Theoretical Physics of Particles and Fields, Tel Aviv University

Professor Yoram Baram has dared set one foot in the world of advanced mathematics and the other in the world of medical practice. In The Subcritical Brain, he creates a bridge between these two worlds that a reader can walk with both confidence and amazement. Neural Networks may have never been approached with such insight and lyricism.

—Prof Alberto Espay, Professor of Neurology, University of Cincinnati

Few areas in science have attracted the huge amount of research as the human brain.

The Subcritical Brain provides a translational mathematical framework for understanding the neural systems underlying the human mind and behavior and consequently the clinical sciences of neurology and psychiatry.

The content covers the historical development of the science of modeling biological networks mathematically, from its birth through the most updated research methods and understandings.

All chapters begin with a short mention of the behavioral-neuro-physiological process, continue with the presentation of the prevailing mathematical and theoretical positions that reflect the diversity of approaches to the addressed subject and culminate in a detailed integrative analysis of the author’s insights and research results.

All chapters are of high scientific and literal quality. The book is recommended to all those interested in translational science aiming to model the abilities of the human mind which is suitable to adapt to our ever-changing environment.

—Prof Judith Aharon-Peretz, Professor of Neurology, Medical School, Technion – Israel Institute of Technology


Prologue

My first acquaintance with the topic of neural networks in the late 1980s has taken me to the question of cortical information capacity. Networks of many neurons, communicating in a binary (on/off) fashion, have appeared to represent a biological reality and seemed reasonably easy to address mathematically. Replacing “many” by “infinitely many” seemed an acceptable mathematical convenience. Having read a few papers by others, and having published a few of my own, I was left with a sense of discomfort. The notion of an infinite-size neural network, marginally surviving in a contrived reality, became an annoying mental burden. It certainly did not match the finite size of the brain, any brain. Turning to issues of sensorimotor control in the neurologically impaired has made for a decade of satisfying self-fulfillment.

My return to more realistically founded cortical mathematics was sparked by a realization that it is the dynamics of change, not stationary binary state, which define cortically governed behavior. This realization was highly enhanced by the relationship between seemingly different mathematical notions: global attractors, which define non-invertible firing-rate dynamics; random graphs, which define neural circuit connectivity; and prime numbers, which define the dimension and category of cortical operation. An intriguing aspect was offered by the application of quantum computation. Somewhat surprisingly, while quantum mechanics often yields fundamentally different results than classical mechanics, quantum computation — shown to be embedded in certain cortical operations — has yielded the same key conclusion as classical computation: weakly connected small neural circuits facilitate higher information storage and processing capacities than large circuits, which, by random graph considerations, tend to be highly connected. The conceptual, linguistic and functional burdens of infinite-size neural networks were swept away. The complementary exposition to the cortical origins of such wondrous natural phenomena as musical perception, bird descending trajectory, and, in particular, neurological patient struggle, resolve and achievement, has made this journey endlessly gratifying.

I have greatly benefitted from the wisdom I found in the scientific works of others, and am indebted to those individuals who have helped me realize that wisdom in my own theoretical and practical endeavors: Ralph Abraham, Judith Aharon-Peretz, Amir Baram, Ran El-Yaniv, Yuval Filmus, Alberto Espay, Ruben Lenger, Ariel Miller, Nathan Peterfreund, Dario Ringach, Lior Ron, Ze’ev Roth, Virginia de Sa, Dror Sal’ee, Tamer Salman, Yahalomit Simionovici, Priya Velu and Mark Zlochin. Many other collaborators are noted as co-authors of articles referenced throughout this book.

Yoram Baram

Haifa, 2021
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Chapter 1

Introduction

1.1General

Traditionally, the experimental nature of biological research has required a high degree of phenomenological specificity. Consequently, seemingly separate issues such as cortical development, cortical functions, inter-neuron connectivity, neuronal firing dynamics, learning and memory have been studied in seemingly complete mutual isolation. Yet, recent years have seen a trend towards integrative neuroscience, driven by a realization that, on the one hand, practically every cortical function combines a variety of molecular, biological and physical processes, and, on the other, different cortical functions are often executed by similar mechanisms. It is also becoming increasingly clear that a complete understanding of such integration would involve a new look at the cortical arena, incorporating advanced theoretical reasoning and new methods of analysis. The relatively recent emergence of numerous publications presenting advanced mathematical analysis of neurobiological structures and processes is strong evidence of this effect. Recent interdisciplinary interest in general common notions such as information, linguistics, learning, memory, computation, cognition, dynamics and control is further evidence of the same effect. It is the purpose of this book to address these issues in an analytically rigorous manner, combining relevant experimental findings and advanced theoretical concepts. While the general methodology and many of its consequential outcomes are original, they are supported by several recent publications by the author along with a wide range of references to publications by others, old and recent, related to the issues under consideration.

1.2Historical account

1.2.1The nature of cortical information

The nature of cortically embedded information has been intensely studied for over a century. Yet, it remains one of the most highly evasive mysteries of neuroscience. Following Cajal’s introduction of the neuron in the late 19th century (e.g., Cajal, 1890), early investigations of cortically embedded information have concerned the nature of neuronal firing (Lapicque, 1907). Elaborate chemical, physical and mathematical analysis has led to the celebrated conductance-based model of action potential (Hodgkin and Huxley, 1952). The dynamic nature of empirically observed trains of neuronal firing impulses (Adrian and Zotterman, 1926) has remained, however, more enigmatic. The very need for variability in the neuronal firing dynamics has been questioned (Stein et al., 2005; Faisal et al., 2008). While empirically observed firing sequences have been described as tonic (Murthy and Fetz, 1996; Bennett et al., 2000), oscillatory (Murthy & Fetz, 1996; Elson et al., 2002; Cymbalyuk and Shilnikov 2005; Wang, 2010), periodic (So et al., 1998), quasi-periodic (Lankheet et al., 2012), multiplexed (Panzeri et al., 2009), or silent (Melnick, 1994; Epsztein et al., 2011), some have been characterized as random (Gerstein and Mandelbrot, 1964), or as chaotic, representing functional bursting (Hayashi and Ishizuka, 1992), or deficient states of neural information processing (Fell et al., 1993). Individual neurons of the same type are often capable of producing different firing modes, switching from one to another in a seemingly unpredictable manner (Hyland et al., 2002). However, the mathematical rules underlying such behavior, the purpose it might serve, or the harm it might cause, have not been well understood. The transition from one dynamic mode to another has been called global bifurcation when caused by the landscape of the underlying map subject to fixed parameter values, and local bifurcation when caused by a change in parameter values (Blanchard et al., 2006). Bifurcations with chaos (Ren et al., 1997) and bifurcations without chaos (Li et al., 2004) have been reported. Biologically-based, analytically derived bifurcation models have been shown to produce spiking and bursting sequences (Izhikevich, 2000, Kuznetsov et al., 2006). Periodic bifurcations may in themselves represent a dynamic mode, as in the case of periodic bursting (Elson et al. 2002) instigated by postinhibitory rebound (postinhibitory facilitation, Perkel and Mulloney 1974). The choice between the spiking paradigm, putting the spotlight on the changing time intervals between neuronal spiking, and the firing-rate paradigm, seeking the information in the dynamics of interval-averaged number of spikes has been highly debated (Gerstner and Kistler, 2002). The firing-rate paradigm, while lacking in detail with respect to the spiking paradigm, has been found to offer a certain mathematical convenience, and, at the same time, reliably reproduce empirically observed firing sequences (Wilson and Cowan, 1972; Gerstner, 1995; Dayan and Abbott, 2001; Jolivet et al., 2004). Following a mathematical analysis of discrete iteration maps for neural network firing-rate, a global attractor code, relating the modes of firing-rate dynamics to internal neuron properties, has been derived (Baram, 2012, 2013a).

1.2.2Developmental aspects

Neurophysiological and molecular studies have distinguished between precritical excitability, instrumental in initial circuit formation (Hsia et al., 1998; Hensch et al., 1998; Hensch, 2005; Ashby and Isaac, 2011) and persistent plasticity, evidenced during critical development of ocular dominance in early life (Hensch, 2005; Miyata et al., 2012). Empirical characterizations of developmental stages have employed sensory responses. High sensitivity to sensory experience is crucial for early neural circuit formation (Hooks and Chen, 2007). Excitatory plasticity in precritical period immediately following birth has been found to govern activity independent synapse and dendrite generation and arborization, and axon growth, branching and targeting (Hsia et al., 1998; Ashby and Isaac, 2011; Tessier and Broadie, 2009; Gibson and Ma, 2011; Weiner et al., 2013). At the same time, the Hebbian paradigm supports activity-dependent inter-neural connectivity (Caporale and Yang, 2008; Buzs´aki, 2010; Doll and Broadie, 2014). Molecular mechanisms for cortical plasticity control have been suggested, with both excitatory and inhibitory synapses playing critical roles (Constantine-Paton et al., 1990; Huang et al., 1999; Fagiolini and Hensch, 2000; Goold and Nicoll, 2010; Phillips et al., 2011; Miyata et al., 2012; Wang et al., 2012). It is largely believed that initial excitability enhances sensitivity to inhibitory effects, holding the key to plasticity modification (Huang et al., 1999; Fagiolini and Hensch, 2000; Feller and Scanziani, 2005; Goold and Nicoll, 2010; Wang et al., 2012). Beyond activity-independent neural circuit formation in early development (Hsia et al., 1998; Gibson and Ma, 2011; Weiner et al., 2013), activity-dependent circuit formation (Katz and Shatz, 1996; Gage, 2002) and later modulation (Tessier and Broadie, 2009), neural circuit modification by activation and silencing of neuronal membrane and individual synapses has been observed in early development (Melnick, 1994; Atwood and Wojtowicz, 1999; Liao et al., 1999; Losi et al., 2002; Kerchner and Nicoll, 2008), maturation (Ashby and Isaac, 2011) and later life (McGahon et al., 1999). The distinction between developmental stages has not been matched by the mathematical representation of cortical plasticity on the one hand, and of neural firing, on the other. Yet, a generalized developmental approach to biologically realistic mathematical modeling and prediction of neural connectivity has been proposed, relating neural network growth to activity and function (Borisyuk et al., 2011, 2014).

1.2.3Cortical connectivity

Cortical circuit connectivity has attracted increasingly growing interest for the past three decades. Sensory inputs have been shown to evoke ongoing shunting in visual cortex circuits (Borg-Graham et al., 1998). Activity-independent neural circuit formation in early development (Hsia et al., 1998; Gibson and Ma, 2011; Weiner et al., 2013) has been found to be followed by activity-dependent circuit formation (Katz and Shatz, 1996; Gage, 2002) and later modulation (Tessier and Broadie, 2009). Neural circuit modification by activation and silencing of neuronal membrane and individual synapses has been observed in early development (Melnick, 1994; Atwood and Wojtowicz, 1999; Liao et al., 1999; Losi et al., 2002; Kerchner and Nicoll, 2008), maturation (Ashby and Isaac, 2011) and later life (McGahon et al., 1999). Cortical segregation into small groups of neurons has been related by simulation to radius of inhibition and found to have an effect on spiking dynamics, leaving a deeper understanding of the observed activity for future research (Stratton and Wiles, 2015). Synchronous and asynchronous reverberation have been synthetically embedded in local cortical circuits and individual neurons (Vardi et al., 2012).

1.2.4Somatic and synaptic polarization

The state of neuronal activity, contrasted by neuronal silence, has been found to depend on the somatic membrane potential being above or below a certain threshold value (about −60 mV, Melnick, 1994). The state of synaptic transmissivity, contrasted by synaptic silence, has been found to depend on the value of pre-synaptic membrane potential, controlled by external stimulation, and molecular properties with respect to a certain threshold value (also about −60 mV, Atwood and Wojtowicz, 1999). A detailed biophysical model relates long-term synaptic potentiation and long-term synaptic depression, which are viewed in a binary (“bidirectional”) context, to the variable properties and relative numbers of AMPA (α-amino-3-hydroxy-5-methyl-4-isoxazolepropionic acid) and NMDA (N-methyl-D-aspartate) receptors and their external stimulation (Castellani et al., 2001). As the definitions of membrane and synapse polarities have been derived directly from experimental neurobiological findings independently of any particular firing or plasticity models, we are able to address neuronal polarity gates, neural circuit polarity codes and the corresponding issue of circuit segregation in a discrete mathematical framework independent of such models. While the memory mechanization by circuit polarization proposed in the present work following Baram (2018) does not rule out a certain role for the death and regrowth of neurons and synapses in the implementation of memory, it appears to be considerably more economical, controllable and agile than the latter.

1.2.5Synaptic and somatic elimination

Permanent synaptic and axonal elimination have been observed in humans (Huttenlocher, 1979; Huttenlocher et al., 1982; Huttenlocher and Courten, 1987) and in animals (Eckenhoff and Rakic, 1991; Bourgeois, 1993; Bourgeois and Rakic, 1993; Rakic et al., 1994; Innocenti, 1995). Perceived as the removal or “pruning” of redundant or weak synapses for the improvement of neural circuit performance, such structural circuit modification has been suggested as an ongoing procedure for grey matter maintenance and upkeeping (Balice-Gordon and Lichtman, 1994). While early studies have associated synapse elimination with early development (Balice-Gordon and Lichtman, 1994; Culican et al., 1998) and childhood (Chechik et al., 1998), others have extended it to puberty (Iglesias et al., 2005) and, depending on brain regions, to age 12 for frontal and parietal lobes, to age 16 for the temporal lobe, and to age 20 for the occipital lobe (Giedd et al., 1999). Yet, Alzheimer’s disease (Horn et al. 1996), grey matter (Mechelli et al., 2004) and cognition (Craik and Bialystok, 2006) studies, and persistent evidence of molecular processes involved in synaptic elimination throughout life (Lee et al., 2016) have suggested its continued relevance. Connectivity changes due to synapse elimination (Dennis and Yip, 1978; Huttenlocher, 1979) have been suggested as means for long-term memory (Balice-Gordon et al., 1993), supported by studies of structure (Balice-Gordon and Lichtman, 1994; Chklovsii et al., 2004; Knoblauch and Sommer, 2016), information capacity (Knoblauch and Sommer, 2016) and cortical segregation (Baram, 2017b).

1.2.6Cortical plasticity

Cortical plasticity, underlying the brain’s ability to change, has been largely viewed in two separate contexts: early development, governed largely by genetics; and later adaptation, governed largely by experience (Feller and Scanziani, 2005). Activity-dependent changes in synaptic plasticity (“the plasticity of synaptic plasticity”) have been termed “metaplasticity” (Abraham and Bear, 1996; Abraham, 2008; Ming-Chia et al., 2010). Age-related cortical degradation is yet another aspect of plasticity, or its demise. Cortical plasticity has physical, chemical and biological expressions. Fundamental changes in cortical modes of firing are perhaps the most highly visible expressions of cortical plasticity. Synaptic plasticity, believed to affect and be affected by neuronal firing underlying learning and memory in the nervous system (Hebb 1949; Bienenstock et al., 1982; Dudai, 1989; Cooper et al., 2004) has been assumed to evolve on a slower time scale, often separated from firing dynamics for analytic convenience. While almost all theoretical and experimental studies make the implicit assumption that synaptic efficacy is both necessary and sufficient to account for learning and memory, it has been suggested that learning and memory in neural networks result from an ongoing interplay between changes in synaptic efficacy and intrinsic membrane properties (Marder et al., 1996). A filtering property of the neuron, band-passing its own feedback and inputs from interacting neurons with the same behavior, is implied by the Hebbian paradigm (Hebb, 1949) and supported by the eigen-frequency preference paradigm of spiking neurons (Izhikevich, 2001). Experimental imaging relating circuit formation to coordinated neural firing activity (Kenet et al., 2003; Karlsson and Frank, 2009; Komiyama et al., 2010; Garner and Mayford, 2012) further supports the mutual filtering paradigm among interacting neurons. Synchrony has been observed in both small circuits (Komiyama et al., 2010; Marder and Bucher, 2001) and larger structures, even whole brain tissues (e.g., Lopes da Silva, 1991).

A detailed biophysical model of long-term synaptic potentiation and long-term synaptic depression has been presented (Castellani et al., 2001), supporting the BCM plasticity theory (Bienenstock et al., 1982). The combined effects of firing-rate and plasticity time constants on firing-rate dynamics corresponding to different developmental stages have been analyzed, laying the ground for a firing-rate dynamics-based theory of metaplasticity, ranging across neuronal properties on the one hand, and cortical development on the other (Baram, 2017a).

1.2.7Learning and memory

Learning and memory are unquestionably among the most fundamental concepts associated with advanced living objects. While human awareness of learning and memory is conceivably as old as humanity itself, their mathematically formal conceptualization has seemed unattainable until only a few decades ago. The following writing by a great 17th century mathematician, Descartes, has been cited (e.g., Dudai, 1989) as the first informal conceptualization of memory on record:

Thus, when the soul wants to remember something · · · volition makes the gland lean first to one side and then to another, thus driving the spirits towards different regions of the brain until they come upon the one containing traces of the object we want to remember. These traces consist simply of the fact that the pores of the brain through which the spirits previously made their way, owing to the presence of this object, have thereby become more apt than the others to be opened in the same way when the spirits again flow towards them. And so the spirits enter into these pores more easily when they come upon them, thereby producing in the gland that special movement which represents the same object to the soul, and makes it recognize the object as the one it wishes to remember. (Descartes, 1649).1

Culturally, the distinction between learning and memory has been based on behavioral attributes such as the level of effort or the length of time involved. However, by measure of outcome, there does not seem to be any difference between learning and memory at all. The first formal (yet, not mathematical) conception of biological learning and memory was presented by Hebb (1949), whose poetically phrased concept “neurons that fire together wire together” has inspired many mathematical variants of this paradigm. An early biologically-inspired learning mechanism incorporating Hebb’s paradigm has been termed perceptron (Rosenblatt, 1958). Mathematically founded on solution-finding convergence, the perceptron has been found to be limited to linearly separable information (Minsky and Papert, 1969). Yet, it has laid the ground for a powerful theory of machine learning (Vapnik, 1995) and its statistical ramifications (e.g., Roth and Baram, 1996; Zlochin and Baram, 2001). Progress towards a biologically applicable theory on learning and memory has been more modest. Attracting considerable interest in mathematical dynamics and information theoretic circles, it has been linked to the convergence and stability of neural network activity models with respect to parametrically stored states. However, the analysis of such models in discrete (McCulloch and Pitts, 1943; Amari, 1972; Hop-field, 1982) and continuous (Cohen and Grossberg, 1983; Peterfreund & Baram, 1998a,b) space and time has presented a sharp tradeoff between low storage capacity, sublinear in the number of neurons (McEliece et al., 1987; Kuh and Dickinson, 1989; Dembo, 1989), and a multitude of spurious outcomes (Bruck and Roychowdhury, 1990). Sparse distribution of active neurons has been shown to raise the sublinear capacity bound (Baram and Sal’ee, 1992) while an exponential increase in the number of neurons (Kanerva, 1988) has been shown to result in exponential growth in storage capacity with respect to the dimension of the data stored (Chou, 1989). The mechanization of the associative memory concept presented in these works seems to have fallen short of a widely acceptable biological support. The biologically motivated mathematical approach taken in this book makes a very slight distinction between learning and memory, which, adhering to the notion of firing-rate dynamics-based metaplasticity (Baram 2017a), associates the former with the formation of a certain dynamic mode of neural firing-rate and the latter with the outcome of such formation.

1.2.8Cortical function

While there seems to be a clear relationship between certain firing modes and neural functions (e.g., oscillation (Sharp et al., 1996) appears directly related to heartbeat, walking and chewing), the utility of others is not as commonly recognized or understood. Chaotic neural firing has been conjectured to represent functional pace-making by rhythmic bursting (Hayashi and Ishizuka, 1992) and deficient states of neural information processing (Fell et al., 1993). Temporal multiplexing (i.e. transmitting and receiving independent signals over a common signal path) of different firing signals, analytically modelled (Izhikevich, 2001) and observed in sensory cortices (Fairhall et al., 2001; Wark et al., 2009; Lundstrom and Fairhall, 2006), enhances the coding and information transmission capacity (Bullock, 1997; Lisman and Grace, 2005; Kayser et al., 2009). Although temporal precision of the multiplexing code can be achieved by narrow windowing, the need for such precision in neural coding has been questioned (Panzeri et al., 2009). While a chaotic attractor drives temporal mixing of firing-rates over the entire state-space, a largely cyclic attractor can perform multiplexing of two oscillatory signals. Depending on the function of the receiving neuron, demultiplexing can be done, in principle, by band-pass filtering. Neuronal low-pass (Pettersen and Einevoll, 2008) and high-pass (Poon et al., 2000) filtering have been reported. Yet, the raw multiplexed, and even chaotic, signal can be useful in sensory systems. Multiplexed Red, Green and Blue (RGB) color coding is a known example of creating mixtures of the primary colors, found in both biological and technological vision systems (Hunt, 2004). A silent attractor, representing the state of a silent neuron, has been found to play a major role in cortical representation of place, largely termed place neurons (O’Keefe and Dostrovsky, 1971; O’Keefe and Nadel, 1978; Calvin, 1996; Hafting et al., 2005; Ashby and Isaac, 2011; Epsztein et al., 2011). More generally, sensorimotor control, fundamental to life and survival of both the individual and the species, is perhaps the most essential of all cortical functions. A synergy between neurobiological research and clinical studies has produced major advances in the understanding of normal sensorimotor control as well as medical procedures for the neurologically impaired (e.g., Baram, 2013b).

1.2.9Graphs and categories

A paper written by Leonhard Euler on the Seven Bridges of K¨onigsberg and published in 1736 is regarded as the first paper in the history of graph theory (Biggs et al., 1986). Euler’s formula relating the number of edges, vertices and faces of a convex polyhedron was studied and generalized by Cauchy (1813) and L’Huilier (1812–1813) and represents the beginning of the branch of mathematics known as topology.

The earliest use of a random graph model compared the fraction of reciprocated links in network data with a random model (Moreno & Jennings, 1938). Another use employed a model of directed graphs with fixed out-degree and randomly chosen attachments to other vertices (Solomonoff and Rapoport, 1951). The most widely recognized models of random graphs (Erdos and R´enyi, 1959, 1960; Gilbert, 1959) were motivated by the emergence of computer communication systems. Although neural circuits and networks can be graphically described, powerful graph theoretic results remain essentially in the abstract mathematical domain, escaping the attention of neuroscientists for many years.

The concepts of category and categorization — the grouping of objects — have been at the center of philosophy, linguistics and science at large for several millennia. Graphs are mathematical structures used to model pairwise relations between objects (Trudeau, 1993). Category theory (Awodey, 2010) has engaged the concept of directed graphs in formalizing mathematical structures of objects sharing certain attributes. The “arrows” (or “morphism”) of such graphs are often said to represent a process connecting two objects. An “arrow” connecting an object to itself is called an “identity morphism”. An early application of category theory outside pure mathematics appears in the “metabolism-repair” model of autonomous living organisms (Rosen, 1958).

1.2.10Prime numbers

A prime number is a natural (a whole, non-negative) number greater than 1 that cannot be formed by multiplying two smaller natural numbers. While the notions of prime and composite numbers appear to have been first presented in the Egyptian Rhind Mathematical Papyrus from around 1550 BC (Bruins, 1974), the earliest surviving formal account of prime numbers comes from the Greek Euclid (around 300 BC). Euclid’s Elements prove the infinitude of primes and the fundamental theorem of arithmetic, which states that every integer (a number that can be written without a fractional component) greater than 1 either is a prime number itself or can be represented as the product of prime numbers and that, moreover, this representation is unique, up to the order of the factors (Stillwell, 2010). Prime numbers have been later addressed by many notable mathematicians, including Dirichlet (e.g., Apostol, 1976), Euler (e.g., Sandifer, 2014), Fermat (e.g., Boklan and Conway, 2017), Gauss (e.g., Lenstra and Pomerance, 2002), Legandre (e.g., Chan, 1996) and Riemann (e.g., Apostol, 2000). There is, however, no general formula that generates all prime numbers.

The practical advantage of primality may be explained by the ability of different prime numbers to generate large numbers of different combinations without repetition. This property of prime numbers has been characterized in purely mathematical contexts (e.g., Furstenberg, 1955) and further in the geometric contexts of polygon construction and partition (Krizek et al., 2001). Its applicability in digital computation has been noted in the contexts of hash table generation (Cormen et al., 2001), error detection (Kirtland, 2001) and pseudo-random number generation (Matsumoto and Nishimura, 1998). Prime numbers have been shown to play fundamental roles in quantum physics (Peterson, 1999) and in quantum computation (Bengtsson and Zyczkowski, 2017) as well as the natural survival game of predator and prey (e.g., Williams and Simon, 1995), literature (e.g., Ribenboim, 2017) and music (e.g., du Sautoy, 2003). Yet, it appears that only very recently has a role been suggested for prime numbers in neuroscience (Baram, 2020a). As this role, namely, neural circuit categorization by polarization, is, as we have shown, central to information organization in the brain, prime numbers constitute an important part of this book.

1.2.11Quantum computation

Twentieth century physics has put the scientific community on notice that the so-called classical way of information representation falls short of accommodating certain physical phenomena. The emerging quantum physics has led the way to quantum information representation, which, in turn, pushed the limits of quantum computation beyond previously assumed classical capacities. The introduction of Shor’s algorithm for factoring numbers in polynomial time (Shor, 1994) has demonstrated the ability of quantum computation to solve certain problems more efficiently than classical computers. This perception was ratified two years later, when Grover (1996) introduced a quantum search algorithm which finds an item in a database in the square root of the time required by classical search. A comprehensive mathematical theory of quantum computation has matured (Nielsen and Chuang, 2000) and has been associated with cortical operation (Ivancevic and Ivancevic, 2010; Clark, 2014).

1.2.12Sensorimotor control

Some of the more essential functions of the brain involve movement, sensation, and, in particular, a combination of the two. It is not surprising therefore, that major sections of the brain in animals and humans alike are devoted to the control of such composite functions. Perhaps the most fundamental notion underlying control theory is the contrast between open-loop and closed-loop control systems. While early clinical studies have implicitly employed closed-loop sensorimotor control (specifically, visual feedback in gait entrainment, Martin, 1967), the fundamental difference between open and closed-loop control in neurophysiological systems were only explicitly noted in later experimental studies. Specifically, in contrast to certain technological proposals for aiding movement in the neurologically impaired employing open-loop control by constantly moving visual cues (Riess and Weghorst, 1995; Hanakawa et al., 1999), experimental (Kalaska et al., 1989) and theoretical (Baram, 1999) studies have stressed the closed-loop effect of movement with respect to earth-stationary visual scenery, which is self-regulating (Seborg et al., 2011). Similarly, closed-loop auditory gait entrainment (Baram and Miller, 2007) is self-regulating, unlike open-loop entrainment (Nieuwboer et al., 2007).

1.3Book outline

Following this introduction and historical account (Chapter 1) and some essentially mathematical preliminaries (Chapter 2), this book divides into three inter-related parts, which may, nevertheless, be independently read as separate entities. The first part, Cortical Graphs and Neural Circuit Primes (Chapters 3–6) introduces neural circuit structure as viewed from the perspectives of electrical somatic and synaptic polarities, graph theoretic connectivity and prime number interaction. The underlying premise, yielding a linguistic capacity exponential in the number of circuit neurons is that cortical connectivity, behavior and memory are all controlled by on/off gates, corresponding to neuronal somatic and synaptic membrane polarities with respect to a certain potential value. Graph theoretic considerations are shown to associate subcritical connectivity probability with small circuit segregation. These, in turn, are shown to resolve the implausible linguistics issue associated with large neural networks (Chapter 3). The resulting storage capacities of cortical information in terms of both circuit connectivity and firing-rate dynamics are demonstrated (Chapter 4). Primal-size categories of segregated circuit polarity code words are derived and argued to explain certain experimental results on “magical numbers” in working memory (Chapter 5). The high temporal information capacities of primal-size neural circuits in trees of meta-periodic interaction, producing linguistically plausible, non-repetitious polarity code words are argued and demonstrated (Chapter 6).

The second part of this book, Firing-rate Linguistics (Chapters 7–12), addresses the firing dynamics of neural circuits. We first note (Chapter 7) that the widely accepted, experimentally supported mathematical model of plasticity-modulated neural firing-rate implies a non-invertible and often chaotic process, concealing both past and future values. Instead of the actual values of the firing-rates, the singularities of the model, defining its dynamic modes, then become, together with the polarity (or connectivity) code, the language of cortical information. Hypothesizing that neural firing and plasticity time constant increase with age, discrete iteration maps corresponding to early development and maturity stages are then derived (Chapter 8) along with their singularities (Chapters 9 and 10). Neural circuits are shown to be segregated by neuronal polarization and elimination into smaller synchronous and asynchronous circuits (Chapter 11). Changes in synchronous circuit size, caused by changes in neuronal membrane polarities, are shown to change circuit firing-rate modes. Circuit segregation by synapse silencing is shown to yield interference-free asynchrony between synchronous subcircuits, facilitating, by different firing-rate dynamics, simultaneous execution of different cortical functions. Convergence of synaptic weights are shown to guarantee stable circuit memory; however, persistent modes of synaptic dynamics can also serve as a form of memory (Chapter 12). Following memory deterioration, caused by membrane silencing due to external inputs or electric charge dissipation, concealed memory, maintained by constant synaptic weights, is restored by presentation of the original circuit activation. Partial and false memory, as well as novelty and innovation effects, in the form of new circuit structures and firing dynamics, are created by incomplete deterioration or restoration of the circuit polarity which has instigated the original memory.

The third part of the book, Cortical Quantum Effects (Chapters 13 and 14), addresses the possible benefits of quantum search in such cortical functions as associative memory. Following a brief preliminary introduction to quantum computation and the Grover search algorithm (Chapter 13), the application of a quantum intersection set search procedure (Salman and Baram, 2012) to quantum pattern stability, completion and correction is presented along with capacity results and comparison to previous works. It is particularly noted that, much like the graph-theoretic subcritical probability results, advocating a small-circuit basis for high-performance, linguistically plausible cortical operation, the quantum-based results also advocate small circuits over large ones for such performance.

The fourth part of the book, Sensorimotor Control (Chapters 15–17), takes a more specific look at behavioral consequences of cortical activities, normal and impaired. In particular, cortical effects are considered in the context of sensorimotor control. Following consideration of normal sensorimotor behavior in human and bird (Chapter 15), clinical results demonstrate how such behavior is challenged by neurological impairment, and how neurologically impaired behavior can be improved by technological means (Chapter 16). Clinical results are used to demonstrate the hypothesized roles of memory and reward in sensorimotor control. We close by revisiting electroencephalogram (EEG) recordings (Chapter 17), ratifying the existence of positive and negative polarization in directional connectivity between functional cortical regions (specifically, occipital, parietal and motor regions), and singularity segregation, evidenced by simultaneous firing at different frequency (specifically, delta, alpha and beta) bands.

 

1It is quite coincidental that Descartes, by his widely known results such as the rule of signs (Fine and Rosenberg, 1997), has made it possible for this author to mathematically prove the non-invertibility of the neural firing-rate process (see Chapter 7; Baram, 2012). This has, in turn, motivated the attractor approach taken in subsequent works and in this book.


Chapter 2

Some Mathematical Preliminaries

2.1Introduction

The mathematical disciplines involved in the analysis of neural circuits, as presented in this book, are quite diverse. Although these different disciplines will be shown to combine into a coherent theory of cortical connectivity and neuronal firing dynamics, they historically span several centuries of individual evolution, and did not necessarily share the same set of rules or logic. The present collection of mathematical preliminaries is not meant to replace an in-depth tutorial but rather to briefly familiarize the reader with the main concepts underlying this book, so as to facilitate a reasonably smooth progression through the subsequent chapters.

A key part of this book, namely the chapters addressing the nature of neural circuit polarity, criticality and primality, is independent of the specific mathematical and physical nature of neuronal firing and plasticity. It will equally apply to different dynamical models, such as the ones associated with spiking or firing-rate. Yet, in order to illustrate the different concepts of interest, we will specifically address the firing-rate model. Different models may require different biophysiological and mathematical elaborations, and may be interesting, even useful. Yet, addressing them all in one book would be an exceedingly demanding, highly sporadic task, and are therefore omitted in favor of a more coherent effort. The preliminaries presented here are all in the realm of classical mathematics. A separate section addressing quantum computation preliminaries is included in the third part of the book, considering quantum cortical effects.

2.2Random graph criticality and connectivity

Graphs are mathematical structures which are widely used to model pairwise relationship between objects. The objects are referred to as nodes (or vertices), and the relationship between two nodes is reduced to their connectivity, which is represented by directional or bidirectional edges. Random graphs are characterized by the probability of their nodes being connected. As the context in which we employ the graph concept here is specific to neural circuits, we mention only certain results from random graph theory which are immediately relevant to neural circuits. More general definitions, assumptions and implications are avoided as much as possible. For further details and proofs of these results, the reader is referred to the cited references.

The number of nodes in a graph is denoted n. The probability of edge existence is denoted p. The number of edges is denoted m. For a given n, a graph is characterized by either m or p and denoted G(n, m) or G(n, p), respectively.

A graph is said to be connected if any pair of its nodes is connected by a sequence of edges.

Let
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	(2.1)





and
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	(2.2)





where c is a fixed real number quantifying the relationships of p and m to n and [x] denotes the integer part of x, and let P(G((n, p))) and P(G(n, m)) denote the probabilities of the corresponding graphs being connected. Then (Erdös and Rényi, 1959, 1960)
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	(2.3)





and
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	(2.4)





where e is the so-called natural logarithm approximated by e = 2.7182.

Both results imply convergence in probability to complete graph connectivity as n → ∞.

A connected component of a graph is a connected subgraph none of whose nodes are connected to a node outside the subgraph.

It has been established (Erdös and Rényi, 1959, 1960) that, in the case of a subcritical graph, where p = c/n, with 0 < c < 1, the size S(n, p = c/n) of the largest connected component satisfies with probability tending to 1 as n → ∞,
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	(2.5)





Detailed formal variants of Eq. (2.5) have been derived for homogeneous (Erdös and Rényi, 1959, 1960) and inhomogeneous (Bollob´as et al., 2007; Turova, 2010) random graphs (“homogeneous” refers to a common typical number (or “degree”) of edges associated with different nodes).

In the case of a supercritical graph, where p ≥ (1 + ε)/n for any constant ε > 0, there is, with high probability, a single connected giant component whose size exceeds O(log(n)), while all the other connected components have size O(log(n)) (Erdös and Rényi, 1959, 1960). In the intermediate critical case p = 1/n, the size of the largest connected component of the graph is, with high probability, O(n2/3) (Bollobás, 2001).

2.3Primes, primality testing and prime factorization

A prime number (or “a prime”) is a natural number greater than 1 that cannot be formed by multiplying two smaller natural numbers. A natural number greater than 1 that is not prime is called a composite number. For example, 5 is prime because the only ways of writing it as a product, 1 × 5 or 5 × 1, involve 5 itself. However, 6 is composite because it is the product of two numbers (2 × 3) that are both smaller than 6. Primes are central to number theory due to the fundamental theorem of arithmetic: every natural number greater than 1 is either a prime itself or can be factorized as a product of primes that is unique up to their order. The property of being prime is called primality.

Primality testing: A practical application of prime numbers would normally involve primality testing. A simple but slow method of checking the primality of a given number n, called trial division, tests whether n is a multiple of any integer between 2 and [image: image]. Faster algorithms include the Miller–Rabin primality test (Miller, 1976; Rabin, 1980), which is often implemented in two stages: the first statistical (Rabin, 1980), the second deterministic, for verification (Miller, 1976). The AKS (Agrawal, Kayal and Saxena, 2004) primality test produces the correct answer in polynomial time, but is too slow to be practical. Particularly fast methods are available for numbers of special forms, such as Mersenne numbers, that is, prime numbers of the form 2n − 1 for some integers n. Finding those n values which satisfy Mersenne primality and those that do not has a long and interesting history, involving leading mathematicians (see, e.g., Laroche et al., 2018).

Prime factorization of composite numbers: Given a composite integer n, the task of providing one or all prime factors of n is referred to as prime factorization of n. In terms of computational complexity, it has been established that prime factorization is in the complexity class NP (Nondeterministic Polynomial time, Pratt, 1975). It is, in general, significantly more difficult than prime testing. Trial division (Mollin, 2002) and Pollard’s rho algorithm (Pollard, 1975) can be used to find very small factors of n (Riesel, 1994). Elliptic curve factorization can be effective when n has factors of moderate size (Lenstra, 1987). Methods suitable for arbitrary large numbers that do not depend on the size of its factors include the quadratic sieve and the general number field sieve (Pomerance, 1996). As with primality testing, there are also factorization algorithms that require their input to have a special form, including the special number field sieve (Pomerance, 1996).

Semiprime numbers: A semiprime is a natural number that is the product of two primes. The two primes in the product may equal each other, so the semiprimes include the squares of prime numbers. Because there are infinitely many primes, there are also infinitely many semiprimes. In 1974 the Arecibo message was sent with a radio signal aimed at a star cluster (Cassiday, 2013). It consisted of 1,679 binary digits intended to be interpreted as a 23 × 73 bitmap image. The number 1679 = 23 × 73 was chosen because it is a semiprime and therefore can be arranged into a rectangular image in only two distinct ways (23 rows and 73 columns, or 73 rows and 23 columns). The alternative arrangement, 23 rows by 73 columns, produces an unintelligible set of characters. The Arecibo message is noted here as an example of using prime factorization as means of defining a two-dimensional binary array. While our investigations of cortical information representation in this book do not directly involve two-dimensional arrays generated by prime factorization, they do give rise to such three-dimensional arrays, as described next.

Sphenic numbers: A sphenic number is a product pqr where p, q and r are three distinct prime numbers. This definition is more stringent than simply requiring the integer to have exactly three prime factors. For instance, 60 = 22 × 3 × 5 has exactly three prime factors but is not sphenic. A literature check reveals purely mathematical interest in sphenic numbers (Lehmer, 1936). However, as we show in this book, sphenic numbers play a unique role in the context of neural circuits. Specifically, while circuits of 1–4 neurons have primal polarity code sizes, circuits of 5 and 6 neurons have polarity codes of sphenic sizes. This means that the corresponding codes can be factorized into primes only in three ways. This establishes a certain definition of the cortical language associated with such circuits.

2.4Continuous and discrete-time dynamical systems

Poincare’s attention in the late 19th century to low-dimension dynamical system has paved the way to new mathematics, culminating in the emergence of chaos theory during the second half of the 20th century. The notion of a limit cycle (Leloup et al., 1999), and other “simple” attractors, has made way to that of “strange attractors”. The revolutionary idea was that singularities, characterized by particular dynamic behaviors, are not necessarily points in state space but can also be orbits of different types and even whole domains in state space. The mathematical discipline of dynamical systems has become rather abstract in nature, making itself almost inaccessible to a non-mathematician. Yet, certain subcategories of dynamical system models are highly applicable in such domains as control systems, including neural circuits and networks. Such models are briefly presented below.

A first-order vector-valued differential equation over the reals, υ(t) ∈ Rn, takes the form
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	(2.6)





where F is a vector-valued function said to be a dynamical system due to the dependence of the vector υ(t) on time t. An approximate solution of Eq. (2.6), known as Euler’s method of discretization, is written as
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	(2.7)





where Δ is a “sufficiently short” distance along a line tangent to the curve υ(t) at υ(k − 1), and t(k) = t(k − 1) + Δ. An equation of the form of Eq. (2.7) ia called a discrete iteration map. Clearly, the value of Δ is a key determinant of the accuracy of the method, which is often considered “sufficiently accurate” if it does not become numerically unstable, or “stiff” (Lambert, 1992).

We can be helped (as we shall be in the main part of this book, where we consider a cortical development stage termed maturity), when the system can, in a certain “piecewise” sense, be put in the
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where the first term on the right-hand side is linear and the second is non-linear in υ(t). Approximating the value of N(υ(t)) by a constant, N(υ(k − 1)), over the interval [t(k − 1, t(k) = t(k − 1) + Δ], the discrete-time solution of Eq. (2.8) has the piecewise linear form
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	(2.9)





2.5Elements of non-invertibility

A discrete iteration map over the reals (υ(0), υ(k) ∈ Rn, k = 1, 2, …)
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	(2.10)





will be said to be invertible if the inverse map
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	(2.11)





has a unique real solution. If this is not the case, Eq. (2.10) will be said to be a non-invertible map.

For instance, consider the scalar logistic map (May, 1976) with a parameter value 3
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	(2.12)





depicted in Fig. 2.1. It has its maximal value υ(k) = 0.75 for υ(k − 1) = 0.5. It can be seen that the inverse map
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	(2.13)





has no real solution for υ(k) > 0.75, a unique real solution (υ(k − 1) = 0.5) for υ(k) = 0.75, and a multiplicity (of two) real solutions for 0 ≤ υ(k) < 0.75. In each of the subdomains 0 ≤ υ(k − 1) ≤ 0.5 and 0.5 ≤ υ(k − 1) ≤ 1, the inverse map, Eq. (2.13), does have a unique inverse. Such inverses have been called “partial inverses” (Abraham et al., 1997). However, by the convention applied in this book, a map, representing a dynamical system, is invertible if and only if it is invertible everywhere in state space and everywhere in parameter space, and non-invertible if is non-invertible anywhere in state space or parameter space. The map, Eq. (2.12), is, then, non-invertible.

[image: image]

Figure 2.1.The non-invertible discrete iteration map Eq. (2.12) has no inverse for υ(k) > 0.75, a unique real inverse (υ(k − 1) = 0.5) for υ(k) = 0.75, a multiplicity (two) of real solutions for 0 ≤ υ(k) < 0.75, and partial inverses in each of the subdomains 0 ≤ υ(k − 1) ≤ 0.5 and 0.5 ≤ υ(k − 1) ≤ 1 (Abraham et al., 1997).

2.6Singularities of discrete iteration maps

It has been recognized that a meaningful characterization of non-linear dynamics consists in the identification of its singularities (Mira, 2007). A change in the nature of a singularity is called a bifurcation. The simplest singularities are period-k cycles (or periodic orbits) made up of k different consequent solution points of a discrete iteration map, satisfying υ(n + k) = υ(n), υ(n + r) ≠ υ(n), 0 < r < k. When k = 1, the point υ(n) is called a fixed point (period one cycle). A k-cycle is attracting if all the eigenvalues of the Jacobian of the map F at all points of the cycle are smaller than 1 in magnitude, and repelling if any of these eigenvalues is greater than 1 in magnitude. Other types of attractors (e.g., largely cyclic) will be presented in subsequent sections, where we consider cortical firing-rate maps. Here, however, we note one more type of attractor, namely, a chaotic attractor, which, often referred to as a strange attractor, has several definitions. Although theoretical aspects of chaos, a centerpiece of dynamical systems theory for the past 30 years, are well understood, the empirical detection of chaos in a given time series is a non-trivial task. Mathematical measures, such as the largest Lyapunov exponent (Wright, 1984), often produce ambiguous empirical results for limited time series, even when applied to data generated by simulating low dimensional models (Sprott, 2003). Consequently, the intuitive characterization of chaos as a “deterministically unpredictable” process (Elyadi, 1999) often seems as reliable as any formal empirical measure. For practical analytic purposes, we resort to a formal definition of a chaotic map proposed by Li and Yorke (1975).

Given an interval J, a continuous map f : J → J is chaotic in the Li-Yorke sense if the following conditions are satisfied:

(1)For every n = 1, 2, … there is a periodic point in J having period n.

(2)There is an uncountable (“scrambled”) set S ⊂ J, containing no periodic points, which satisfies the following conditions:

(a)For every x, y ∈ S with x ≠ y

[image: image]

(b)For every x ∈ S and any periodic point y of f,

[image: image]

where f k = f(fk−1(x)). Condition 2a implies sensitivity to initial conditions. While trajectories originating at different initial conditions will intersect each other (condition 2a1), they will not converge to each other (condition 2a2). Condition 2b implies that for a given subset (S) of initial conditions, the periodic points of the map are not asymptotically attractive.

The Li-Yorke theorem (1975) states that if there is a periodic point with period three (a 3-cycle), then conditions (1) and (2) above are satisfied, hence, the map f is chaotic.

2.7Cobweb diagrams

Singularity analysis of continuous-time models has been the traditional framework for identifying stability and periodicity in system dynamics (e.g., Arnold, 1989), adopted in the analysis of neural firing dynamics (Cohen and Grossberg, 1983; Peterfreund and Baram, 1994a,b). However, the ability of discrete iteration maps to describe particularly intricate dynamics in low dimensional models with graphical clarity has made them highly popular in mathematical circles for the past half century (e.g., Ott, 1993). Cobweb diagrams (Koenigs, 1884; Lemeray, 1895; Knoebel, 1981; Abraham et al., 1997) have been particularly useful in the analytic and graphical description of scalar dynamics. Yet, as noted in this book, synchronous neural circuit and subcircuit firing, implied by the neuronal filtering property, facilitates scalar analysis by cobweb diagrams, which are, therefore, used extensively in this book.

In order to demonstrate the utility of a cobweb diagram on a rather elementary level, we employ the generalized version of the logistic map, Eq. (2.12), parameterized by r
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	(2.14)





which is a common representation of a logistic process (e.g., Murray, 2002). The behavior of a dynamical system is known to be governed by attractors, induced by points of intersection of the map with the diagonal υ(k) = υ(k − 1) (Abraham et al., 1997). An attractor is called global if its basin of attraction is the entire state space. It has been shown (e.g., Murray, 1989) that, for 0 < υ(0) < 1, the map Eq. (2.14) has a stable fixed point attractor at the origin for 0 ≤ r ≤ 1, a non-zero stable fixed point attractor for 0 < r < 3, an oscillatory attractor for 3 ≤ r ≤ 3.828, and a chaotic attractor for r > 3.828. The end points of such r domains are often called points of bifurcation (Abraham et al., 1997).

A cobweb diagram is constructed in the space spanned by the coordinates υ(k − 1) and υ(k)by connecting an initial point of the map horizontally to a point on the diagonal υ(k) = υ(k − 1), then vertically to a point on the map, then horizontally to a point on the diagonal again, and so on. Figure 2.2 shows global attractors in the four regimes, corresponding, respectively, to (a) r = 1, (b) r = 2, (c) r = 3, (d) r = 4. In each of the four plots representing these attractors, the map f is represented by a solid blue-colored line, the diagonal υ(k) = υ(k − 1) is represented by a dashed green line, and the attractor, represented by a red x or a red line segment. The attractor types represented by cobweb diagrams in Fig. 2.2 have been simulated for the same parameter (r) values, and are shown in Fig. 2.3.
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Figure 2.2.Attractor types of the logistic map Eq. (2.14): (a) silent for r = 1, (b) fixed-point for r = 2, (c) oscillatory for r = 3, and (d) chaotic for r = 4. The map f is represented by a blue line, cobweb trajectories, initiated at υ(0), are represented by black dashed line segment sequences, the diagonal υ(k) = υ(k − 1) is represented by a green dash-point line, and attractors are represented by red x or a red line segment.
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Figure 2.3.Simulated sequences of the logistic map, Eq. (2.14), for (a), (b), (c), (d). As predicted by the cobweb diagrams in Fig. 2.2, the sequences converge to (a) silent attractor, (b) fixed-point attractor, (c) oscillatory attractor and (d) chaotic attractor.

While the rows (a)–(d) represent the four parameter values (r = 1, 2, 3, 4), the columns represent two different timescales (0–100 and 0–1,000), so as to illustrate the initial and convergent characteristics of the four firing modes. It can be seen that the four simulated cases indeed behave as might be expected from a silent (a), a fixed-point (b), an oscillatory (c) and a chaotic (d) attractor, respectively.

2.8From continuous-time to discrete-time dynamics of neural firing and plasticity

The neuronal firing model has evolved from the integrate-and-fire (Lapicque, 1907) and the conductance-based membrane current (Hodgkin and Huxley, 1952) paradigms, through cortical averaging (Wilson and Cowan, 1972) and neuronal decoding (Abbott, 1994) to the spiking rate model (Gerstner, 1995).
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where υi(t) is the firing-rate of the i’th neuron, τmi is the membrane time constant, υi(t) is the vector of firing rates of the circuit’s pre-neurons of the i’th neuron, ωi is the corresponding vector of synaptic weights, τi is the synaptic time constant, ui(t) is the membrane activation potential, ui(t) = Ii(t) − ri(t), with Ii(t) an external input potential and ri(t) the membrane activation threshold (approximately −60 mV), and where
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is the conductance-based rectification kernel (Carandini and Ferster, 2000) first observed in empirical data (Granit et al., 1963; Connor and Stevens, 1971).

The BCM plasticity rule (Bienenstock et al., 1982) enhanced by stabilizing modifications (Intrator and Cooper, 1992; Cooper et al., 2004) is a widely recognized, biologically plausible, mathematical representation of the Hebbian learning paradigm (Hebb, 1949). It suggests the computation of ωi(t) by the model
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where τωi is the learning time constant and θi(t) is a variable threshold satisfying (Intrator and Cooper, 1992; Cooper et al., 2004)
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where τθi is the thresholding time constant.

Time discretization of Eq. (2.15) yields

τmi υi(k + 1) = (τmi − 1)υi(k)
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	(2.19)





A change of variables p = k − ℓ yields

τmi υi(k + 1) = (τυi − 1)υi(k)
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	(2.20)





Since υi can be assumed to be bounded, and since the error incurred by truncating the infinite sum
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decays exponentially, the firing-rate model can be approximated to any desired accuracy by the model
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for some integer N. The value of N may be selected as one which yields a sufficiently small value for the relative error
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	(2.23)





Time discretization of Eqs. (2.17) and (2.18) yields
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and
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2.9Self-regulation and stability in open and closed-loop control systems

The fundamental difference between open-loop and closed-loop control systems is one of the more basic notions underlying control theory and its practice. Block diagrams representing the two system types are depicted in Fig. 2.4. It can be seen that, in the open-loop system (Fig. 2.4(a)), the input signal u drives a forward controller C, which, being in a state x, drives a plant P, producing an output signal y. On the other hand, in the closed-loop system (Fig. 2.4(b)), having the same forward-path as the open-loop system, the output signal y is measured by a sensor S, whose output s is fed into a feedback controller F, whose output f is subtracted from the input signal u.

For the purposes of this book (specifically, those associated with sensorimotor control, addressed in the latter part of the book), we consider two behavioral properties which are fundamental to the proper operation of a control system: stability and self-regulation. There are several mathematical definitions of control system stability, of which the so-called “bounded-input-bounded-output” (BIBO) stability is immediately relevant. It means that there exists a constant k such that for all t0 the statements x(t0) = 0, ||u(t)|| ≤ 1 and t ≥ t0 imply ||y(t)|| k for t ≥ t0 (e.g., Brockett, 1970). It can be shown by linearization and classical control theoretic arguments that both open-loop and closed-loop systems can be BIBO stable. Specifically, either type of system is stable if the poles of the corresponding transfer function under the Laplace transform are negative (e.g., Kuo, 1981).

[image: image]

Figure 2.4. (a) Open-loop control system (b) closed-loop control system. With plant P, feedforward controller C, sensor S and feedback controller F.

The self-regulation property (e.g., Seborg et al., 2011) implies that the output follows the input. Since, even under stability, the output of a controlled system may be externally disturbed and, thus, accumulate error with respect to the desired output, self-regulation is essential for proper control operation. Clearly, by virtue of feedback, only closed-loop systems can be self-regulated.

2.10Discussion

The singularities of a map are often referred to as attractors (keeping in mind that the term “attractors” is also used for repelling singularities), induced by points of intersection of the map with the diagonal υ(k) = υ(k − 1) (Abraham et al., 1997). An attractor is called global if its basin of attraction is the entire state space. The domain of a map generally decomposes into the basins of point attractors, cyclic attractors, chaotic attractors and an “attractor of infinity”, which consists of all points whose trajectories run away from any bounded set (Abraham et al., 1997). While mathematically, indefinite divergence of the neuronal firing-rates, to be discussed later in this book, is possible, physical constraints exclude such divergence. At the same time, asymptotic convergence to a periodic point from the scrambled set S is excluded by the Li-Yorke conditions (specifically, (2b)). Initiated within the scrambled set, a trajectory will enter the basin of a chaotic attractor, which, for a polynomial map, has a highly patterned geometric and statistical (“intensity”) structure (Field and Golubitsky, 2009). (As we shall see, the cortical firing-rate map is also of a polynomial nature). Global bifurcations from chaotic and repelling basins (the latter a part of the “basin of infinity”) into cyclic (and point) attractors are made possible by “absorbing areas” (Abraham et al., 1997). A chaotic attractor may be viewed, then, as an integral part of the global attractor repertoire. However, cortical functionality appears to require separation of dynamic modes. In this book we suggest that mixing, drifting, absorption or bifurcation of dynamic modes are avoided by cortical circuit segregation, which, as we show, is the outcome of an elementary cortical property, namely, neural circuit polarity.


Part I

Cortical Graphs and Neural Circuit Primes


Chapter 3

Polarity Codes and Subcritical Linguistics

3.1Introduction

Any representation of information involves a language. Natural languages, such as English, consist of elementary alphabets, comprising letters, which connect into words. Words, being the smallest embodiment of meaning, are normally short, consisting of two to about ten letters. Numbering in the millions and normally grouped into sentences, paragraphs, sections, chapters, articles and books, words carry the entire burden of linguistic information. Without such structures, information would be difficult to comprehend or memorize. Computer languages have conceptually similar structures. Their lowest-level alphabet consists of (0, 1) bits. Computer words normally consist of 2–32 bits. Yet, computer programs, consisting of “commands” can be arbitrarily long. Both natural and artificial manifestations of information extend beyond the formal linguistic domain, employing vision, hearing, smell, touch and motion in the generation and memorization of information. Highly inspiring progress has been made in the formal conceptualization of cognitive functions, including behavioral decision making (Wei et al., 2017), communicational behaviour linkage to neural dynamics (Bonzon, 2017), feeling of understanding (Mizraji and Lin, 2017), multisensory learning (Rao, 2018) and bilingual language control (Tong et al., 2019).

A connected neural circuit represents a single cortical word. For a large neural circuit, this would imply a long code word, comprising binary polarity states, which not only consumes many neurons, but is difficult to comprehend linguistically. Neural circuit segregation into smaller circuits is, then, necessary for reasonably short code words in cortical language.

As we show in this chapter, the sizes of such circuits are implied by graph theoretic considerations. These are also found to govern the linguistics of learning and memory. Employing a polarity-based version of the so-called Hebbian paradigm, we show that linguistic characteristics, such as the lengths of cortical code words, are strongly dependent on the probability of connectivity, which is the probability of positive polarity.

It is widely accepted that the neural consistency of the brain is highly heterogeneous (e.g., Hu et al., 2013; Baroni and Mazzoni, 2014; Han et al., 2018). This often represents a variety of specifically defined neuronal types and neural circuit structures. As our main purpose here is to present a new graph-theoretic approach to the memory capacity of neural circuits, contrasting earlier information-theoretic results (McEliece et al., 1987; Amit et al., 1987; Baram and Sal’ee, 1992), which pertain to a particular, largely simplified and unified neural network model (McCulloch and Pitts, 1943; Amari, 1972; Hopfield, 1982), it seems appropriate to limit the discussion to the same model for comparison purposes.

On a conceptual level, the binary nature of neural networks in those information-theoretic studies is replaced here by the more recently discovered molecularly and physiologically-based notions of electrical membrane (Melnick, 1994) and synapse (Atwood and Wojtowicz, 1999) potentials being above or below a certain value (about −60 mV), which, defining inter-neural connectivity, have been called cortical circuit polarities (Baram, 2018). The diversion from the original information-theoretic models is represented by the graph-theoretic based notion of the connection probability criticality. The resulting segregated neural circuits constitute a form of cortical linguistics. Following our more recent publication (Baram, 2020b), we start by addressing the neuronal connectivity codes implied by somatic and synaptic polarities and their projection on circuit segregation suggested by random graph theory (Erdos and Renyi, 1959, 1960). A comparison of the information capacities under subcritical and supercritical neural circuit connectivity probabilities yields an unequivocal conclusion regarding the linguistic advantage of subcritically connected neural circuits.

3.2Neuronal polarity codes

Neuronal membrane and synapse polarities can be described as on/off gates which, in the “off” (“disconnect”) position, represent negative polarity, and, in the “on” (“connect”) position, represent positive polarity. The binary polarity states of a neural circuit will represent a code word. The polarity gates of a single neuron are represented graphically in Fig. 3.1(a) by angular discontinuities in line segments representing membranes and synapses as specified. Neuronal self-feedback, employing an intermediate synapse between axonal output and neuronal input, has been suggested (Groves et al., 1975), although this is not a generic concept and there are other self-feedback models (such as the axonal discharge model (Carlsson and Lindquist, 1963; Smith and Jahr, 2002). As in the rest of this book, our intent is to address certain concepts, rather than attempt to provide a complete account of the highly heterogeneous neural consistency of brain. As the neuron-external inputs directly affect the membrane polarity, they are accounted for in the 3-word polarity code depicted in Fig. 3.1(b)–(d) as: (b) positive membrane and self-synapse polarities, (c) positive membrane polarity and negative self-synapse polarity and (d) neuronal silence, implied by negative membrane and self-synapse polarities. Figure 3.2 shows a 2-neuron circuit, with all somatic and synaptic polarities in the negative (“off”) state revealed for illustration purposes.

In order to derive the n-neuron circuit polarity code it is first noted that there can be up to n active neurons (neurons with positive membrane polarities) and n2 synapses (including self-synapses). A synapse can be either active or silent. It follows that there can be up to
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Figure 3.1.Neuronal polarity gates (a) and their code (b)–(d). As the neuron-external inputs directly affect the membrane polarity, they are accounted for in the neuronal 3-words polarity code, which specifies the connected elements only, without the “off” gates (Baram, 2020b).

different circuits involving only active membranes and active or silent synapses. In addition, there can be circuits with i = 1, … , n silent membranes, yielding
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different polarity patterns. It follows that there is a maximum total of
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Figure 3.2.Two-neuron polarity-gated circuit. All polarity gates are open for graphical clarity (Baram, 2020b).

different circuits, constituting the size of the circuit polarity code of n polarity-gated neurons.

Equation (3.3) yields R(1) = 3, R(2) = 21, R(3) = 567, R(4) = 67, 689, R(5) = 33, 887, 403, R(6) = O(1010), R(7) = O(1014), R(8) = O(1019), R(9) = O(1024), R(10) = O(1030). The different circuits, constituting the size of the circuit polarity code of n polarity-gated neurons (Eq. (3.3) corrects an error in Baram, 2018, Eq. (3.2)). The polarity code for a circuit of two neurons is illustrated in Fig. 3.3, where “off” (negative) polarity gates are omitted for graphical clarity.

3.3Subcritical neural circuit segregation

Cortical activity segregation and integration have been argued on grounds of thalamocortical simulations (Stratton and Wiles, 2015). A mathematical foundation for the relationship between polarity, segregation and firing dynamics has been established (Baram, 2018). Synaptic polarization may clearly result in circuit segregation.
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Figure 3.3.Polarity code of 2-neuron circuits. Each row represents one inter-neuron connectivity with all possible states of self-feedback. (a) Bidirectional interneuron connectivity (b) both neurons active with directional connectivity from right to left neuron (c) both neurons active with directional connectivity from left to right neuron (d) two segregated active neurons (e) one active neuron (f) two silent neurons (Baram, 2020b).

Graph-theoretic considerations (Erdos and Rényi, 1959, 1960) imply that, if the connectivity probability p(n) between pairs of neurons in an assembly of n neurons with n → ∞ satisfies the subcriticality condition p(n) = c/n for fixed c < 1, then, with high probability, the largest connected circuit will be of maximal size log(n). On the other hand, if p(n) satisfies the supercriticality condition p(n) = c/n for fixed c > 1, then, with high probability, the largest connected circuit will be of maximal size linear in n. Finally, if p(n) satisfies the criticality condition p(n) = 1/n, then the largest connected circuit will be of maximal size n2/3 (Bollobás, 1984).
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Figure 3.4.Given (a) a 2-neuron circuit with all polarity gates in the “off” states revealed. The mixed polarity pattern yields (b) two segregated 1-neuron circuits in different polarity states, with the “off” states expressed by disconnect (Baram, 2020b).

For reasons that will become apparent in the subsequent sections, we relax the above formal definitions somewhat by leaving the criticality condition p(n) = 1/n as is, changing its notation to p(n) ≡ q(n) = 1/n and defining subcriticality as the condition p(n) < q(n) and supercriticality as the condition p(n) > q(n).

Figure 3.4(a) displays a 2-neuron circuit with a certain polarity pattern. As shown in Fig. 3.4(b), the mixed polarity of Fig. 3.4(a) yields two mutually segregated 1-neuron circuits, with the polarity gates in the “off” states concealed for simplicity.

Noting that an average of 7×103 synapses per neuron (Drachman, 2005) in the average human brain of n = 1011 neurons (von Bartheld et al., 2016) would yield an average connectivity probability of
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which satisfies the sub-criticality condition p = c/n, 0 < c < 1. This would imply an upper bound of log(n) on the neural circuit size (Eq. (2.5), Chapter 2), which, in turn, implies a lower bound
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on the number of externally disconnected, internally connected neural circuits. In a subsequent chapter we address more specific benefits of subcriticality associated with cyclic information generation. Equation (3.5) constitutes, then, a lower bound on the average information capacity (in number of code words) of n subcritically connected neurons.

The number n may take different values corresponding to the sizes of different cortical structures, hence, different maximal segregated circuit sizes log(n). For instance, for n = 1000 we have log(n) = O(7) (more precisely 6.91), for n = 25 × 109 (which is about the size of the human cerebral cortex) we have log(n) = O(24) and for n = 1011 (which is about the size of the human brain) we have log(n) = O(25). As we have noted, the manipulation and memory of such long words (e.g. 24, 25 letters) is not normally attempted in natural languages and seems equally unrealistic in cortical terms.

3.4Hebbian linguistic impasse of probabilistically supercritical neural polarity

The linguistic difficulties associated with the memorization and manipulation of brain-size code words in cortical language does not appear to have been explicitly noted in early studies of cortical information coding. In fact, experimental observations of simultaneous activity in large cortical areas have seemed to justify a large network approach to cortical information processing. Seminal studies on networks of binary neurons (McCulloch and Pitts, 1943; Amari, 1972; Hopfield, 1982) were followed by studies of their memory capacity. Mathematical manifestations of the Hebbian learning paradigm have produced a variety of bounds on the memory capacity of such networks (e.g., McEliece et al., 1987; Amit et al., 1987; Baram and Sal’ee, 1992). As these bounds increase with the number of neurons in the network, so do the lengths of the code words. While the first (McEliece et al., 1987) and the third (Baram and Sal’ee, 1992) studies assumed that the network size n satisfies n → ∞, the second study (Amit et al., 1987) assumed a finite network size n, which is, however, allowed to grow indefinitely. Below, we consider all three models, so as to show that the linguistic impasse is inherent in the three models. In order to put these earlier binary models in the same context as the polarity models considered in the present work, let us assume that all synapses are in positive polarity (1-valued) state, while the membrane polarities of the neurons are in positive (1-valued) state with probability p and in negative (0 or −1-valued) polarity state otherwise.

In the first model (McEliece et al., 1987), Hebbian storage is represented by the sum of outer products
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where ω(i), i = 1, … , M are n-dimensional vectors of equiprobable ±1 network polarities. Retrieval is performed according to
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where
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with ωk,j the corresponding element of the matrix W. An upper bound on the number of stored patterns
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yields equilibrium



	[image: image]

	(3.10)





at each of the stored vectors ω(i), i = 1, … , M. Storage to full capacity would yield the inter-neuron connectivity probability
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Figure 3.5.For polarity probability p(n) = 0.5 and the storage capacity bound specified by Eq. (3.9), the inter-neuron connectivity probability P(n) (green curve), specified by Eq. (3.12), is ploted along with the critical connectivity probablilty q(n) = 1/n (red curve). Beyond the critical (intersection) point at n = 2, P (n) quickly converges to 1, which, implying large circuit connectivity, is increasingly unacceptable for linguistic purposes (Baram, 2020b).

which, under Eq. (3.9). yields



	[image: image]

	(3.12)





P(n) now takes the place of p(n) as the neural network’s probabilistic criticality measure, following the storage of M polarity patterns. Specifically, P(n) is critical if P(n) = q(n) = 1/n, subcritical if P(n) < q(n) and supercritical if P(n) > q(n). It can be readily verified that, since p(n) = 0.5, P(n) is supercritical for n ≥ 2. The value of P(n) as specified by Eq. (3.12) is plotted (green colored), along with the critical value q(n) = 1/n (red-colored), against n in Fig. 3.5. The intersection point P(n) = q(n) is at n = 2. It can be seen that as n approaches the value 100, P(n) approaches the value 1, and becomes closer to 1 as n grows larger. This means that the circuit becomes, with high probability, connected, with maximal size linear in n (in fact, specifically n), which is consistent with the graph-theoretic property of supercriticality, and which, as we have noted, may be of little linguistic use, if any.

In the second model (Amit et al., 1987), Hebbian storage is represented by the attenuated sum of outer products
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where ω(i), i = 1, … , M are n-dimensional vectors of equiprobable ±1 network polarities. Employing the physical spin-glass model (Hopfield, 1982), equilibrium stability was found to be destroyed beyond the following upper bound on the number of stored patterns
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(Amit et al., 1987). While, in contrast to the other models noted (McEliece et al., 1987; Baram and Sal’ee, 1992), the number of neurons, n, assumed in the present model (Amit et al., 1987) is finite, the supercriticality effect is similar, as we show next. The inter-neuron connectivity probability, Eq. (3.11), takes, in the present case, the form
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The value of P(n) according to Eq. (3.15) is plotted (green colored) in Fig. 3.6, along with the critical value q(n) = 1/n (red-colored). The critical (intersection) point P(n) = q(n) is at n = 3. It can be seen that as n approaches the value 100, P(n) quickly approaches the value 1, which, implying large circuit connectivity, is increasingly unacceptable for linguistic purposes.

In the third model (Baram and Sal’ee, 1992), as in the first model, the synaptic weight connecting the k’th and the j’ th neurons is obtained from a set of vectors over ω(i) ∈ {0, 1}n, i = 1, … , M. Storage is performed by the modified Hebbian rule (Tsodyks and Feigel’man, 1988; Vincente and Amit, 1989)
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Figure 3.6.For supercritical polarity probability p(n) = 0.5 and the storage capacity specified by Eq. (3.14), the inter-neuron connectivity probability P(n) (green curve), specified by Eq. (3.15), is ploted along with the critical connectivity probablilty q(n) = 1/n (red curve). Beyond the critical (intersection) point at n = 3, P(n) quickly converges to 1, which, implying large circuit connectivity, is increasingly unacceptable for linguistic purposes (Baram, 2020b).
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where p is the probability of a stored membrane polarity having the value 1.

The recalled polarity states xk, k = 1, … , n are obtained by the McCulloch-Pitts rule
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where
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and t = αnp, with α = (4 − τ)/4(2 − τ), is a threshold.

Let us denote the probability that any of the stored polarity vectors is not an equilibrium point Pe, and, further, let p = p(n) = cn−τ with 0 < c ≤ 0.5 and 0 < τ < 1. Then Pe → 0 as n → ∞ if
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for any γ < 1/4(2 − τ). Eq. (3.19) represents, then, an upper bound on the equilibrium polarity capacity of a neural circuit (Baram & Sal’ee, 1992, Theorem 1). While the latter study also addressed the error correction capacity of the network, here we restrict the analysis to equilibrium capacity for simplicity.

Clearly, for any 0 < c ≤ 0.5 and 0 < τ < 1 , p(n) = cn−τ, the smaller the value of c (say, c = 0.01) and the larger the value of τ (say, τ = 0.99), the smaller the value of p(n) and the higher the bound in Eq. (3.19). Storage to full capacity would yield inter-neuron storage connectivity probability which, under Eq. (3.19), yields
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It can be readily verified that for n > 1, P(n) > 0.5, hence, P(n) is supercritical. The value of P(n) as specified by Eq. (3.20), where p(n) = cn−τ with c = 0.01 and τ = 0.99, is plotted (green colored), along with the critical value q(n) = 1/n (red-colored), against n in Fig. 3.7. The intersection point P(n) = q(n) is at n = 1. It can be seen that, as n approaches the value 100, P(n) approaches the value 1. This means that the circuit becomes connected with increasingly high probability, which, as we have noted, may be of little linguistic use, if any. It might be noted that, since the shapes of the curves depicted in Figs. 3.5 to 3.7 are similar, the language of their corresponding verbal descriptions is also similar. The distinction between these figures is specifically expressed by the corresponding Eqs. (3.12), (3.15) and (3.20), which, while yielding similar results, are clearly different.
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Figure 3.7.For polarity probability p(n) = 0.01n−0.99 the inter-neuron storage connectivity probability is P(n) (green curve) and the critical connectivity probablilty is q(n) (red curve). Beyond the critical (intersection) point at n = 1, P(n), which is supercritical, quickly converges to 1, which, implying large circuit connectivity, is increasingly unacceptable for linguistic purposes (Baram, 2020b).

3.5Critical Hebbian linguistic limit of neural polarity

Of the three models considered above, only the third (Baram and Sal’ee, 1992) allows for a variable polarity probability. Let us now assume membrane polarity probability p(n) = c/n with 0 < c ≤ 0.5. The linguistic capacity will be controlled by the parameter c, which is characteristically dependent on the size and the functionality of the corresponding cortical domain. Subcritical polarity implies that the largest connected circuit (having a sequence of connections between any two neurons) is of size log(n) (Erdos and Renyi, 1959, 1960).

As, for large n, a subcritical probability p(n) implies a highly sparse connectivity, the storage of
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circuit polarity vectors according to Eq. (3.6) implies that these vectors are, with high probability, mutually orthogonal and are therefore, equilibrium points of the circuit satisfying
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where W is the matrix whose elements, ωk,j, are defined by Eq. (3.6), where ω(i), i = 1, … , M are the n-dimensional polarity vectors stored and M = O(log(n)).

Employing Eqs. (3.5) and (3.21), the Hebbian equilibrium storage capacity for the entire assembly of n neurons is
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where C(n) is defined by Eq. (3.5). From a linguistic viewpoint, the significance of circuit segregation is that each of the words is of maximal length log(n), which is, for large n, considerably smaller than n.

The storage inter-neuron connectivity probability is, by Eq. (3.21)
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For c = 0.5, we have the polarity probability p(n) = 0.5/n. In Fig. 3.8, the critical function q(n) is represented by the red curve and the inter-neuron storage connectivity probability, P(n), is represented by the green curve. In the subcritical domain of P(n), the maximal connected circuit size is s = [log(7)] = 2 (with [x] representing the integer closest to x), which is the critical linguistic limit of the neural polarity code word size limit. For n > 7, P(n) becomes supercritical, and the maximal connected circuit size becomes linear in n (Bollobás, 1984), which makes it linguistically implausible for large n.

For c = 0.1, the polarity probability is p(n) = 0.1/n. The inter-neuron storage connectivity probability is P(n), as specified by Eq. (3.24). The critical point satisfying P(n) = q(n) = 1/n is found to be n = 22, 030, as depicted in Fig. 3.9. The corresponding maximal connected circuit size is s = [log(22, 030)] = 10, which is the critical linguistic limit of the neural storage polarity code word size. For n > 22, 030, P(n) becomes supercritical and the maximal connected circuit size becomes linear in n (Bollobás, 1984), which makes it linguistically implausible.
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Figure 3.8.For p(n) = c/n with c=0.5, the inter-neuron storage connectivity probability is P(n) (green curve) and the critical connectivity probablilty is q(n) (red curve). The critical point satisfying P(n) = q(n) = 1/n is at n = 7 (hence, [log(n)] = 2, C(n) = [n/ log(n)] = 3, Baram, 2020b).

It follows that while, for large neural assemblies under super-critical polarity probability, the connected neural circuits are, rather uniformly, large, producing linguistically implausible long codewords, the range of subcritical storage polarity probabilities produces a variety of linguistically plausible, relatively short (2–10 letters) code words. The smaller the value of c (hence, of p(n)), the greater the linguistically plausible range.
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Figure 3.9.For p(n) = c/n with c=0.1, the critical point satisfying P(n) = q(n) = 1/n is at n = 22, 030 (hence, [log(n)] = 10, [n/ log(n)] = 2, 203, Baram, 2020b)).

Given an assembly of n neurons under subcritical storage polarity probability, the minimal subcritical Hebbian storage capacity, represented by Eq. (3.21), B(n) = n, is greater than the polarity controlled capacity represented by Eq. (3.5), C(n) = n/ log(n). However, in contrast to the polarity controlled case, which, for appropriate value of c (0 < c < 1), is subcritical for any value of n, Hebbian storage subcriticality has a limited range depending on the value of c, as illustrated by Figs. 3.8 and 3.9.

3.6Discussion

Linguistic considerations, such as the number and the sizes of code words, appear to be as significant for the language of cortical information representation as they are for natural and artificial languages. Extending fundemental results from the theory of random graphs, we have shown that subcritical storage probability of positive polarity holds the key to small circuit segregation, which, in turn, holds the key to linguistically plausible short code words. In contrast, we have shown that supercritical probability of positive polarity, yielding inherently long code words, misrepresents efficient cortical linguistics. The subcritical linguistic range of cortical codewords (hence, neural circuits), resembling the one found in natural languages is between 2 and 10 “letters”, represented by neuronal membrane polarity states. Finally, it might be noted that Hebbian storage in a circuit of 10 neurons is in close proximity to “the magical number 7 plus or minus 2”, which has been suggested as an upper limit for working memory capacity (Miller, 1956; Pribram et al., 1960).


Chapter 4

Hebbian Random Graphs and Firing-rate Dynamics

4.1Introduction

Random graphs normally assume a binary connectivity between nodes (Erdos and Renyi, 1959, 1960; Gilbert, 1959). While such connectivity has been adopted by mathematical neural circuit models (McCulloch and Pitts, 1943; Amari, 1972; Hopfield, 1982), it is recognized as molecularly induced membrane (Melnick, 1994) and synapse (Atwood and Wojtowicz, 1999) potential values being above or below a certain resting potential (about −60 mV). As shown in this chapter, the widely accepted Hebbian paradigm of learning and memory (Hebb, 1949), while mathematically formalized in binary terms (McCulloch and Pitts, 1943; Amari, 1972; Hopfield, 1982), adds another dimension to the corresponding graph definition, namely, the number of polarity patterns stored. This, as we show, has a fundamental effect not only on the corresponding synaptic weights, but also on cortical linguistics characterized by the length and number of the corresponding code words. Small segregated circuits are addressed as examples, since larger circuits would present unmanageable requirements on Hebbian matrix calculations and graphical circuit representation. Regardless, interest in small neural circuit (“small-world”) as a possible cortical reality is gaining considerable interest (Bassett et al., 2006). Following the findings presented in Chapter 3, Baram (2020b) has further demonstrated the combined effects of Hebbian storage on two different forms of cortical linguistics, namely, circuit connectivity and firing-rate dynamics, as discussed and illustrated in this chapter.

4.2Random Hebbian criticality effects on circuit linguistics

Consider a circuit of n neurons, whose membrane polarity states, wj(i) ∈ (0, 1), j = 1, . . . , n at discrete times, i = 1, . . . , M, take the value 1 with probability p. Storage of polarity state values is performed according to the so-called Hebbian rule (e.g. Hopfield, 1982)
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Retrieval of polarity vectors is performed by the rule (McCulloch and Pitts, 1943)
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where
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is the input to the k’th neuron, where zj, j = 1, . . . , n, are the components of a similarly binary probe.

Early results on the memory and error correction capacities of binary neural networks have linked high capacities to large networks (McEliece et al., 1987; Kuh and Dickinson, 1989; Baram and Sal’ee, 1992), assumed to be fully connected by the underlying model (Hopfield, 1982). However, such large networks seem to contradict the notion of segregated cortical information and function, supported by numerous experimental studies.

We next demonstrate that neural circuit segregation is a natural outcome of the Hebbian storage of randomly generated polarity patterns. Let n = 10, p = 0.5/n and M = 10. It can be seen that, in terms of random graph theory (Erdos and Renyi, 1959, 1960), p is subcritical. The storage of M n-dimensional randomly generated polarity vectors according to Eq. (4.1) has produced the synaptic weights matrix W depicted in Fig. 4.1(a). The connectivity represented by this matrix can be seen to translate into five segregated (externally disconnected) circuits depicted in Fig. 4.1(b), whose neurons are numbered according to the rows (or columns) of the matrix W. Four subcircuits consist of one neuron each (neurons 1, 4, 5 and 7), while one subcircuit consists of two neurons (neurons 2 and 9). As implied by Fig. 4.1(a), all synaptic weights are valued at 1.
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Figure 4.1.Subcritical Hebbian segregation corresponding to n = 10, p = 0.5/n and M = 10. (a) Synaptic weights matrix and (b) segregated neural circuits (Baram, 2020b).

Now let n = 10, p = 1.5/n and M = 10, making p supercritical by graph theoretic terminology. The storage of M n-dimensional randomly generated polarity vectors according to Eq. (4.1) has produced the synaptic weights matrix W depicted in Fig. 4.2(a). With some of the weights exceeding the value 1, the connectivity represented by this matrix can be seen to translate into three segregated (externally disconnected) circuits depicted in Fig. 4.2(b), whose neurons are numbered according to the rows (or columns) of the matrix W. One of these subcircuits consists of a single neuron (neuron 4), one consists of three neurons (neurons 2, 9 and 10) and one consists of four neurons (neurons 3, 5, 7 and 8).

It should be noted that, under subcriticality (hence, highly sparse polarity patterns), for M = n(=10) all stored polarity vectors are mutually orthogonal, which allows for equilibrium capacity M, maintaining the maximal connected subcircuit size implied be Eq. (2.5).

The transition from subcritical p (p = 0.5/n) to supercritical p (p = 1.5/n) has resulted, then, in a dramatic linguistic change. In the subcritical case, the maximal segregated circuit size of 2 satisfies the condition represented by Eq. (2.5) (as 2 < log(10) = 2.3), while in the supercritical case maximal segregated circuit size of 4 does not satisfy the condition (as 4 > log(10)). A more general analysis will be presented in the following chapter.

Next, let n = 10 and p = 0.5/n as before, but let M increase to 20. The storage of 20 n-dimensional randomly generated polarity vectors according to Eq. (4.1) has produced the synaptic weights matrix W depicted in Fig. 4.3(a), which can be seen to have elements greater than 1. The connectivity represented by this matrix translates into the four segregated circuits depicted in Fig. 4.3(b), whose neurons are numbered according to the rows (or columns) of the matrix W. It can be seen that three of the circuits consist of a single neuron each (neurons 1, 6 and 8) and one circuit consists of three neurons (neurons 2, 4 and 9). While p is subcritical from a graph theoretic viewpoint, as in the case depicted by Fig. 4.1 (p = 0.5/n), the maximal segregated circuit size of 3 violates the condition Eq. (2.5) (as 3 > log(10) = 2.3). The reason is that, in contrast to the case M = n(=10) corresponding to Fig. 4.1, the present case of M = 20 > n = 10 does not yield full mutual orthogonality nor capacity of M stored polarity patterns, resulting in excessively large connectivity in spite of the subcritical value of p.
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Figure 4.2.Supercritical Hebbian segregation corresponding to n = 10, p = 1.5/n and M = 10. (a) Synaptic weights matrix and (b) segregated neural circuits (Baram, 2020b).

4.3Firing-mode reproduction by polarity recall

Neuronal firing-rate models (Lapicque, 1907; Hodgkin and Huxley, 1952; Gerstner, 1995) have been put in discrete time forms for computational purposes (Baram, 2017a,b, 2018). The nature of neural circuit firing-rate dynamics, having direct impact on cortical function, is closely associated with synaptic plasticity (Bienenstock et al., 1982). The latter, in contrast to circuit polarity, is not binary. The convergence of time-varying synaptic plasticity weights to limit values results in a high variety of dynamic firing-rate modes, characterized by a code of global attractors (Baram, 2013a). However, as we argue and demonstrate next, given neuronal internal properties, a neural circuit’s firing-rate dynamics are completely determined by a vector-valued probe, retrieving a memorized polarity pattern by the mechanism represented by Eqs. (4.1)–(4.3). This implies that once a neural circuit is probed, revealing a stored polarity vector, it can only evolve into one final state of synaptic plasticity weights. Consequently the circuit’s firing-rate dynamics can only evolve into one final set of dynamic modes, which may be synchronous and identical for all the circuit’s neurons, or unequally and asynchronously produced by different neurons.
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Figure 4.3.Hebbian segregation under increased Hebbian storage, corresponding to n = 10, p = 0.5/n and M = 20. (a) Synaptic weights matrix and (b) segregated neural circuits. While p is subcritical, the maximal connected subcircuit size exceed the limit of Eq. (2.5) due to excessive Hebbian storage (Baram, 2020b).

The discrete-time firing-rate model for the individual neuron is (e.g., Baram, 2013a)
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	(4.4)





where υi(k), is the neuron’s firing-rate, υi(k) is the vector of firing rates of the neuron’s pre-neurons, αi = exp(−1/τmi) and βi = 1 − αi, with τmi the membrane time constant of the neuron, ωi(k) is the vector of synaptic weights corresponding to the neuron’s pre-neurons (including self-feedback), ui = Ii − ri, with Ii the neuron’s circuit-external activation input and ri the neuron’s membrane resting potential and fi the conductance-based rectification kernel defined by Carandini and Ferster (2000)
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The BCM plasticity rule (Bienenstock et al., 1982) now takes the multi-neuron form (Baram, 2017a,b, 2018)
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	(4.6)





where υi2(k − 1) is the vector whose components are the squares of the components of υi(k −1), and for sufficiently large N to guarantee convergence of the sum,
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	(4.7)





with εi = exp(−1/τωi), γi = 1 − εi, δi = 1/τθi where τωi and τθi are time constants.

Next, we examine and demonstrate the effects of synapse polarization on circuit structure and firing dynamics. The essence of these findings will be demonstrated for small circuits of two neurons, as the simulation of large circuit firing is highly elaborate, tedious and space consuming. Consider a 2-neuron circuit having the following identical parameters

u1 = u2 = 1, τm,1 = τm,2 = 1, τw, 1 = τw,2 = 5, τθ, 1 = τθ, 2 = 1.

Starting with full connectivity, changes in circuit connectivity due to synapse silencing are illustrated in Fig. 4.4. Different initial values of the firing-rates, υ1(0) and υ2(0) were applied to check robustness of the results and the claims made. The resulting neuronal firing modes, simulated by running Eqs. (4.4)–(4.7), are displayed in Fig. 4.5.

We establish the Hebbian memory of the polarity patterns in the three cases depicted in Fig. 4.4 by employing the mechanism represented by Eqs. (4.1)–(4.3). We assume for illustrative purposes that in each of the cases we have a synaptic weights matrix which, calculated by Eq. (4.1) in two time steps, corresponds to the circuit polarity states displayed in Fig. 4.4.
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Figure 4.4.Two-neuron circuit modification and segregation by synapse silencing. (a) Fully connected circuit, (b) asynchronous circuit connectivity and (c) circuit segregation into two single isolated neurons by synapse silencing (Baram, 2020b).
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Figure 4.5.Temporal plasticity evolution ω2,1 and ω1,2 and firing-rate sequences, υ1 and υ2, corresponding to the three circuits depicted in Fig. 4.4. The plasticity synaptic weights were initialized at the convergence values of the polarity synaptic weights (Baram, 2020b).

In case (a) we have
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	(4.8)





This is the initial condition in the calculation of the time-varying plasticity weights according to Eq. (4.6), and reaching the limit

ω1,1 = ω1,2 = ω2,1 = ω2,1 = −0.1291.

In case (b) we have
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	(4.9)





which, in the appropriate positions, represents the initial condition for the continuous-time plasticity weights. The limit values of the plasticity weights calculated according to Eq. (4.6) were found to be

ω1,1 = −0.1216, ω1,2 = −0.1375, ω2,1 = 0, ω2,2 = −0.1925

In case (c) we have
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	(4.10)





which constitutes the initial condition for the continuous plasticity weights. The final values of the plasticity weights calculated according to Eq. (4.6) were found to be ω1,1 = −0.1925, ω1,2 = 0, ω2,1 = 0, ω2,2= −0.1925.

The values of the synaptic weight ω2,1, ω1,2 and the firing-rate υ1, υ2 sequences in the three cases are displayed in Fig. 4.5. It can be seen that, subject to initial transients due to different initial conditions, neurons in circuits that have symmetric connectivity (cases (a) and (c)) converge to the same firing-rate dynamics, while the neurons in a circuit which has a non-symmetric connectivity (case (b)) converge to different firing-rate dynamics. Indeed, the final values of υ1 and υ2 in the three cases are:

(a)υ1(k = 100) = υ2(k = 100) = 0.7947 (symmetric, as original polarity)

(b)υ1(k = 100) = 0.7888, υ2 (k = 100) = 0.8385 (asymmetric, as original polarity)

(c)υ1(k = 100) = υ2(k = 100) = 0.8385 (symmetric, as original polarity)

Subject to internal neural parameters, the cortical languages of polarity, on the one hand, and firing-rate dynamics, on the other, are, then, interchangeable, representing such neural circuit properties as symmetry, synchrony and asynchrony. The expression of circuit polarity and such dynamic properties in a variety of firing-rate modes has been noted (Baram, 2013a).

4.4Discussion

This chapter has essentially suggested two new paradigms concerning information representation, memory and dynamic manifestation by neural circuits. The first paradigm is that of random circuit segregation into smaller circuits. Natural and artificial (e.g. computer) languages, facilitating an incredible wealth of expression, employ short words. In cortical contexts, while letters, or bits, may be represented by polarity states, short words would be represented by relatively small neural circuits. As we have shown, the segregation of many neurons into small circuits can be done by Hebbian storage of random polarity patterns. The linguistic use of such segregation, characterized by the length and number of the resulting polarity code words, requires an extension of graph theory to what we call Hebbian graphs, constructed by the Hebbian learning paradigm. Random circuit segregation by the Hebbian learning rule complements forced segregation suggested and analyzed in our previous work (Baram, 2017a,b, 2018), controlling circuit connectivity and firing-rate dynamics. Such segregation will also be considered in subsequent sections of this book.

The second new paradigm suggested in this chapter is that a meaningful representation of cortical information, having a fundamental impact on memory and other cortical functions, is divided into two domains: the polarity domain, which, dominating circuit connectivity, consists of binary representation, and the continuous plasticity domain, dominating firing-rate dynamics. The fascinating aspect of these seemingly separate domains is that they actually combine at a very specific point of time and action. As the binary information of polarity is stored by so-called Hebbian learning, forming memory, it constitutes the starting point of continuous plasticity, which, by convergence of synaptic weights, defines the dynamic attractor of firing-rate, instrumental in the execution of cortical function. The correspondence between neural circuit polarity, firing-rate attractors and cortical functions has been noted (Baram, 2017a, b). However, the possible role of Hebbian polarity memory in the determination of firing-rate dynamics appears to be suggested here for the first time. Finally, it might be noted that while publications of experimental results on membrane and synapse polarities must report the specific cortical region addressed by a specific experiment, the notion of polarity, referring to the corresponding potential being above or below a certain value, would seem to apply more generally to any cortical region.


Chapter 5

Synaptic Polarity and Primal-size Categories of Neural Circuit Codes

5.1Introduction

The state of neuronal activity, contrasted by neuronal silence, has been found to depend on the somatic membrane potential being above or below a certain threshold value (about −60 mV, Melnick 1994). A functional role for the silent neuron has been noted in the 2014 Nobel prize-winning work on cortical maps of place (O’Keefe and Dostrovsky 1971; Hafting et al., 2005). The state of synaptic transmissivity, contrasted by synaptic silence, has been found to depend on the value of pre-synaptic membrane potential, controlled by external stimulation and molecular properties, with respect to a certain threshold value (also about −60 mV, Atwood and Wojtowicz, 1999). A detailed biophysical model relates long-term synaptic potentiation and long-term synaptic depression, which are also viewed in a binary (“bidirectional”) context, to the variable properties and relative numbers of AMPA and NMDA receptors and their external stimulation (Castellani et al., 2001). The effects of neuronal circuit polarity on cortical connectivity, firing dynamics and memory have been analyzed (Baram, 2018).

Following Baram (2020a), we are motivated by a desire to understand the correspondence between neural circuit connectivity structure and the categorization of the information it might convey. The underlying structure is shown to be governed by two experimentally supported pairs of paradigms. The first is the above mentioned pair of polarity paradigms, namely, membrane polarity and synapse polarity. The second is the pair of neuronal self-feedback paradigms, namely, the axonal discharge self-feedback paradigm (Carlsson and Lindquist, 1963; Smith and Jahr, 2002) and the synaptically-mediated self-feedback paradigm (Groves et al., 1975). While, from a mathematical viewpoint, the second paradigm is shown to contain the first, their different experimental origins have been associated with different molecular and neurophysiological mechanisms. Formulating the polarities of neuronal membranes and synapses as on/off gates, the polarity code of a fully connected circuit is defined as the set of all neuronal polarity permutations. Employing a mathematical concept used for grouping graphical objects sharing certain attributes (Awodey, 2010), we call a neural circuit polarity code, or subcode, sharing a certain substructure, a category. In particular, we investigate categories of primal-size which, being indivisible, endows the category members with a common characterization. When the circuit polarity code size is not a prime number, the code factorizes into primal-size categories. Circuits of small sizes can interact in a feedforward fashion, arousing relatively large cortical areas. The effects of different neural circuit polarity categories on the neuronal firing-rate modes are illustrated by example. The analytically derived neural circuit polarity codes and category sizes are found to yield, explain and extend information capacity values experimentally observed in behavioral studies, such as “the magical number seven” (Miller, 1956) and “the magical number four” (or, more specifically, “between three and five”, Cowan, 2001), associated with so-called “working memory” (Pribram et al., 1960). The dimensionality associated with such capacities is shown to result from prime factorization of composite circuit polarity code sizes. While these have been previously argued on grounds of psychological experiments, here they are further supported on analytic grounds by the so-called Hebbian memory paradigm.

5.2Polarity codes and primal-size categories under axonal discharge self-feedback

Neuronal membrane and synapse polarities will be described as on/off gates which represent, in the “off” (“disconnect”) position, negative polarity, and, in the “on” (“connect”) position, positive polarity (Baram, 2018). Axonal discharge neuronal self-feedback has been observed and its molecular implementation has been specified (Carlsson and Lindquist, 1963; Smith and Jahr, 2002). The axonal discharge feeds back directly as an input to the neuron, without being further gated by a synapse.

Graphically, the axonal discharge polarity, which is identical to that of the somatic membrane, will be represented by a direct line connecting the neuron’s axon to the neuron’s input. The axonal discharge self-feedback neuron has two polarity states, graphically represented by Figs. 5.1(a) and 5.1(b). When the membrane is active (Fig. 5.1(a)), so is the axonal discharge self-feedback, and when the membrane is silent (Fig. 5.1(b)), there is no self-feedback. As the two states, (a) and (b), are the most elementary polarity patterns under axonal discharge self-feedback, they may be termed the “letters” of the neural circuit polarity code in this context. Yet, as the isolated neuron is also a “1-neuron circuit”, the two polarity states also constitute, in this specific case, “1-letter words” of the corresponding polarity code. As 2 is a prime number, the two circuits (a) and (b) in Fig. 5.1 constitute a circuit polarity category. Primality guarantees that a polarity category of n-neuron circuits cannot be divided into smaller subsets having the same number of circuits, unless this number is 1.
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Figure 5.1.1-category polarity code of primal-size 2 of a 1-neuron circuit with axonal discharge self-feedback. While the membrane polarity state is “on” in circuit (a) and “off” in circuit (b), the self-feedback in both circuits is permanently in the “on” state (Baram, 2020a).

For instance, the 2-circuit set depicted in Fig. 5.1 is of primal size, as, while it divides into two subsets, each of these subsets consists of a single circuit. The 1-category polarity code of primal size 7 of a 2-neuron circuit with axonal discharge self-feedback is depicted in Fig. 5.2.

In order to derive the n-neuron circuit polarity code under axonal discharge self-feedback, it is first noted that there can be up to n active neurons (neurons with positive membrane polarities) and n(n − 1) synapses. A synapse can be either active or silent. It follows that there can be up to
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Figure 5.2.The primal-size 7-word polarity code constituting a single category of 2-neuron circuits under axonal discharge self-feedback (Baram, 2020a).

different circuits involving only active membranes and possibly silent synapses. In addition, there can be up to



	[image: image]

	(5.2)





circuits with silent neurons (counting all permutations of 1 silent neuron, 2 silent neurons, . . . , n silent neurons out of n neurons). Note that the circuits corresponding to the active states of these neurons were already counted in P(1)(n), so that the only additional circuits are the same ones with these neurons silenced. It follows that there is a maximum total of
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different circuits, constituting the size of the circuit polarity code of n axonal discharge self-feedback neurons.

Equation (5.3) yields P(1) = 2, P(2) = 7, P(3) = 71 and P(4) = 4111. The neural circuit polarity code of two neurons with axonal discharge self-feedback is depicted in Fig. 5.2. As 7 is a prime number, this polarity code constitutes a category. Employing methods of primality verification, e.g., the Miller-Rabin method (Miller 1976; Rabin 1980), it can be verified that P(1), P(2), P(3) and P(4) are all prime numbers (they are the 1st, the 4th, the 20th and the 566th prime numbers, not counting 1). On the other hand, P(5) = 1,048,607, P(6) = 1,073,741,887 and P(7) = 4,398,046,511,231 are not prime. As the prime factorization of 1,048,607 is 7 × 59 × 2,539, the polarity code of 5-neuron circuits factorizes into 7 × 59 = 413 categories of primal size 2,539, or 7 × 2,539 = 17,773 categories of primal size 59, or 59 × 2,539 = 149,801 categories of primal size 7. As the prime factorization of 1,073,741,887 is 37 × 109 × 266,239, the polarity code of 6-neuron circuits factorizes into 37 × 109 = 4,251 categories of primal size 266,239, or 37 × 266,239 = 9,850,843 categories of primal size 109, or 109 × 266,239 = 29,020,051 categories of primal size 37. As the prime factorization of 4,398,046,511,231 is 163 × 15,451 × 1,746,287, the polarity code of 7-neuron circuits factorizes into 163 × 15,451 = 2,518,513 categories of primal size 1,746,287, or 163 × 1,746,287 = 284,644,781 categories of primal size 15,451, or 15,451 × 1,746,287 = 26,981,880,437 categories of primal size 163. Our attempts to derive the prime factorization of the polarity code sizes corresponding to n-neuron circuits for n ≥ 8 have failed, as the term 2n(n−1) in Eq. (5.3) becomes exceedingly dominant with respect to the other terms, erroneously producing powers of 2 (specifically, 2n(n−1)) as “prime factors” of P (n). In contrast to the single primal polarity code sizes corresponding to circuits of 1–4 neurons, which may be characterized as having a single dimension, the three different primal-size polarity category sizes corresponding to circuits of 5, 6 and 7 neurons may be characterized as representing three different dimensions.

Composite numbers that factorize into three prime numbers have been called sphenic numbers. Such numbers have been addressed in purely mathematical contexts (Lehmer, 1936) and their natural relevance appears to be noted here for the first time.

The entire code of an n-neuron circuit polarity under axonal discharge self-feedback can be cortically represented by P(n) circuits. For instance, the 7-circuit group of 2-neuroncircuits depicted in Fig. 5.2 represents the corresponding seven different polarity code words under axonal self-feedback. The implementation of the polarity code of a 1-neuron circuit would require then 1 × 2 = 2 neurons, while the implementation of the polarity code of a 2-neuron circuit would require 2 × 7 = 14 neurons. The implementation of the polarity codes of 3 and 4-neuron circuits would require 3 × 71 = 213 and 4 × 4,111 = 16,444 neurons, respectively. The implementation of the polarity codes of 5 and 6-neuron circuits would require 5 × 1,048,607 = 5,243,035 and 6 × 1,073,741,887 = 6,442,451,322 neurons, respectively. The implementation of a 7-neuron circuit polarity code, having size P(7) = 4,398,046,511,231 would require 7 × 4,398,046,511,231 = 30,786,325,578,617 neurons, far exceeding the number of neurons in the human brain (1012). However, it should be noted that any fraction of a polarity code, including such codes corresponding to circuits of n neurons where n ≥ 7, is implementable by a number of categories smaller than the one calculated for the full implementation of the polarity code. For instance, if only half the number of neurons needed for a full implementation of the 7-neuron polarity code are available, half the number of categories in each of the three corresponding sphenic subgroups of categories would be implementable.

Table 5.1. Neural circuit polarity code sizes for circuit sizes 1–7 under axonal discharge self-feedback. The polarity category sizes are of primal size, 2, 7, 71 and 4,111, respectively, for circuits of 1–4 neurons, and sphenic (3-prime factorizable) for circuits of 5, 6 and 7 neurons (Baram, 2020a).
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Table 5.1 summarizes the circuit sizes, the corresponding circuit polarity code sizes, the polarity code size prime factorization, the numbers of primal-size categories, and the corresponding primal category sizes for circuits of 1–7 neurons. The polarity code sizes of 5, 6 and 7-neuron circuits are factorized as specified above.

5.3Polarity codes and primal-size categories under synaptic self-feedback

Neuronal self-feedback, employing an intermediate synapse between axonal output and neuronal input, has been suggested (Groves et al., 1975) as an alternative to direct axonal discharge self-feedback without synaptic mediation (Carlsson and Lindquist, 1963; Smith and Jahr, 2002). In contrast to axonal discharge self-feedback, under the synaptic self-feedback paradigm, each of the circuit neurons has a self-synapse that can be in one of the two polarity states: “on” or “off”. It follows that there are
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permutations of self-feedback polarity states in a circuit of n neurons. The total polarity code size for an n-neuron circuit is then
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where P(n) is the polarity code size of n-neuron circuits under the axonal discharge feedback paradigm, represented by Eq. (5.3). Specifically, for n = 1 we have C(1) = 2, hence, Q(2) = 2 × 2 = 4. For n = 2 we have C(2) = 4, hence, Q(2) = 4 × 7 = 28. For n = 3 we have C(3) = 8, hence, Q(3) = 8 × 71 = 568, and for n = 4 we have C(4) = 16, hence, Q(4) = 16 × 4111 = 65,776. For n = 5 we have C(5) = 32, hence, Q(5) = 32 × 1,048,607 = 33,555,424, and for n = 6 we have C(6) = 64, hence, Q(6) = 64 × 1,073,741,887 = 68,719,480,768. For n = 7 we have C(7) = 128, hence, Q(7) = 128 × 4,398,046,511,231 = 562,949,953,437,568. Similarly, for each of the primal-size categories of n-neuron circuits with n = 5, n = 6 and n = 7, produced by prime factorization under the axonal discharge self-feedback paradigm, there are C(n) such categories associated with the permutations of the polarity states corresponding to synaptic self-feedback.

The 4-circuit polarity code for a single neuron under the synaptic self-feedback paradigm is displayed in Fig. 5.3, where the two categories of primal size 2 each are represented by columns (a) and (b). The 4-circuit polarity categories of 7 circuits of 2 neurons each are displayed in Fig. 5.4. It can be seen that the first category, represented by column (a), is the category corresponding to axonal discharge self-feedback, hence both neurons’ self-synapses being in the “on”” state, as derived in Section 5.2. The second category, represented by column (b), corresponds to the left neuron’s self-synapse being in the “off” state, while the right neuron’s self-feedback is in the “on” state. The third category, represented by column (c), corresponds to the right neuron’s self-synapse being in the “off” state, while the left neuron’s self-feedback is in the “on” state. The fourth category, represented by column (d) corresponds to both neurons’ self-synapses being in the “off” state.
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Figure 5.3.The 2-circuit categories, represented by columns (a) and (b), of 1-neuron polarity code under synaptic self-feedback. Category (a) is identical to the 1-category polarity code of a single neuron under axonal discharge feedback, depicted in Fig. 5.1 (Baram, 2020a).



For each of the primal-size categories of n-neuron circuits under axonal discharge self-feedback there are C(n) primal-size categories under synaptic self-feedback. It follows that for circuits of 1, 2, 3 and 4 neurons there are 2, 4, 8 and 16 categories of primal sizes 2, 7, 71 and 4,111, respectively. Employing the polarity code size prime factorization numbers under axonal discharge self-feedback displayed in Table 5.1, for circuits of fiveneurons there are 32 × 413 = 13,216 categories of primal size 2,539, or 32 × 17,773 = 568,736 categories of primal size 59, or 32×149,801 = 4,739,632 categories of primal size 7. For circuits of 6 neurons there are 64 × 4,251 = 272,064 categories of primal size 266,239, or 64 × 9,850,843 = 630,453,952 categories of primal size 109, or 64 × 29,020,051 = 1,857,283,264 categories of primal size 7. For circuits of 7 neurons there are 128 × 163 × 15,451 = 322,369,664 categories of primal size 1,746,287, or 128 × 163 × 1,746,287 = 36,434,531,968 categories of primal size 15,451, or 128 × 15,451 × 1,746,287 = 3,453,680,695,936 categories of primal size 163. As in the case of axonal discharge self-feedback, the three different primal polarity category sizes obtained by factorization of the non-primal (sphenic) polarity code sizes corresponding to circuits of 5, 6 and 7 neurons may be characterized as representing three different dimensions.
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Figure 5.4.The 7-circuit categories of 2-neuron circuit polarity code represented by the four columns: (a) both self-synapses are “on”, (b) left neuron’s self-synapse is “off” and right neuron’s self-synapse is “on”, (c) left neuron’s self-synapse is “on” and right neuron’s self-synapse is “off” and (d) both self-synapses are “off” (Baram, 2020a).

The entire code of an n-neuron circuit polarity under synaptic self-feedback can be cortically represented by Q(n) circuits. Consequently, the implementation of the polarity code of 1 and 2-neuron circuits would require 2 × 2 = 4 and 2 × 28 = 56 neurons, respectively. Accordingly, the implementation of the polarity codes of 3, 4 and 5-neuron circuits would require 3 × 568 = 1,704, 4 × 65,776 = 263,104 and 5 × 39,135,393 = 167,777,120 neurons, respectively. The implementation of the polarity code of 6-neuron circuits would require 6 × 75,418,890,625 = 452,513,343,750 neurons, and the implementation of the polarity code of 7-neuron circuits would require 7 × 562,949,953,437,568 = 3,940,649,674,062,976 neurons, far exceeding the number of neurons in the human brain(1012). However, as in the case of axonal discharge self-feedback, it should be noted that any fraction of a polarity code, including such codes corresponding to circuits of n neurons where n ≥ 7, is implementable by a number of categories smaller than the one calculated for the full implementation of the corresponding polarity code.

Table 5.2. Neural circuit polarity code and category sizes for circuits of 1–7 neurons under synaptic self-feedback. The polarity category size is primal, 2, 7, 71 and 4,111, respectively, for circuits of 1–4 neurons and sphenic for circuits of 5, 6 and 7 neurons (Baram, 2020a).
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Table 5.2 summarizes, for circuits of 1–7 neurons, the number of self-synapse polarity permutations, the circuit polarity code size, the number of primal-size polarity categories and the corresponding primal category sizes.

Finally, it might be noted that, in contrast to the polarity code addressed in Section 3.2, where connectivity is taken into account only when it is complete (without open gates), here, in order to represent complete circuit categories, incomplete connectivity (with open gates) is taken into account as well. This is evident, for instance, in the fourth row of Fig. 5.4, which, effectively, represents two isolated neurons, as does line (f) of Fig. 3.3.

5.4Neural circuit polarity effects on firing dynamics

We now consider the effect of neural circuit polarity on its firing-rate dynamics. In particular, we examine the expression of different circuit polarity categories, implying different circuit connectivity patterns, by different firing-rate modes. We assume synaptic self-feedback, which, as explained in Section 5.3, contains axonal discharge self-feedback as a mathematical subcategory.

The neuronal firing model has evolved from the integrate-and-fire (Lapicque, 1907) and the conductance-based membrane current (Hodgkin and Huxley, 1952) paradigms, through cortical averaging (Wilson and Cowan, 1972) and neuronal decoding (Abbott, 1994) to the spiking rate model (Gerstner, 1995)
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where υi(t) is the firing-rate of the i’th neuron, τmi is the corresponding membrane time constant, υi(t) is the vector of firing-rates of the circuit’s pre-neurons of the i’th neuron, ωi is the corresponding vector of synaptic weights, τi is the synaptic time constant, ui(t) is the membrane activation potential, ui(t) = Ii(t) − ri(t), with Ii(t) an external input potential and ri(t) the membrane activation threshold (approximately −60 mV), and where
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is the conductance-based rectification kernel (Carandini and Ferster, 2000), first observed in empirical data (Granit et al., 1963; Connor and Stevens, 1971).

It has been noted that the mathematically imposing integral term in Eq. (5.6) is biologically and functionally insignificant (Wilson & Cowan, 1972), and that the essence of neural firing dynamics is captured by its instantaneous manifestation (see e.g., Dayan & Abbott, 2001; Miller and Fumarola, 2012), yielding the firing-rate model
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The BCM plasticity rule (Bienenstock et al., 1982), enhanced by stabilizing modifications (Intratorand Cooper, 1992; Cooper et al., 2004), is a widely recognized, biologically plausible, mathematical representation of the Hebbian learning paradigm (Hebb, 1949). It suggests the computation of ωi(t) by the model
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where τωi is the learning time constant and θi(t) is a variable threshold satisfying (Intrator and Cooper, 1992; Cooper et al., 2004)
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where τθi is the thresholding time constant.

The discretization of a continuous-time dynamical system (e.g. Qwakenaak and Sivan, 1972) is done under the assumption that the time steps are sufficiently small so as to allow the approximation of the input by a constant value throughout the time step. Such approximation may, in principle, introduce inaccuracies in the description of the system’s behavior. Yet, discretization is often used as computational means as long as it does not introduce instability. In the present context of neural behavior, the validity of the discrete time model can be qualitatively tested by comparison of simulations to the ample evidence produced by neurobiological experiments. The discrete time versions under unity time steps of Eqs. (5.8)–(5.10) are
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where αi = exp(−1/τmi), βi = 1 − αi, εi = exp(−1/τωi), γi = 1 − εi, and δi = 1/τθi.

Since, as we have shown, circuit polarity categories grow exponentially with the number of circuit neurons, we limit our simulations of firing-rates to circuits of two neurons.

Employing the parameter values
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We have simulated categories (a)–(d) in Fig. 5.4. The results are shown in Figs. 5.5–5.8, where υ1 and υ2 represent the firing-rate sequences of the two circuit neurons in each of the cases. Each of the pairs υ1 and υ2 should be viewed in the context of the corresponding circuit depicted in Fig. 5.4. The details of each of the four categories are specified in the corresponding figure captions. It can be seen that, while the parameter values as specified by Eq. (5.14) are identical for all neurons, the firing-rate dynamics captured by the four categories are highly diverse (as in a natural language, the same “words”, represented here by circuit polarity, or alternatively, by circuit firing modes, may belong to different categories).

5.5“Working Memory” and “Magical Numbers”

As cortical information appears to be manifested by neural circuit polarity and its consequential firing-rate, the memory capacity of categories of small circuits, as the ones analyzed in the previous sections, is of interest. Employing experimental behavior data, it has been suggested that human capacity for information processing is limited by “the magical number seven, plus or minus two” (Miller, 1956). Pertaining to “working memory” (Pribram et al., 1960) or metaphorically, “blackboard memory” (Colman, 2008) and later put on molecular basis (Mongillo et al., 2008) and supported by a winnerless competition dynamical model (Bick and Rabinovich, 2009), this limit has been associated with “one dimensional” objects (such as musical tunes, electrical skin stimulation or visual dot location) while noting that “higher dimensional” objects (such as human faces) would require higher information processing capacities (Miller, 1956). As we have noted in the present work, dimensionality of information items may be associated with prime factorization of composite polarity codesizes. Specifically, in contrast to the single primal polarity code sizes corresponding to circuits of 1–4 neurons, which may be characterized as having a single dimension, the three different primal polarity category sizes obtained by factorization of sphenic (Lehmer, 1936) polarity code sizes corresponding to circuits of 5 and 6 neurons may be characterized as representing three different dimensions. Another proposition has suggested “the magical number 4” (or, more specifically, “between 3 and 5”, Cowan, 2001) instead of “the magical number 7” (Miller, 1956). We note that, as seen in Table 5.2, the number 7 appears as the polarity category size for a circuit of two neurons, while the number 4 appears as the polarity code size for a single neuron. This may suggest that the two numbers, 7 and 4, have been experimentally measured in two different contexts, one of a single category of items, represented by 2-neuron circuits with axonal discharge self-feedback, and the other of two different categories of items, represented by 1-neuron circuits with synaptic self-feedback. A division of memory into separate domains of small and large numbers of information items, as suggested by the large spread of polarity category and code sizes represented by Table 5.2, has also been suggested on experimental grounds (Cowan, 1995). Indeed, outstanding processing abilities of many information items have been experimentally noted (Chase and Ericsson, 1982; Yaro and Ward, 2007; Neumann, 2010).
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Figure 5.5.Firing-rate simulation of the 2-neuron, 7-circuit polarity category depicted in column (a) of Fig. 5.4. In the first row, the two neurons are symmetrically connected, and, consequently, their firing-rate modes are identical. In the second row, the first neuron is independently bursting, while the second is silent. In the third row, the second neuron is independently bursting, while the first is silent. In the fourth row, both neurons are silent. In the fifth and the sixth rows, while both neurons are active, their inter-neuron connections are asymmetric, and, consequently, their firing-rate modes are different. In the seventh row, the two neurons are mutually segregated by inter-neuron synapses, but, as their parameters are identical, their independent bursting firing-rate modes are identical (Baram, 2020a).
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Figure 5.6.Firing-rate simulation of the 2-neuron, 7-circuit polarity category depicted in column (b) of Fig. 5.4. In the first row, as the self-synapses of the two neurons are at different polarity states, their firing-rate modes are different. In the second row, the first neuron is independently firing, while the second is silent. In the third row, the second neuron is independently firing, while the first neuron is silent. In the fourth row, both neurons have silent membranes. In the fifth and the sixth rows, differences between inter-neuron connections and self-synapses are compensated by cross-feedback and consequently, the firing-rate modes are identical. In the seventh row, the two neurons are mutually segregated, but, since their self-synapses are at different states, their firing-rate modes are different (Baram, 2020a).
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Figure 5.7.Firing-rate simulation of the 2-neuron, 7-circuit polarity category depicted in column (c) of Fig. 5.4. In the first row, the difference between the polarity states of the two self-synapses yields different firing-rate modes. In the second row, the first neuron is independently firing, while the second is silent. In the third row, the second neuron is independently firing, while the first neuron is silent. In the fourth row, both neurons have silent membranes. In the fifth and the sixth rows, differences between cross-feedback compensation of the two neurons yield different firing-rate modes. In the seventh row, the two neurons are mutually segregated, but, since their self-synapses are at different states, their firing-rate modes are different (Baram, 2020a).
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Figure 5.8.Firing-rate simulation of the 2-neuron, 7-circuit polarity category depicted in column (d) of Fig. 5.4. In the first row, the identical polarity states of the two self-synapses, and the identical polarity states of the two cross-neuron synapses yield identical firing-rate modes for the two neurons. In the second row, the first neuron is independently firing, while the second has a silent membrane. In the third row, the second neuron is independently firing, while the first neuron has a silent membrane. In the fourth row, both neurons have silent membranes. In the fifth and the sixth rows, differences between cross-feedback compensation of the two neurons yield different firing-rate modes. In the seventh row, the two neurons are mutually segregated by silent inter-neuron synapses, and, having both their self-synapses silent, fire in identical firing-rate modes (Baram, 2020a).

A question of interest is whether there is a mathematical basis to “magical numbers” as memory capacities. A widely recognized concept of memory in the context of binary neuronal states is the Hebbian learning paradigm (Hebb, 1949), which has been formalized as follows (McCulloch and Pitts, 1943; Hopfield, 1982). Consider a neural circuit of n neurons, whose membrane and synapse polarity states, ωj (i) ∈ (0, 1), j = 1, . . . , n at discrete times, i = 1, . . . , M, take the values 0 or 1 with equal probabilities. Storage of polarity state values is performed according to the rule
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Retrieval is performed by the rule
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where t is a threshold and
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is the input to the k’th neuron, where zj, j = 1, . . . , n are the components of a probe.

The memory capacity of binary (0,1) vectors of size n by networks of the type Eqs. (5.15)–(5.17) has been shown to be about 0.14n (Amit et al., 1987). We note that, from a mathematical viewpoint, n may represent the number of circuit neurons, in one context, and the number of circuit polarity gates, in another. For polarity vectors of size 7, associated, as shown in the present work, with 2-neuron circuits, this result would imply a Hebbian memory capacity, by Eqs. (5.15)–(5.17), of approximately one polarity vector per circuit (0.14 × 7 = 0.98). A “working memory” consisting of 2-neuron circuits would allow for a maximum of 7 circuits having different polarity states, in each of the categories depicted in Fig. 5.4. With each of these circuits storing one polarity state vector, this would establish a neural embodiment of “the magical number 7” as the category memory capacity.

5.6Discussion

A neural circuit polarity code is defined by the complete set of circuits generated by permutations of polarity states of the circuit neurons’ membranes and synapses. For a given number of circuit neurons, a primal circuit polarity code size implies that the code is indivisible, constituting a circuit polarity category. The present chapter has shown that when the circuit polarity code size is not primal, it can be factorized into primal-size subcodes, representing different categories, which, in turn, produce different firing-rate modes. Under axonal self-feedback, fully connected circuits of 1, 2, 3 and 4 neurons produce circuit polarity codes of primal sizes 2, 7, 71 and 4,111, respectively. On the other hand, circuits of 5, 6 or 7 neurons produce circuit polarity codes of composite sizes. Such codes can be computationally transformed into primal-size polarity categories by prime factorization of their polarity code sizes. The high dominance of the first term on the right-hand-side of Eq. (5.3) (2n(n−1)) implies that such prime factorization is practically impossible by standard techniques for circuits of more than 7 neurons. It is conceivable that nature would have its way of producing primal-size polarity categories for circuits of more than 7 neurons. Yet, even without such capabilities, relatively large cortical areas may be aroused by smaller circuits interacting in a feed-forward fashion.

The effect of neuronal self-feedback on primal polarity code size is particularly interesting in the context of a long-standing debate concerning the nature of such feedback. While, employing neurophysiological and molecular considerations, the synaptically mediated self-feedback paradigm (Groves et al., 1975) has been presented as an alternative to the axonal discharge self-feedback paradigm (Carlsson and Lindquist, 1963; Smith and Jahr, 2002), we have shown in this work that the first paradigm contains the second. Specifically, while the axonal discharge self-feedback paradigm defines a single, primal-size, circuit polarity category for certain fully connected circuit sizes (1–4), the synaptic self-feedback paradigm defines the entire range of such categories produced by permutation of self-synaptic polarity states. Consequently, the number of categories produced by the synaptically mediated self-feedback paradigm grows exponentially in the number of circuit neurons with respect to that produced by the axonal discharge self-feedback paradigm.

“Magical numbers”, supported by psychophysical tests of “absolute judgement” (Miller, 1956), have been suggested as limit capacities for “working memory” (Pribram et al., 1960). While such numbers were not directly related to neurophysiological experiments, we have suggested that their small values (3–9 according to various publications) are resembled by the small circuit sizes suggested in the present study as the “alphabets”, “words” or “categories”, of cortical information. We have also suggested that the level of prime factorization of circuit sizes constitutes a certain notion of informational dimension. The possible neurophysiological basis for such correspondence is proposed for future research.

Finally, we note that the practical advantage of primality may be explained by the ability of different prime numbers to generate large numbers of different combinations without repetition. This property has been characterized in purely mathematical contexts (Furstenberg, 1955) and further in the geometric contexts of polygon construction and partition (Křížek et al., 2001). Its applicability in digital computation has been noted in the contexts of hash table generation (Cormen et al., 2001), error detection (Kirtland, 2001) and pseudo-random number generation (Matsumoto and Nishimura, 1998). Prime numbers have been shown to play fundamental roles in quantum physics (Peterson, 1999) and in quantum computation (Bengtsson and Życzkowski, 2017) as well as the natural survival game of predator and prey (Williams and Simon, 1995), literature (Ribenboim, 2017) and music (du Sautoy, 2003). Yet, it appears that the relevance of prime numbers in cortical contexts has not been noted before.


Chapter 6

Primal-size Neural Circuits in Trees of Meta-periodic Interaction

6.1Introduction

Early studies of information representation in neural circuits have addressed binary (0, 1) neuronal states of silence and activity (McCulloch and Pitts, 1943; Amari, 1972; Hopfield, 1982). Studies of information storage and retrieval capacities have generally suggested, explicitly or implicitly, a direct linkage between high capacity and large circuit size (McEliece et al., 1987; Amit et al., 1987; Baram and Sal’ee, 1992). However, the focus on a large number of neurons has overlooked the segregated nature of cortical information and functionality. As, in addition, the binary setting did not appear to have been directly motivated by neurophysiological consideration at the time, it has largely remained in the realms of information theory, mathematics and physics, essentially disregarded in biological circles. Later experimental neurophysiological findings, concerning somatic (Melnick, 1994) and synaptic (Atwood and Wojtowicz, 1999) silencing and reactivation, have been termed “neural circuit polarity” (Baram, 2018). Cortical activity segregation and integration have been argued on grounds of thalamocortical simulations (Stratton and Wiles, 2015). A realization of the significant effects of neuronal circuit polarity and polarity-induced segregation on cortical connectivity, firing dynamics and memory in recent studies (Baram, 2018) has motivated the present examination of random circuit segregation by combining two mathematical contexts. The first is random graph theory, which reveals rather unexpected, yet highly powerful results relevant to circuit connectivity. The second is the theory of prime numbers, which, intriguing mathematicians for several centuries, is increasingly finding its way into the natural sciences. While prime numbers have been recently shown to be central to neural circuit polarity categorization (Baram, 2020a), their key role in cortical meta-period maximization appears to have been noted only recently (Baram, 2021). While individual cyclic circuits, controlled by inhibitory inter-neuron potentiation (Markram et al., 2004), appear to analytically ratify experimental findings on relatively low working memory capacities of the human brain (Miller, 1956; Pribram et al., 1960), the concept of meta-periodicity, facilitated by excitatory inter-circuit synapses (Battaglia et al., 2012), is shown here to extend to trees of primal size neural circuits, producing large non-repetitious cortical memory capacities.

6.2Primal-size neural circuits in meta-periodic interaction

A correspondence between neural circuits and random graphs becomes self-evident, when nodes are represented by neurons, and edges are represented by biologically supported positive membrane (Melnick, 1994) and synapse (Atwood and Wojtowicz, 1999). Viewing connected neural circuits as connected components in the sense defined in previous chapters, a question of interest is whether results from the theory of random graphs offer potential benefits in the understanding of cortical properties. As we show next, the answer becomes markedly positive when an additional mathematical discipline, namely, number theory, is brought into play. More specifically, prime numbers, having attracted the interest of mathematicians for several centuries, and revealed in a variety of theoretical and experimental scientific disciplines, is found to play a major role in maximizing the information capacities of cortical structures.

According to Eqs. (2.3) and (2.4), large circuits tend to be connected with high probability. A connected neural circuit represents a single cortical word. For a large neural circuit, complete connectivity would mean that the entire circuit represents a single word. Large neural circuit segregation into smaller subcircuits becomes an obvious necessity for reasonably short words in cortical language. An average of 7 × 103 synapses per neuron (Drachman, 2005) in a human brain of 1011 neurons (von Bartheld et al., 2016) would yield an average edge probability of p = 7000/1022 < 10−18 < 10−11 = 1/n, which satisfies the subcriticality condition for the satisfaction of Eq. (2.5). As will be demonstrated in the sequel, segregated circuits of primal sizes produce the longest sequential meta-periods without repetitions. Yet, they maintain the flexibility of connecting in different arrangements, producing different meta-words.

The capacity of neural circuit segregation is essentially defined by the graph theoretic results noted in Section 2.2. While the largest connected circuit for n = 1011 neurons and for p < 1/n (sub-criticality) has [log(1011)] = 25 neurons, the largest such circuit whose size is a prime number has 23 neurons (neural assemblies of size n = 1012 or smaller do not produce primal values greater than 23 for log(n). The next prime, 29, arises for n > 1012, as log(1012) < 29 < log(1013)). Table 6.1 displays all the prime numbers S between 2 and 23, inclusive. Each of these prime numbers is coupled with a number [n(S)] which represents the nearest decimal power greater than n(S) = exp(S).

It might be noted that the requirement n → ∞ associated with Eq. (2.5) suggests that only high values of n may be considered in the present context. Yet, the question remains, how high is “high”. There does not appear to be a good answer to this question. The requirement n → ∞, driven by mathematical rationale in the underlying graph theory, does not appear to invalidate the small-circuit results. As demonstrated by Table 6.1, the small-circuit results are in close agreement with the large-circuit ones, regarding order of magnitude.

Figure 6.1(a) shows two primal-size circuits in sequence, one of 2 neurons, represented by circles and denoted 1 and 2, and the other of 3 neurons, denoted a, b, and c. Inter-neurons in the central nervous system are primarily inhibitory (Markram et al., 2004), which is also supported by the large majority of inhibitory cortical connectivity (Mongillo et al., 2018).

Table 6.1. Maximal primal sizes S of connected circuits for different numbers of neuron assemblies n in the relevant cortical range n = 101 to n = 1010. [n(S)] represents the nearest decimal power greater than n(S) = exp(S) (yielding S = log(n(S)), in the sense of Eq. (2.5) (Baram, 2021).
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Figure 6.1.(a) Segregated primal size neural circuits of 2 and 3 neurons, having (b) A meta-period of 6 steps (on the 7’th step the meta-period starts all over). Internal circuit polarities are negative (inhibitory) while inter-circuit polarities are positive (excitatory). A meta-period is initiated when both interacting neurons, 1 and a, are active (Baram, 2021).

The cyclic connectivity implies that a neuron will only fire for a certain period once the neuron preceding it in the cycle has stopped firing (called Post-inhibitory Facilitation (Dodla et al., 2006), or Post-inhibitory Rebound (Jones and Thompson, 2001)). Thus inhibition, or negative polarity, is followed by positive polarity, which implies a brief firing period. On the other hand, the interaction between neurons of different circuits and different cortical areas is primarily excitatory and simultaneous (Battaglia et al., 2012).

Neuron 1 and neuron a of the corresponding circuits in Fig. 6.1(a) are connected bi-directionally (which also represents simultaneous mutual activation of the two neurons), while the other neurons of each of the two circuits are connected directionally in a cycle. The inhibitory (negative polarity) nature of the inter-neurons in each of the two circuits is represented by minus signs, while the excitatory (positive polarity) nature of the inter-circuit neurons 1 and a is represented by plus signs.

Figure 6.1(b) presents the 6-step meta-periodic cycle of the two circuits. It can be seen that the 2-neuron circuit alternates between neurons 1 and 2, in the order 1 → 2 → 1 → 2 → 1 → 2 while the 3-neuron circuit undergoes two cycles of 3-steps each a → b → c → a → b → c, so that neuron 1 and neuron a fire together again at step 7, so as to start a new 6-step meta-period. The polarities of the corresponding neurons in each of the steps, specified in the last column, indicate the present state in the meta-period, which starts and ends when both neurons 1 and a are in simultaneous positive polarity states (+ +).

Figure 6.2(a) shows two circuits, one, as in Fig. 6.1, of 2 neurons denoted 1 and 2, and the other of 4 neurons, denoted a, b, c and d. The main difference between this case and that depicted in Fig. 6.1(a) is that, in contrast to the primal circuit size of 3 shown in Fig. 6.1, the circuit size of 4 depicted in Fig. 6.2(a) is not primal. As in Fig. 6.1(a), it can be seen that neuron 1 and neuron a of the corresponding circuits are connected bi-directionally (which represents simultaneous mutual activation by the two neurons), while the other neurons of each of the two circuits are connected directionally in a cycle. As in the previous case, the inhibitory (negative polarity) nature of the inter-neurons in each of the two circuits is represented by minus signs, while the simultaneous excitatory (positive polarity) states of the inter-circuit neurons 1 and a is represented by plus signs. Figure 6.2(b) presents the 4-step meta-periodic cycle of the two circuits. It can be seen that the 2-neuron circuit alternate between neurons 1 and 2, in the order 1 → 2 → 1 → 2 while the 4-neuron circuit undergoes one cycle of 4-steps a → b → c → d so that the two circuits meet again at step 5, so as to start a new 4-step meta-period. The polarities of the corresponding neurons in each of the steps, specified in the last column, indicate the present state of the meta-period, which starts and ends when both neurons 1 and a are in simultaneous positive polarity states (+ +).
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Figure 6.2.(a) Segregated neural circuits of 2 and 4 neurons, having (b) A meta-period of 4 steps (on the 5’th step the meta-period starts all over). Internal circuit polarities are negative (inhibitory) while inter-circuit polarities are positive (excitatory, Baram, 2021).

It follows that while the 2-circuit arrangement in Fig. 6.2(a) involves more neurons (6) than the one in Fig. 6.1(a) (5), the information capacity of the latter, which produces a longer (6 steps) non-repetitious meta-period, is greater than that of the former (4 steps). This property of prime numbers, generating longer indivisible meta-periods than cycles involving larger neighboring non-primal numbers, extends to all primes.

6.3Primal-size circuit interaction in firing-rate meta-periodicity

Neural circuit connectivity is only one part of the cortical language. The other, closely related, part is the neural firing-rate dynamics. The instantaneous discrete-time firing-rate model for the individual neuron is (e.g., Baram, 2018)
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where υi(k) is the vector of the i’th neuron’s pre-neurons’ firing-rates (including self-feedback), υj, j = 1, 2, . . . , n, αi = exp(−1/τυi) and βi = 1 − αi, with τυi the membrane time constant of the i’th neuron, ωi(k) is the vector of synaptic weights corresponding to the i’th neuron’s pre-neurons (including self-feedback), ui = Ii − ri, with Ii the circuit-external activation input and ri the membrane resting potential of the i’th neuron, and fi is the conductance-based rectification kernel defined as (Carandini and Ferster, 2000)
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The discrete-time Bienenstock-Cooper-Munro plasticity rule (Bienenstock et al., 1982) takes the multi-neuron form
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where υi2 is the vector whose components are the squares of the components of υi, and
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with εi = exp(−1/τωi), γi = 1 − εi and δi = 1/τθi, where τωi and τθi are the corresponding time constants.

Next, we analyze and demonstrate the effects of primal-size circuit interaction on the joint firing-rate dynamics. The essence of these findings will be demonstrated for small primal-size circuits of 2 and 3 neurons, as depicted in Fig. 6.1(a), since the simulation of larger primal size circuit firing would be highly elaborate and tedious.

Let the neurons in the 2-neuron circuit of Fig. 6.1(a) have the parameters:

τυ1 = 2, τω1 = 300, τθ1 = 0.1, u1 = 5, θ1(0) = ω1(0) = 0, υ1(0) = 1

τυ2 = 1, τω2 = 1, τθ2 = 0.1, u2 = 5, θ2(0) = ω2(0) = 0, υ2(0) = 1

and let the neurons in the 3-neuron circuit in Fig. 6.1(a) have the parameters

τυa = 1, τωa = 0.7, τθa = 0.5, ua = 3, θa(0) = ωa(0) = 0, υa(0) = 1

τυb = 2, τωb = 300, τθb = 0.1, ub = 3, θb(0) = ωb(0) = 0, υb(0) = 1

τυc = 2, τωc = 1, τθc = 0.1, uc = 3, θc(0) = ωc(0) = 0, υc(0) = 1
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Figure 6.3.6-step meta-period firing-rate dynamics of the combined circuit comprising the primal-size circuits of 2 and 3 neurons depicted in Fig. 6.1(a) (Baram, 2021).

The two primal-size circuits have a joint period of 6 steps, as specified in Fig. 6.1(b). The corresponding neuronal firing-rate dynamics are depicted in Fig. 6.3. It can be seen that, while the 2-neuron circuit maintains its 2-step alternating convergent-tonic (v1) and chaotic (v2) firing-rate modes in the two neurons, the 3-neuron circuit keeps 3-step dynamic modes: chaotic (va), convergent-tonic (vb) and oscillatory (vc).

6.4Cortical information capacities under primal-size neural circuits

Given an assembly of n neurons with connectivity probability p = c/n with c < 1 (the subcriticality condition), Eq. (2.5) implies a minimal number of



	[image: image]

	(6.5)





connected neural circuits. Associating such circuits with code words of cortical information, Eq. (6.5) would constitute, then, a lower bound on the information capacity (in number of words) of n such sparsely connected neurons. n may take different values, corresponding to different cortical structures. Specifically, we have shown that even for the large number of neurons in the human brain, random graph theory, combined with mathematical number theory, puts a relatively low upper limit (23) on the primal neural circuit size, while facilitating, as we show next, a high information capacity. In this context, capacity would correspond to the number of neural circuits which are internally connected in the graph-theoretic sense. The total number of such circuits may change according to circuit polarity changes. The assignment of neural circuits to different cortical structures would determine circuit sizes according to their location and functionality.

A particularly unique aspect of primal-size neural circuits presented in this work in the context of cortical information is the concept of meta-periodicity, which, as we have shown in the previous section, involve both time and firing-rate dynamic modes as expressions of cortical information. Memory is not an instantaneous event. Stored in the form of circuit polarities, memory is retrieved as a meta-period of firing-rate modes, generated by circuit interaction. Memory capacity can therefore be defined on two additional separate, yet related levels: the maximal number and the maximal length of the meta-periods that can be cortically stored and retrieved.

Table 6.2 specifies the lengths of meta-periods corresponding to interactions between circuits of sequential primal sizes in the relevant range 1–23. While mathematical number theory excludes 1 as a prime number, graph-theory counts single isolated nodes as “components”. Similarly, single isolated neurons, having characteristic firing-rate modes, are justifiably counted as isolated neural circuit. Yet, it can be seen that such inclusion does not change the results of the table.

As shown in Table 6.2, the meta-periodic length in this range grows from 1 to 223,092,870. Products of any subgroup of the primes involved represent valid meta-periods as well. As each meta-period represents an information item, the maximal length the meta-periods that can be generated represents, in a sense, a cortical information capacity. As was illustrated by Figs. 6.1 and 6.2, and applies, by virtue of primality, to the general case, replacing any primal number by a neighboring greater non-primal number will reduce the lengths of indivisible meta-periods.

Table 6.2. Meta-period lengths of sequentially interacting primal-size circuits in the range 1–23 (Baram, 2021).



	1




	2




	1x2x3=6




	1x2x3x5=30




	1x2x3x5x7=210




	1x2x3x5x7x11=2,310




	1x2x3x5x7x11x13=30,030




	1x2x3x5x7x11x13x17=510,510




	1x2x3x5x7x11x13x17x19=9,699,690




	1x2x3x5x7x11x13x17x19x23=223,092,870





More generally, the number of indivisible meta-periods that can be composed and stored (by circuit polarities) and retrieved (by meta-periodic firing-rates) can be derived by rather simple calculations. First we note that the maximal number of selections of different primal circuit sizes in the range 1–23 is
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(as explained above, circuits of size 1 are also included for the present purposes). 10 such selections are shown in the 10 rows of Table 6.2. Yet, in the context of cyclic circuit activity, given a k-neuron circuit there are k! (k-factorial) ways to select the cyclic order of firing in the circuit neurons and its manifestation would require k! × k neurons.

It follows that there are 23! = 2.5852 × 1022 possible cyclic arrangements of a connected circuit of 23 neurons, with each such circuit representing a word in cortical language. The neural circuit representation of all of these words would require 23 × 23! = 5.9460 × 1023, far exceeding the number of neurons in the human brain. The last row of Table 6.2 displays a single meta-period, composed of circuits of primal sizes 1–23 (the formally non-primal 1 included, as explained above). The cortical manifestation of just a single such meta-period would require, as specified in the table, 223,092,870 neurons. The cortical manifestation of the entire variety of such meta-periods, generated by order permutations in the different circuits involved is impossible, as the entire size of the human brain would be exhausted by just a few order permutations.

In order to proceed with the search for cortical meta-period capacity, let us consider connected neural circuits of primal size 11 or less. The number of meta-periods that can be numerically generated in this case is
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requiring
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neurons, yet, far exceeding the total estimated number of neurons in the human brain.

Further reducing the maximal primal neural circuit size to 7 neurons (which would imply circuit sizes 1, 2, 3, 5 and 7) produces a variety of
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meta-periods, requiring
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neurons for implementation. Nearing the total estimated number of neurons in the human brain (8.6 × 1010, von Bartheld et al., 2016), the cortical implementation of the entire variety of meta-periods composed of interacting circuits of primal size 7 or less consumes most of the capacity of the human brain, with some room to spare. The remaining neurons could accommodate longer meta-period, comprising circuits of larger primal sizes (limited by 23).

Finally, it might be noted that working memory capacity greater than “seven, plus or minus two” has been ruled out on experimental grounds (Miller, 1956; Pribram et al., 1960). Exceptional brains of higher capacities have been experimentally noted (Chase and Ericsson, 1982; Yaro and Ward, 2007; Neumann, 2010). In the present context, memory is manifested by meta-periods which may associate each memory item with a firing-rate mode. A cyclic circuit of seven different neurons would sequentially produce seven different firing-rate modes which may represent seven memory items. As shown in this work, such cycles may be combined with shorter primal-length cycles generated by smaller primal-size circuits, producing more composite memory items.

6.5Primal-size neural circuits in meta-periodic trees

Small primal-size circuits may combine so as to construct large information structures in a tree-like fashion. As musical notes corresponding to auditory frequencies constitute “one-dimensional” information items, we employ a musical example as means for conveying the underlying concept of primal-size neural circuit trees. This will extend the concept of meta-periodic sequence construction by two interacting circuits addressed in previous sections to neural circuit trees of any size.

Consider a musical piece played jointly by three musicians, one on a cello, one on a viola and one on a violin. Each of the instruments produces a different range of auditory frequencies, which are cortically picked up by different types of neurons, arranged in separate circuits. As before, while the circuits are essentially segregated, there is a single inter-circuit excitatory connection between consecutive layers of the tree.

Suppose that the cello plays a repeated sequence of two tunes, the viola plays a repeated sequence of three tunes and the violin plays a repeated sequence of four tunes. The tunes played by each of the instruments are cortically picked up by neural circuits consisting of 2, 3 and 4 neurons of the corresponding types respectively. The three circuits are first arranged in the tree structure depicted by Fig. 6.4. It can be seen in Fig. 6.4(a) that, neuron 1 and neuron a of the first and the second circuits, respectively, and neuron c and neuron A of the second and third circuit, respectively, are connected bi-directionally (which also represents simultaneous mutual activation of each of the two pairs of neurons), while the other neurons of each of the three circuits are connected directionally in a cycle. The inhibitory (negative polarity) nature of the interneurons in each of the three circuits is represented by minus signs, while the excitatory (positive polarity) nature of the inter-circuit neurons 1, a and A is represented by plus signs.

[image: image]

Figure 6.4.(a) A 3-layer tree structure of 2, 3 and 4-neuron circuits having (b) A meta-period of 12 steps (on the 13’th step the meta-period starts all over). Internal circuit polarities are negative (inhibitory) while inter-circuit polarities are positive (excitatory, Baram, 2021).

Figure 6.4(b) presents the 12-step meta-periodic cycle of the three circuits. It can be seen that the 2-neuron circuit alternates between neurons 1 and 2, in the order 1 → 2 → 1 → 2 → 1 → 2 while the 3-neuron circuit undergoes two cycles of 3-steps each, a → b → c → a → b → c, and the 4-neuron circuit undergoes three 4-step cycles, A → B → C → D → A → B → C → D → A → B → C → D, so that neurons 1, a and A fire together again at step 13, so as to start a new 12-step meta-period. The polarities of the corresponding neurons in each of the steps, specified in the last column, indicate the present state in the meta-period, which starts and ends when neurons 1, a and A are in simultaneous positive polarity states (+ + +).

Next suppose that, while the cello and the viola continue to play the 2-tune and the 3-tune sequence as before, the violin plays a 5-tune sequence, instead of the 4-tune sequence it played before. The three corresponding neural circuits are depicted in Fig. 6.5(a). Figure 6.5(b) represents the 30-step meta-periodic cycle of the three circuits. The change from a meta-periodic sequence of 12 steps (Fig. 6.4(b)) to a meta-periodic sequence of 30 steps (Fig. 6.5(b)) is not due to the fact that 5 is greater than 4. To see this, suppose that the violin’s repeated sequence is increased in length from 5 to 6 tunes. The length of the joint meta-periodic sequence will drop back from 30 to 12 steps. On the other hand, an increase in the length of the violin’s repeated sequence from 6 to 7 tunes will increase the joint meta-periodic sequence to 42 steps. The “secret” is obviously in the difference between the primal nature of the numbers 5 and 7, on the one hand, and the non-primal nature of the numbers 4 and 6, on the other.

[image: image]

Figure 6.5.(a) A 3-layer tree structure of 2, 3 and 5-neuron circuits having (b) A meta-period of 30 steps (on the 31’st step the meta-period starts all over). Internal circuit polarities are negative (inhibitory) while inter-circuit polarities are positive (excitatory, Baram, 2021).

As words are of higher dimension than letters and musical notes (which can each be represented by neurons), the cortical representation of words of natural language would seem to require more elaborate “hardware”. Specifically, each word would require a neural circuit of appropriate size. The tree structure of a sentence would be conceptually similar to the structures depicted in Figs. 6.4 and 6.5, with essentially two differences:

1)Neurons would be replaced by whole circuits, each representing a word.

2)The readout of each circuit would consist of a single cycle which would reveal the word it represents.

6.6Discussion

Employing fundamental results from random graph theory and the meta-periodicity of interacting primal-size neural circuits, we have shown that small neural circuits offer high capacities for information representation, manipulation and memory. Specifically, while large assemblies of neurons, forming random graphs, tend to connect into large circuits, representing long words, circuits of small primal size, representing short words, may still produce very long meta-periodic structures of information, which may span different cortical areas of different circuit types and functionality. Similar to natural and artificial languages, such structures may constitute memories of images, scenarios, music pieces, and spoken or written words, sentences, stories or books, to name a few implementations.

It might be noted that both the theory of prime numbers, intriguing human minds for centuries, and the theory of random graphs, presented in the mid 20th century, have revealed truly astonishing results, many of which have impacted both natural science and technological advancement. Yet, until recently, neither seems to have been directly associated with neuroscience research. More specifically, while the product-periods of primes have been noted in the contexts of music (du Sautoy, 2003), and meta-cyclic products of primes and non-primes have been noted in the natural survival game of predator and prey (Williams and Simon, 1995), such meta-periods have not been associated with cortical activity. Baram (2020a) has suggested a role for prime numbers in the categorization of neural circuit structures in accordance with their membrane and synapse polarities. Here, the meta-periodic effect of relatively small primal-size neural circuits interaction, generated by the combined inhibitory nature of circuit interneurons (Markram et al., 2004) and excitatory nature of inter-circuit activity (Battaglia et al., 2012) is noted. Further, random tree networks have been recently suggested as a model for neuronal connectivity, resulting in random “small world” structures (Ajazi et al., 2019). We have shown that the meta-periodic firing-rate dynamics resulting from the cyclic connectivity of primal size circuits proposed in the present chapter constitutes a highly structured cortical language. Specifically, we have shown that the estimated number of neurons in the human brain limits the majority of neural circuits to primal size seven or less, with relatively little room to spare for circuits of larger primal sizes. As indicated by Table 6.2, this would allow, at the same time, for a minority of very long (up to several hundreds of millions of circuits) meta-periods and a majority of relatively short (up to several hundreds of circuits) meta-periods. The latter category includes single circuits of primal size seven or less, ratifying experimental findings on the human brain’s capacity of working memory (Miller, 1956; Pribram et al., 1960).


Part II

Firing-rate Linguistics


Chapter 7

Firing-rate Dynamics Irreversibility

7.1Introduction

Irreversibility of natural processes is implied by the second law of thermodynamics (Mandl, 1988). In formal terms, the mathematical models of such processes are non-invertible. Here, we show that the widely recognized, experimentally supported model of neural firing-rate dynamics is non-invertible, hence, time-irreversible. This fundamental inability to reveal past values of a firing-rate process from present values would seem to present an inherent behavioral difficulty, as present behavior should somehow employ past experience. Luckily, as stressed in this book, memories of past experience are encapsulated in the form of global dynamic attractors, rather than actual values of firing-rates. The non-invertibility of the firing-rate process motivates, then, the central role played by the singularities of the model as a language of cortical dynamics. To this end, we make room for a detailed proof of the non-invertibility of the model, as revealed by an earlier work (Baram, 2012).

7.2Discrete iteration map of neural firing and synaptic plasticity

The vector-valued truncated discrete-time version of the spike response model, Eq. (2.15), for the firing-rates is given by
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	(7.1)





where υ(k) is the vector of firing-rates corresponding to the neurons at time instance k, W(k) is the matrix of synaptic weights, u(k) is the vector of conductance-based activation inputs, Kυ = diag[(τυi − 1)/τυi]i=1...n, Tυ = diag[τυi]i=1...n and Ep = diag[ep/τi]i=1...n are diagonal matrices of the corresponding elements, f(x) = vec[f(xi)]i=1...n and u(k) = vec[ui(k)]i=1...n are vectors of the corresponding elements, and W(k) = [ω1(k) ω2(k) · · · ωn(k)] is a matrix whose columns are ωi(k), i = 1 . . . n. N is a positive integer which satisfies the desired relative error ρi in Eq. (2.23) for any i, and f is a vector-valued function, whose scalar elements are defined by fi of Eq. (2.16).

A discrete-time matrix-valued version of Eq. (2.17) is given by
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with
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Tω = diag[τωi]i=1...n, Tθ = diag[τθi]i=1...n and S = [s1 s2 · · · sn], and where υ2(k − p) is the vector whose i’th element is υi2(k − p) and where S is the connectivity matrix, having the value 1 in all positions corresponding to connected neurons and the value 0 elsewhere, and * denotes the element-wise product between two matrices of the same dimension, as in
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	(7.4)





with ai,j and xi,j the respective scalar elements.

7.3Non-invertibility (time-irreversibility) of the map

The map, Eqs. (7.1)–(7.3), is invertible if and only if it has an inverse which yields, for any values of the map parameters and any real values of the firing-rates at time k + 1, unique real values for the firing-rates at time k. If this is not the case, the map is said to be non-invertible. It should be noted that only positive (including zero) values are acceptable for the firing-rates.

Theorem 1. The map, Eqs. (7.1)–(7.3), is non-invertible.

Proof. Denoting
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	(7.5)





Eq. (7.1) can be written as
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	(7.6)





and Eq. (7.2) can be written as
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where, by Eq. (7.3),
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	(7.8)





Substituting Eq. (7.7) and Eq. (7.8) into Eq. (7.6) and employing Eq. (7.5), we obtain
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	(7.9)





where
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	(7.10)





Given a unique positive real value for υi(k + 1), i = 1, . . . , N − 1, the last N − 1equations of Eq. (7.9) yield unique positive real values for υi(k), i = 0, . . . , N − 2. It remains to determine whether, given in addition υ0(k + 1), Eq. (7.9) provides a unique positive real value for υN−1(k). The threshold non-linearity Eq. (2.16) and the first equation of Eq. (7.9) imply that either
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or
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	(7.12)





If Eq. (7.11) is satisfied, then, by the first equation of Eq. (7.9)
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	(7.13)





Hence, Eq. (7.12) is satisfied in the range
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	(7.14)





In order to show that the map is non-invertible, it will suffice to show that Eq. (7.12) does not have a unique real-valued solution for υN−1(k). Substituting Eq. (7.10) into Eq. (7.12), we have
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	(7.15)





The left-hand side of Eq. (7.15) can be written as a polynomial in υN−1(k)



	[image: image]

	(7.16)





where, incorporating Eq. (7.9),
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	(7.17)





The i’th row of the vector Eq. (7.15) is a scalar polynomial equation of order 5 in the elements of υi,N−1(k). The terms of Eq. (7.17) corresponding to the scalar polynomial are, in descending order of power of υi,N −1(k),
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where ωi,j(k + 1) is the i, j’th scalar element of W(k + 1), and [Tυ−1u(k)]i and [μ(k + 1)]i are the i′th scalar elements of the vectors Tυ−1u(k) and
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respectively. While the map at hand is polynomial in the firing-rates, it is also a transcendental (non-algebraic) function of the initial conditions and the parameter values (including, in our case, external activation inputs. Indeed, local bifurcations are caused by changes in these parameters). Reduction to circuits of identical neurons is justified by the Hebbian paradigm, which implies segregation of mutually asynchronous circuits or, as considered in a subsequent chapter, such segregation enforced by synapse polarization.

If all the neurons have the same parameter values and the same initial conditions, they must behave in the same manner. This means that within this parametric domain (the domain of symmetry) all the scalar rows of Eq. (7.15) represent the same scalar polynomial equation. If the i′th neuron is self-connected, the i’th row of Eq. (7.15) can be written as a univariate polynomial equation in υi,N−1(k) whose terms are, in descending order of power,
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(note that, due to the assumed parametric identity, all the synaptic weights are the same, hence, ω(k + 1) = ωi,j(k + 1); i, j = 1, … , n). If the neurons are self-disconnected, n will be replaced by n − 1 in all but the term for pi,1(υN−1(k)). Descartes’ rule of signs (Fine and Rosenberger, 1997) states that the number of real positive roots of a univariate polynomial equation with real coefficients equals the number of sign changes, or less than it by a multiple of two, when the coefficients are ordered according to descending powers of the polynomial. It can be seen that, since υi,N−1(k) is positive, there is an even number of Descartes sign changes in Eq. (7.20) within the domain
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In order to see that this is true, let us write Eq. (7.16) for the scalar case as
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which can be rearranged in the order of decreasing powers of υN−1(k) as
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It can be seen that, according to Eq. (7.20), the right-hand side of Eq. (7.23) has two Descartes’ sign changes regardless of the sign of [pi,4(υN−1(k)) + pi,3(υN−1(k))].

It follows that, within the domain Eq. (7.21), the map under parametric identity has no unique positive real inverse and hence is non-invertible. This holds for networks of any number of self-connected neurons, and for networks of two or more self-disconnected neurons (for a single self-disconnected neuron, all the terms of Eq. (7.20) but the last two vanish, and the map becomes invertible).

7.4Discussion

We have analytically shown that, depending on parameter values, the neural firing-rate map is non-invertible. Non-invertibility of the map motivates the global attractor approach taken in this book for explaining and demonstrating cortical dynamics in memory and other cortical functions, such as sensorimotor control. As the mathematical object under consideration — namely, the neural firing-rate model — is quite specific, we were able to avoid general, and rather abstract, concepts associated with the theory of non-invertible maps (e.g., Mira, 2007), and address the problem at hand in explicit terms. Furthermore, as shown in subsequent chapters of this book, reduction to circuits of identical neurons is justified by segregation of mutually asynchronous circuits into internally synchronous circuits, either by the Hebbian paradigm, or by synapse polarization. This reduction has, in turn, facilitated direct application of a fundamental rule, namely, Descartes’ rule of signs, which applies to scalar-valued polynomials. It might be noted in this context that a certain extension of Descartes’ rule of signs to the multivariate case has been suggested (Bihan and Dickenstein, 2017), but does not appear to have a formal journal citation.


Chapter 8

Discrete Iteration Maps of Neural Firing in Cortical Development

8.1Introduction

Neurophysiological and molecular studies have distinguished between pre-critical period excitability, instrumental in initial circuit formation (Hsia et al., 1998; Hensch et al., 1998; Hensch, 2005; Tessier and Broadie, 2009; Ashby and Isaac, 2011; Gibson and Ma, 2011; Weiner et al., 2013) and persistent plasticity, evidenced during critical development of ocular dominance in early life (Hensch, 2005; Hooks and Chen, 2007; Miyata et al., 2012). Molecular mechanisms for activity-independent cortical plasticity control have been suggested, with both excitatory and inhibitory synapses playing critical roles (Constantine-Paton et al., 1990; Huang et al., 1999; Fagiolini and Hensch, 2000; Goold and Nicoll, 2010; Phillips et al., 2011; Miyata et al., 2012; Wang et al., 2012). On the other hand, activity-dependent inter-neural connectivity has been supported by the Hebbian paradigm (Caporale and Yang, 2008; Buzsáki, 2010; Doll and Broadie, 2014).

It is largely believed that initial excitability enhances sensitivity to inhibitory effects, holding the key to plasticity modification (Huang et al., 1999; Fagiolini and Hensch, 2000; Feller and Scanziani, 2005; Goold and Nicoll, 2010; Wang et al., 2012). While pre-critical plasticity is marked by excitatory initiation, persistent plasticity in critical period is initiated when one inhibition level is crossed, and terminates, allowing for convergent plasticity to settle in, when a second inhibition level is crossed (Huang et al., 1999; Fagiolini and Hensch, 2000; Miyata et al., 2012). At the offset of persistent plasticity, triggered by experience, there is a sharp switch in the sign of plasticity (Wang et al., 2012). The conditions for persistent plasticity, for convergent plasticity, and for no plasticity at all are met when excitatory and inhibitory inputs reach a corresponding balance (Fagiolini and Hensch, 2000; Maffei and Turrigiano, 2008). Sensory inputs have been shown to evoke on-going shunting in visual cortex circuits (Borg-Graham et al., 1998). Mathematically, early studies of neural network dynamics have employed continuous time models (Wilson and Cowan, 1972; Cohen and Grossberg, 1983; Peterfreund and Baram, 1998a,b). The combined effects of firing-rate and plasticity time constants on firing-rate dynamics corresponding to different developmental stages have been analyzed, laying the ground for analytic unification with respect to neuronal properties, on the one hand, and cortical development, on the other (Baram, 2017a). As previous studies of cortical development have been essentially experimental, a formal distinction between excitability and persistence appears to have been rather evasive. In this, and the following two chapters, we relate the notions of excitatory, inhibitory, persistent and convergent plasticity to mathematical attributes of the underlying dynamical model.

8.2Reduced discrete iteration maps

It has been noted that the mathematically imposing integral term in Eq. (2.15) is biologically and functionally insignificant (Wilson and Cowan, 1972), and that the essence of neural firing dynamics is captured by its instantaneous manifestation (Dayan and Abbott, 2001; Miller and Fumarola, 2012). Experimental imaging has shown that neurons having the same response types develop increased local connectivity, while neurons of different response types show no such connectivity (Kenet et al., 2003; Karlsson and Frank, 2009; Komiyama et al., 2010; Garner and Mayford, 2012). Furthermore, synchronous firing, which may conceptually arise under uniform parameterization and activation across circuit neurons, has been empirically observed in small (e.g., Marder and Bucher, 2001) and large (e.g., Lopes da Silva, 1991) circuits. As the presence of a general time-varying ui(t) does not seem to allow the revelation of the fundamental dynamic modes of firing-rate, we replace it for the purposes of this study by a constant value, ui, as previously done in studies of firing-rate dynamics (e.g., Jolivet et al., 2004). For circuits or subcircuits of n neurons firing in synchrony (with other possible circuit neurons filtered out), and constant activation u, Eq. (2.15) reduces the instantaneous scalar model
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where n is the number of neurons in the circuit that fire synchronously with the i’th neuron, ωi(t) is the synaptic weight connecting each of these neurons to the i’th neuron (which, by the Hebbian filtering property noted above, is the same for all synapses connecting neurons interacting with the i’th neuron in a feedback fashion, including a possible self-connection). It might also be noted that while, as argued above, the model Eq. (8.1) arises generally in the context of synchronously interacting neurons, it may also be directly associated, for n = 1, with certain neuron types involving self-feedback, specifically, the autapse (Van der Loos and Glaser, 1972).

The BCM plasticity rule (Bienenstock et al., 1982), enhanced by stabilizing modifications (Intrator and Cooper, 1992; Cooper et al., 2004), is a widely recognized, biologically plausible, mathematical representation of the Hebbian learning paradigm (Hebb, 1949). It suggests the computation of ωi(t) by the model
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where τωi is the learning time constant and θi(t) is a variable threshold satisfying (Intrator and Cooper, 1992; Cooper et al., 2004)
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where τθi is the thresholding time constant.

The discretization of a continuous-time dynamical system (e.g., Qwakenaak and Sivan, 1972) is done under the assumption that the time steps are sufficiently small so as to allow the approximation of the input by a constant value throughout the time step. Such approximation may, in principle, introduce inaccuracies in the description of the system’s behavior. Yet, discretization is often used as computational means as long as it does not introduce instability. In the present context of neural behavior, the validity of the discrete time model can be qualitatively tested by comparison of simulations to the ample evidence produced by neurobiological experiments. The discrete time versions under unity time steps of Eqs. (8.1)–(8.3), omitting the index i for notational convenience, are
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with



	[image: image]

	(8.5)




	[image: image]

	(8.6)





and
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with



	[image: image]

	(8.8)





8.3Discrete iteration maps in developmental stages

The discrete-time firing-rate models are now specified for each of the developmental stages, corresponding to hypothesized domains of the time constants involved.

8.3.1Pre-critical period excitability

Hypothesizing fast cortical response in early life (as suggested by numerous publications in the popular literature with, apparently, no specific neurophysiological support), we assume near-zero values of the time constants τm, τω and τθ. Letting τm → 0, Eq. (8.4) becomes
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Letting τω → 0 and τθ → 0, we have an “instantaneously sliding threshold”, yielding the continuous-time plasticity model dω(t)/dt = (1 − υ(t))υ(t)3 (Cooper et al., 2004, p. 23) and, under Eqs. (8.6) and (8.7), its discrete-time version (Qwakenaak and Sivan, 1972, pp. 445–447)
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A combination of Eqs. (8.9) and (8.10) yields
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where
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	(8.12)





A positive slope of the map represents excitatory synaptic plasticity, while a negative slope represents inhibitory plasticity, as does a zero value. The map Eq. (8.11) has a single maximum, h, at



	[image: image]

	(8.13)





yielding
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	(8.14)





which defines its inhibitory onset. The inhibitory offset g is the threshold which, by Eq. (8.11), satisfies m(υ(k − 1)) = 0, yielding, by Eq. (8.12), the polynomial equation
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	(8.15)





The map has a single fixed point, for which υ(k) = υ(k − 1), at p, satisfying
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	(8.16)





The slope of the map at the fixed point p is
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	(8.17)





The map Eq. (8.11), representing the neuronal firing-rate under pre-critical plasticity, is depicted in Fig. 8.1(a) for the parameters n = 2, u = 1, τm = 0, τω = 0, τθ = 0. It can be seen that the pre-critical setting allows for excitatory plasticity for low firing-rate values, turning inhibitory at h.

8.3.2Critical period persistent plasticity

As it is often assumed that changes in synaptic properties are markedly faster than changes in membrane properties (e.g., τm ≫ τω, Brunel and Sergi, 1998; Dayan and Abbott, 2001; Miller and Fumarola, 2012), the transition from pre-critical to critical period (Huang et al., 1999; Fagiolini and Hensch, 2000; Miyata et al., 2012) can be represented by an increase in τm, while τω and τθ maintain near-zero values. This implies that υ(k) becomes governed by Eq. (8.4), while ω(k) remains governed by Eq. (8.10), which implies
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where
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and
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with m(υ(k − 1)) satisfying Eq. (8.12). The map represented by Eq. (8.18) has a single maximum, h, at the point υ(k − 1) satisfying
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The bend point g in the map Eq. (8.18) satisfies the equation g = m(υ(k − 1)) = 0, while the single fixed point, p satisfies the equation υ(k − 1 = βm(υ(k − 1)) + αυ(k − 1). As, by Eq. (8.10), ω(k) is an undamped polynomial function of υ(k − 1), the dynamic modes of ω(k) can be expected to have an inherent similarity to those of υ(k), and the synaptic plasticity under consideration will persist as long as the neuronal firing does. From a functional viewpoint, high plasticity is required for circuit formation and fast learning in early development. The bi-functional discrete iteration map Eq. (8.18) represents the neuronal firing-rate under persistent plasticity, depicted in Fig. 8.1(b) for the parameters n = 2, u = 1, τm = 1, τω = 0, τθ = 0. As will be shown in subsequent chapters, the dynamic nature of neural firing is highly dependent on the interplay between the excitatory (positive slope) and the inhibitory (negative slope) parts of the map. As shown in the figure, the transition points between these parts are h and g, representing a local maximum and a local minimum of the map, respectively.

8.3.3Convergent plasticity and synaptic maturity

For a non-zero synaptic time constant τω, variants of the Hebbian learning paradigm (Hebb, 1949), represented here by the BCMI (Bienenstock et al., 1982; Intrator and Cooper, 1992) Eqs. (8.2) and (8.3), have been shown to converge to constant synaptic weights (Rosenblatt, 1958; Oja, 1982; Cooper et al., 2004). Synaptic convergence has been identified as a developmental stage immediately following critical development and persisting into synaptic maturity (Constantine-Paton et al., 1990; Phillips et al., 2011). Governed by the model Eqs. (8.4), (8.6) and (8.7), such convergence yields a limit value ω for the synaptic weight, which will not be changed by further activity. Replacing ω(k) by ω in the convergent plasticity version of the model Eqs. (8.4) and (8.6), the firing-rate model under synaptic maturity attains the bi-linear form
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with
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and
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The inhibitory domain is bounded by
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on the left and by
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on the right, and the fixed point is at
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The bi-linear map, Eq. (8.22), representing synaptic maturity, is depicted in Fig. 8.1(c) for the parameters n = 2, u = 1.2, τm = 3, τω = 0.5, τθ = 0.01 and ω = −0.8321.

8.3.4Synaptic rigidity

As noted above, the state of invariant synaptic weight can be reached by synaptic convergence. It can also result, however, from a very large synaptic time constant τω, representing a very slow response, which, associated with old age, may be termed synaptic rigidity (McGahon et al., 1999). This will yield, by Eq. (8.8), ε = 1, γ = 0, hence, by Eq. (8.6),

[image: image]

Figure 8.1.Developmental plasticity maps of neuronal firing: (a) pre-critical plasticity, (b) critical persistent plasticity, (c) synaptic maturity and rigidity. The parts f1 and f2 of the bi-functional map f are defined in the text for each of the developmental stages (Eq. (8.11) for the pre-critical stage, Eq. (8.18) for the critical stage, and Eq. (8.22) for the convergence and the rigidity stages, all with the specified parameter values). The inhibition onset and termination thresholds are h and g, where the slope of the map changes sign. The transition from persistent plasticity to synaptic maturity is mediated by convergent plasticity, pushing h to the left, where it meets the intersection point βu of f2 with the axis υ(k). The function f1 is governed by Eq. (8.11) in case (a), and by Eq. (8.19) in the other cases (the value of ω was obtained by running the model Eqs. (8.4)–(8.8) to convergence, achieved by N = 100).
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While the firing-rate model Eq. (8.22) applies to both synaptic maturity and synaptic rigidity, both represented by Fig. 8.1(c), it should be noted that while synaptic convergence leading to synaptic maturity facilitates synaptic learning, forming the neuronal firing code, synaptic rigidity, which may arise prematurely due to pathology, blocks out synaptic learning. This does not eliminate the possibility of learning by circuit modification, detailed in a later chapter. As in the rest of this book the analysis and results corresponding to synaptic maturity will, in essence, apply equally to synaptic rigidity, we will avoid a separate mention of synaptic rigidity and refer to synaptic maturity for both developmental stages.

8.4Discussion

Coupling synaptic plasticity and firing-rate models reveals a more comprehensive framework of cortical plasticity than that widely associated with synaptic weights. We have shown that the discrete iteration maps of synaptically-modulated neural firing-rate depend on the corresponding synapse and membrane time constants, which are hypothesized to increase with age. The developmental dependence of the map suggests a broader notion of “metaplasticity” (or “plasticity of plasticity”), which has been previously associated with activity-related changes in synaptic plasticity alone (Abraham and Bear, 1996; Abraham, 2008; Ming-Chia et al., 2010). While the differences between the maps corresponding to different devel-opmental stages are quite noticeable, asserting a large variety of experimental findings, the maps also reveal certain common age-independent attributes. Indeed, while certain cortical activities are more vigorously executed at early development, they can be clearly traced, at different levels, throughout life. While the relevance of some cortical functions increases with age, that of others decays. Changes in parameter values, specifically, time constants, activation levels and synaptic weights change the nature of a map even within developmental stages. Each map represents a mathematical subscription for dynamic modes of neural firing-rate. The correspondence between maps and their characteristic firing-rate modes is elaborated on in the next two chapters.

The analytic findings link the model and its parameters to known dynamic attributes associated with developmental stages. The discrete iteration maps corresponding to the developmental stages, analytically derived from the underlying models, closely (albeit qualitatively) adhere to transition points between and within these stages, as found in neurobiological experiments. Specifically, pre-critical plasticity is marked by excitatory initiation, represented in Fig. 8.1(a) by a positive slope of the map, while persistent plasticity in critical period is initiated when one inhibition level (represented by point h in Fig. 8.1(b)) is crossed, and terminates, allowing for convergent plasticity to settle in, when a second inhibition level (represented by point h in Fig. 8.1(c)) is crossed. These analytic observations are in agreement with experimental findings (Huang et al., 1999; Fagiolini and Hensch, 2000; Miyata et al., 2012). At the offset of persistent plasticity, triggered by experience, there is a sharp switch (represented by point g in Fig. 8.1(c)) in the sign of plasticity, also in agreement with experimental findings (Wang et al., 2012). The conditions for persistent and convergent plasticity are met when excitatory and inhibitory inputs (hence, corresponding synapses) reach a certain balance (represented by point g in Figs. 8.1(b) and 8.1(c)), as experimentally suggested (Fagiolini and Hensch, 2000; Maffei and Turrigiano, 2008).

The correspondence between the dynamic attributes associated with developmental stages and the time constants of the underlying mathematical models of firing and plasticity is particularly striking. High sensitivity, associated with pre-critical and critical periods, is represented by near-zero τω, τθ and τm values in pre-critical period, indicating very fast synapse and membrane responses, and by near-zero τω and τθ values, and slightly higher τm value in critical period, indicating very fast synaptic response, and slightly slower membrane response. As can be seen in Fig. 8.1, the plasticity maps (a) and (b), corresponding to these early periods, both have an excitatory component (represented by positive slope of the map) corresponding to low values of υ(k − 1) (values lower than the ones corresponding to point h), which, indicating high sensitivity to weak signals, stands in sharp contrast to the map 8.1(c), corresponding to the maturity and rigidity stages, having no such plasticity component. As can be seen in Fig. 8.1, the negative slopes in the said domains increase with h, hence, by Eq. (8.25), with u, which may be induced by external sensory signals, ratifying high sensitivity to sensory experience in early development (Hooks and Chen, 2007).

The developmental plasticity maps represented in Fig. 8.1 show clearly noticeable differences, yet certain similarities between their inherent characteristics, corresponding to the different developmental stages. It has been previously stated that, “the use of common vocabulary reflects the hope of neurobiologists that the developmental mechanisms of plasticity will prove similar to those underlying learning and memory in the mature brain” (Constantine-Paton et al., 1990). A complete immersion of the theory in a biological context would require establishing firm links between the time constants and the molecular processes involved. Such linkage might be mediated by matching the firing modes observed in specifically designed biological experiments, subject to molecular and functional modifications, to those predicted by the analysis.


Chapter 9

Global Attractors of Neural Firing-rate in Early Development

9.1Introduction

The dynamic nature of an attractor induced by a fixed point p, marking the intersection of the map with the diagonal υ(k) = υ(k − 1), is determined by λp, the slope of the map at p. For a scalar discrete iteration map, the dynamic nature of an attractor is revealed by the corresponding Koenigs-Lemeray cobweb diagram (Koenigs, 1884; Lemeray,1895; Knoebel, 1981; Abraham et al., 1997), constructed as described in Chapter 2. As cobweb diagrams are restricted to scalar dynamics, we employ, for graphical illustration purposes, circuits of identical neurons, which, isolated by the Hebbian paradigm, collapse in firing dynamics to the scalar case, corresponding to synchronous circuit firing. The diversion from synchrony is discussed in Chapter 8. As, from a system-theoretic viewpoint, it is the system’s response to constant external inputs, which characterizes the dynamic modes, we scan a wide range of u values (taken first to be between −10 and 10, then slowly increased to see if any other attractor types surface) so as to find a set of constant values that spell out the global attractors of neural firing-rate, at each developmental stage. The analytic results presented were ratified by both numerous cobweb diagrams and numerous simulations (only few of which are displayed) to be highly robust against local changes in the time constants and the activation values.

While the effects of synapse and membrane time constants on neuronal functions has been recognized (Connor and Stevens, 1971; Elson et al., 2002), the possible correspondence between developmental stages and such time constants appears to have been explicitly addressed, or even noted, only recently (Baram, 2017a). As there do not appear to be any available empirical data on such time constants, or even on developmentally related time scales, our analysis, employing unity sampling intervals, may be considered qualitative in this respect. Yet, the emerging codes of global attractors are found to be consistent with numerous empirically observed firing modes of biological neurons.

9.2Global attractors of neural firing-rate under pre-critical plasticity

The neural firing map, Eq. (8.11), corresponding to pre-critical plasticity, is characterized by near-zero time constants. The nature of its global attractor depends, essentially, on the activation level u. For a positive value of u, the slope of the map λp at the fixed point p, inducing the global attractor, will be negative. For a negative value of u, the global attractor will be at the origin, manifesting a silent neuron. Other global attractor types arise when u is positive. The corresponding global attractor types are specified below for τm = τω = τθ = 0, n = 2, and representative values of u, illustrated in Fig. 9.1.

(a)Fixed-point attractor. For u = 0.8, any initial condition, υ(0), will result in convergence of the corresponding cobweb trajectory to the fixed point p, as illustrated by Fig. 9.1(a).

(b)Largely-cyclic attractor. For u = 1, any initial condition, υ(0), will result in convergence of the cobweb trajectory to the semi-open intervals [ap) and (pb], (with the end points a and b defined by a three-step cobweb initiated at h) separated by the repelling point p, as illustrated in Fig. 9.1(b) by the red and violet intervals on the diagonal. We call this attractor type “largely-cyclic” since the firing-rate process will sequentially alternate between the two indicated intervals, possibly performing a precise oscillation, or multiplexing two sequences from the two intervals, but it may not perform a precise cycle at all (termed then “quasi-cyclic”, or “quasi-oscillatory”).
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Figure 9.1.Global attractor types of neural firing under pre-critical plasticity: (a) fixed-point, (b) largely-cyclic, (c) oscillatory and (d) silent. As described in the text, cobweb trajectories, initiated at υ(0), are represented by black dashed lines and converge to global attractors represented by red and violet line segments or red x. The model is specified by Eqs. (8.11) and (8.12), and the parameter values for each of the global attractors are specified in the text (Baram, 2017a).

(c)Oscillatory attractor. For u = 2, any initial condition, υ(0), will result in convergence of the cobweb trajectory to a cycle alternating between the two points a and b, as depicted in Fig. 9.1(c).

(d)Silent attractor. For u = −0.1, any initial condition, υ(0), will result in convergence of the corresponding cobweb trajectory to the origin, as depicted in Fig. 9.1(d).

It can be seen that the attractor type changes as the activation level is increased. On the other hand, when the activation becomes negative, the neuron is silenced. We note that, in contrast to the developmental stages considered in the following sections, the pre-critical map Eq. (8.11) does not allow for emergence of chaotic behavior (specifically, the flatness of f1 implies that the condition for chaos cannot materialize under the geometry imposed by the pre-critical map).

Simulation results

We have simulated the neuronal firing-rate under pre-critical excitatory synaptic plasticity according to Eq. (8.11) for cases (a)–(d) stated above. Note that for the present model, having n = 2, and, formally, τm = τω = τθ = 0, the only parameter left to be determined is the initial firing-rate, selected as υi = 0. The simulation results are shown in Fig. 9.2. It can be seen that, as predicted by Fig. 9.1, the first case (a) yields convergence to a fixed point, case (b) results in quasi-oscillatory behavior, case (c) produces exact oscillation and case (d) yields silence.
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Figure 9.2.Simulated firing modes induced by pre-critical excitatory plasticity for the models and parameter values specified in the text: (a) fixed point, (b) quasi-oscillatory, (c) oscillatory, (d) silent (Baram, 2017a).

9.3Global attractors of neural firing-rate under critical plasticity

The emergence of the critical plasticity stage, governed by the model Eqs. (8.18)–(8.20), is characterized by an increase in the value of the membrane time constant τm > 0, while the synaptic time constants, τω and τθ, maintain near-zero values. The nature of the global attractor types is defined by the interplay between λ1, the slope of f1, and λ2, the slope of f2 at the fixed point p, the intersection point of f2 with the diagonal υ(k) = υ(k − 1) (note that, for certain parameter values, f2 may have two additional fixed points neighboring its point of departure from the υ(k) axis, the first attracting, the second repelling, as can be envisioned by sliding f2 downwards in Fig. 9.1(b), with u nearing the origin. Having only a local effect, such occurrence will be omitted in the subsequent analysis). Denoting by xυ and xh the vertical and the horizontal component of a point x on the map, the global attractor types are specified in the following and depicted in Fig. 9.3 for n = 2, τm = 3 and τω = τθ = 0, and for the representative values of activation (a)u = 15, (b) u = 4, (c) u = 1, (d) u = −1.

(a)Chaotic attractor. For u > 0 and λ2 < −1, a chaotic attractor is implied by the condition qυ ≥ pυ, where p is the fixed point of f2 and q is the point created by a one-step cobweb sequence initiated at h, as illustrated by Fig. 9.3(a). The attractor is represented in Fig. 9.3(a) by the interval ab, marked by a red line segment on the diagonal υ(k) = υ(k − 1). The period three orbit a1 → a2 → a3 → a1, facilitated by the condition qυ ≥ pυ, satisfies the Li-Yorke condition for chaos (Li and Yorke, 1975). It was constructed by a numerical search algorithm, which, initiated at the fixed pointp, takes small steps upwards along the diagonal, each defining a3 and a corresponding cobweb diagram of length 3. When the diagram closed to a sufficient accuracy, the search was complete.
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Figure 9.3.Global attractor types under critical plasticity: (a) chaotic, (b) largely-cyclic, (c) fixed-point and (d) silent. Cobweb trajectories, represented by dashed black lines, are defined in the text. Attractors are represented by red line segments, or by points marked by red x, as appropriate, on the diagonal. The model is specified by Eqs. (8.18)–(8.20), and the conditions and parameter values for each of the global attractors are specified in the text (Baram, 2017a).

(b)Largely-cyclic attractor. For u > 0 and λ2 < −1, a largely-cyclic attractor is implied by the condition qυ < pυ. The attractor is represented in Fig. 9.3(b) by the intervals ab and cd, separated by the repelling interval bc (note that a, b, c and d are defined by a four-step cobweb sequence initiating at h). A cobweb trajectory may cyclically alternate between the two indicated intervals, possibly performing a precise cycle of even period, multiplexing sequences across the two intervals, but it may not perform a precise cycle at all.

(c)Fixed-point attractor. For u > 0 and for λ2 > −1, we have a fixed point attractor at p. The mode of convergence may be monotone, for λ2 ≥ 0, as in the case depicted in Fig. 9.3(c), or alternate (increasing υ(k) followed by decreasing υ(k + 1) and vice versa), for λ2 < 0.

(d)Silent attractor. For u ≤ 0, the attractor is the origin, as depicted in Fig. 9.3(d). The convergence is monotone, according to f1, as in Fig. 9.3(d), if λ1 ≥ λ2 throughout.

Simulation results

We have simulated the neuronal firing-rate under critical plasticity according to Eqs. (8.18)–(8.20), with m satisfying Eq. (8.12), n = 2, τm = 3, τω = τθ = 0, and zero initial conditions for the following four cases (which were also used in plotting the maps of Fig. 9.3): (a) u = 15, (b) u = 4, (c) u = 1, (d) u = −1. The corresponding test parameters for these cases where obtained as:

(a)λ2 = −13.0830, pυ = 1.7339 and qυ = 2.6250, which satisfy the stated conditions for the chaotic attractor type.

(b)λ2 = −3.4624, pυ = 1.3715 and qυ = 0.5463, which satisfy the specified conditions for the largely-cyclic attractor type.

(c)λ2 = 0.1496, which satisfies the specified conditions for the fixed-point attractor type.

(d)λ1 = 0.7165, the same as λ2 throughout.

The simulation results for the four cases are depicted in Fig. 9.4, where it can be seen that the firing modes obtained for each of the cases are the ones predicted by the attractor types. Specifically, the persistence of the synaptic weight in cases (a) and (b) is consistent with that of the firing-rate. Case (a) produced a highly disordered sequence, as expected from a chaotic attractor. Case (b) produced a 4-cycle, multiplexing two oscillatory sequence, which might be expected from a largely-cyclic attractor. Cases (c) and (d) resulted in convergence to a constant firing-rate, and to silence, respectively, as predicted by the corresponding global attractor analysis.
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Figure 9.4.Simulated neuronal firing modes under critical plasticity: (a) chaotic, (b) 4-cycle multiplexed, (c) fixed-point, (d) silent. The left column shows time evolution of the feedback synaptic weight, ω, while the right column shows time evolution of the firing-rate, υ. Model parameter values are specified in the text (Baram, 2017a).

9.4Robustness of firing-rate global attractors with respect to model parameter

The variability of the global attractors, or the dynamic modes, of neural firing demonstrated in this book for each of the developmental stages raises the question of the robustness, or, conversely, the sensitivity, of the results with respect to the parameter values. While we have seen that non-regular bifurcations (that is, sharp transitions from one dynamic mode to another, often involving chaotic firing) are caused essentially by changes in the “external” activation u, the time constants more regularly control the nature of the global attractors, or the dynamic modes of firing. Here, we examine, for illustrative purposes, the nature of the changes in the neural firing modes caused by small changes in the single non-zero internal parameter corresponding to the critical stage, namely, the membrane time constant, τm. Specifically, we ask whether each of the modes observed is locally robust against small changes in the time constant and whether the modes change in a regular and gradual manner as the time constant changes continuously. For a constant u = 1, and for different values of τm, gradually changing from 0.1 to 1 in steps of 0.1, then from 1 to 3 in steps of 1, we obtain the cobweb diagrams which, depicted in Figs. 9.5, 9.6 and 9.7, represent the corresponding global attractors. While each of the cobweb trajectories must be initialized at a certain value, υ(0), we employ, in certain cases, trajectories initialized at two different values of υ(0) so as to demonstrate the general nature of the firing modes (for instance, for a firing mode which converges to a fixed orbit, all cobweb trajectories, regardless of their initialization points, converge to that orbit). The nature of the resulting firing modes is described as follows:
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Figure 9.5.As τm is varied from 0.1 to 0.2 and then to 0.3, the firing mode, while showing some change, converging to a certain bundle-like pattern, remains largely cyclic. As τm attains the value 0.4, the firing mode, as a continuation of its previous convergence, becomes the 4-cycle, represented by the repeated sequence a − b − c − d connected by a red-colored cobweb (Baram, 2017a).
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Figure 9.6.As τm is varied from 0.5 to 0.8, the global attractor, maintaining its cyclic character, changes from a constant 4-cycle (a − b − c − d, for τm = 0.5) to a constant 2-cycle (a − b for τm = 0.6), then becomes an initiation-dependent 2-cycle (a1 − b1 for υ1(0) and a2 − b2 for υ2(0), for τm = 0.7), reducing in amplitude for τm = 0.8 (Baram, 2017a).

As τm is varied from 0.1 to 0.2 and then to 0.3 (Fig. 9.5), the firing mode, maintaining a largely cyclic character, converges to a bundle-like pattern. As τm attains the value 0.4, the firing mode, as a continuation of its previous convergence, becomes a 4-cycle, represented by the repeated sequence a − b − c − d connected by a red-colored cobweb.
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Figure 9.7.As τm continues to increase from 0.8 (Fig. 9.6) to 0.9 (Fig. 9.7), the oscillatory mode continues to reduce in amplitude and converges to a point, represented by a red x. The fixed-point nature of the firing mode remains as τm is increased further, while the nature of convergence stiffens (from alternating for τm = 0.9 and τm = 1 to one-directional for τm = 2 and τm = 3, Baram, 2017a).

As τm is varied from 0.4 to 0.8 (Fig. 9.6) the firing mode maintains its cyclic character. As τm is varied from 0.4 to 0.5, the firing mode remains a 4-cycle, represented by the repeated sequence a − b − c − d connected by a red-colored cobweb. As τm is varied from 0.5 to 0.6, the firing mode becomes a 2-cycle, represented by the repeated sequence a − b, connected by a red-colored cobweb. For both τm = 0.5 and τm = 0.6, cobweb trajectories initiated at different initial conditions (here, υ1(0) and υ2(0)) converge to the same limit orbit. As τm attains the value 0.7, the firing modes corresponding to different initial conditions converge to different 2-cycles, represented by red-colored cobwebs.

For the initial condition υ1(0) the limit oscillatory mode is represented by the repeated sequence a1 − b1, while for the initial condition υ2 the limit oscillatory mode is represented by the repeated sequence a2 − b2. As τm is varied from 0.7 to 0.8 (Fig. 9.6), the oscillatory modes reduce in amplitude.

As τm is varied from 0.8 (Fig. 9.6) to 0.9 (Fig. 9.7), the oscillatory mode continues to reduce in amplitude and converges to a point, represented by a red x at the intersection of the (blue) map and the (green-dashed) line υ(k) = υ(k − 1). The fixed-point nature of the firing mode remains as τm is increased further, (here, to 1, 2 and 3), while the nature of convergence becomes stricter and stricter (from alternating for τm = 0.9 and τm = 1 to one-directional for τm = 2 and τm = 3).

We have demonstrated by example, employing a single model parameter, that global attractors (or dynamic modes) of neural firing-rate are robust with respect to the parameter. Small changes in the parameter value cause small changes in the firing mode, while any change in the nature of the firing mode is moderate and gradual.

9.5Discussion

Employing cobweb diagrams, we have characterized the global attractors of synaptically-modulated firing-rates corresponding to early development with visual clarity, ratified by sequential simulation. The differences between the discrete iteration maps corresponding to the pre-critical and the critical stages are vividly demonstrated by the corresponding cobweb diagrams in Figs. 9.1 and 9.3, respectively. While, as can be seen from the two figures, different parameters produce different global attractors within the corresponding domains, there are certain parameter-independent characteristic differences between the global attractor repertoires of the two stages. In particular, while the inherent nullification of the f1 part of the map corresponding to the pre-critical stage (Fig. 9.1) does not allow for a chaotic mode of firing-rate to evolve, the positive slope of the f1 part of the map corresponding to the critical stage (Fig. 9.2) does facilitate chaotic behavior (Figs. 9.3(a) and 9.4(a)). While a flat initiation of the f2 part of the map corresponding to the pre-critical stage (Fig. 9.1(a)) represents a decayed excitatory behavior of the synaptic weight ω (Fig. 9.2 (a)), an increased positive slope initiation of the f2 part of the map (Figs. 9.1 (b) and (c)) produces persistent excitation of the synaptic weight ω (Figs. 9.2 (b) and (c)). Similarly, the positive slope of the f2 part of the map corresponding to the critical stage, mirrored by the positive slope of the f1 part of the map (Figs. 9.3(a) and (b)) produces persistent excitation of the synaptic weight ω, as evidenced in cases (a) and (b) of Fig. 9.4. Indeed, the early developmental stages have been associated in empirical studies with “persistent plasticity” (e.g., Constantine-Paton et al., 1990; Hensch, 2005; Miyata et al., 2012).


Chapter 10

Global Attractors of Neural Firing-rate in Maturity

10.1Introduction

As we have noted earlier, synaptic maturity, characterized by non-zero membrane and synapse time constants, τm, τω and τθ, is manifested by convergent synaptic weights as represented by Eqs. (8.22)–(8.24). Here, we show that the bilinear threshold structure of the map facilitates a formal global attractor specification and categorization in considerable analytic detail. The global attractor of the map is found to morph into 12 attractor types, which we call the global attractor alphabet of neural firing modes. For analytic convenience, the global attractor types are categorized into two groups, the first characterized by negative (inhibitory) λ2, the second by positive (excitatory) λ2. While the first group corresponds to positive activation, the second is subdivided into (i) an active attractor group driven by positive activation and (ii) a passive attractor group driven by negative activation. A change in the sign of activation will transform an active attractor into a passive one (concealment), or a passive attractor into an active one (revelation). In the case of spontaneous time-dependent activation variation (Connor and Stevens, 1971), such transformation may in itself become a secondary dynamic mode. A case in point is periodic bursting (Elson et al., 2002) instigated by post-inhibitory rebound (Perkel and Mulloney, 1974).

10.2Global attractors of neural firing-rate in maturity

A key determinant of the dynamic nature of a global attractor in maturity is the slope λ2 of the function f2, as represented by Eq. (8.22). As can be seen from Eq. (8.24), λ2 can be positive or negative, depending on the sign of the limit synaptic weight, ω, and the circuit size, n. For analytic and organizational convenience we divide the global attractors of maturity into two groups, the first associated with λ2 < 0, the second with λ2 ≥ 0. In the first case we will also assume that the activation is positive (u > 0), otherwise, as can be readily verified, the map has a single attractor at the origin. In the second case (λ2 ≥ 0), we will consider both positive and negative values of u.

Group 1: λ2 < 0, u > 0

(a) Chaotic attractor: The Li-Yorke theorem (Li and Yorke, 1975) states that a map f is chaotic if there exists x such that x ≠ f (x) and x = f 3(x) = f (f (f (x))). The latter equation is said to describe an orbit of period 3. In Fig. 10.1(a), an orbit of period 3 is represented by a1 → a2 → a3 → a1. In the space spanned by the coordinates υ(k − 1) and υ(k), the line υ(k) = f1 (υ(k − 1)), having a positive slope smaller than 1, meets the diagonal υ(k) = υ(k − 1) only at the origin. On the other hand, when the line υ(k) = f2 (υ(k − 1)) intersects the diagonal, it will be at
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	(10.1)





The latter is, then, the only possible fixed point of the scalar map at hand, beside the origin. The point q in Fig. 10.1(a) is defined by a three-step cobweb trajectory initiated at the bend-point g.

Suppose first that u > 0 and
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	(10.2)





(hence, λ2 < −1, as 0 > λ1 < 1). Let pυ and qυ denote the vertical coordinates of points p and q, respectively, on the map in Fig. 10.1(a)) and consider the domain:
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Figure 10.1.Group 1 global attractors of firing-rate in maturity: (a) chaotic attractor (b) largely oscillatory attractor (c) multiplexed oscillation attractor, (d) fixed oscillation attractor, (e) initial condition-dependent oscillatory attractor, (f) alternate fixed-point attractor.
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	(10.3)





It can be readily verified that if condition 10.2 is satisfied, then condition 10.3 is necessary and sufficient for the existence of an orbit of period 3, hence, for the existence of chaos. It follows that a sufficient condition for chaos is that both conditions 10.2 and 10.3 are satisfied.

Some calculations will show that
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	(10.4)





and
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	(10.5)





which implies that condition 10.3 is equivalent to the condition
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	(10.6)





Denoting
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	(10.7)





and
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	(10.8)





It can be seen that condition 10.6 (hence, condition 10.3) can be written as the condition c1 ≤ 0, while condition 10.2 can be written as the condition c2 < 1. For u > 0, a sufficient condition for chaos is then c1 ≤ 0 and c2 < 0, yielding condition 10.3.

(b) Largely oscillatory attractor: It follows that if, while condition 10.2 is satisfied, the following condition
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	(10.9)





is satisfied, the map under consideration (Eqs. (8.22)–(8.24)) cannot be chaotic.

Condition 10.9 is equivalent to the condition
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	(10.10)





which, combined with condition 10.2, is equivalent to the condition
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	(10.11)





A global attractor which satisfies condition 10.11 consists of two alternating intervals [a, b] and [c, d], separated by the repelling interval [b, c], defining case (b), illustrated in Fig. 10.1(b). As can be geometrically verified, there cannot be an orbit of period 3 in this case. Hence, in contrast to the global attractor presented in Fig. 10.1(a), this global attractor in Fig. 10.1(b) is not chaotic. It can be characterized as a multiplexity of the two mutually exclusive intervals [a, b] and [c, d]. Resembling the multiplexing of temporal sequences, often used for efficient communication in technological systems, the interval multiplexity at hand implies a certain degree of ordering, imposed by alternate motions along the two branches f1 and f2 of the map. Since these motions do not constitute exact oscillations, they may be characterized as “largely oscillatory”.

(c) Multiplexed oscillation attractor: It can be verified that for −1/λ1 ≤ λ2 ≤ −1, the sequence generated by the map Eq. (8.22), initiated, say, on the right-side of the bend-point g in Fig. 10.1 (c), consists of the following two subsequences:
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	(10.12)





and
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	(10.13)





For λ2 = −1/λ1, yielding λ1λ2 = −1, Eqs. (10.12) and (10.13), respectively, yield two multiplexed oscillations
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	(10.14)





and
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	(10.15)





as depicted in Fig. 10.1(c).

(d) Fixed oscillation attractor: For −1 /λ1 < λ2 < −1, yielding −1 < λ1λ2 < −1, the subsequence Eq. (10.12) converges to
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	(10.16)





while the subsequence 10.13 converges to
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	(10.17)





The firing-rate trajectory converges, then, to an oscillation between the two values, a and b, as illustrated by Fig. 10.1(d).

(e) Initial condition-dependent oscillatory attractor: The case λ2 = −1, depicted by Fig. 10.1 (e), is characterized by the bend point g of the map. Any cobweb trajectory will be attracted to the dash-dotted square shown and any cobweb trajectory entering that domain will form a perfect square within it. Equivalently, any trajectory entering the interval [a, b] at a point υ will form an oscillation between υ and 2qp − υ. The interval [a, b] is, then, a global attractor, each point of which is of period 2.

(f) Alternate fixed-point attractor: For the case −1 < λ2 < 0, depicted by Fig. 10.1(f), we have a fixed point attractor at p, enforcing alternate convergence (an increase in the value of υ(k) followed by a decrease, and vice versa).

Group 2: λ2 ≥ 0

Figure 10.2 displays global attractors of firing-rate for λ2 ≥ 0. All cases show point attractors, which are categorized as non-zero fixed-point attractors, attractors at zero, attractors at infinity, or a bi-polar attractor at zero and infinity. The mode of convergence depends on the correspondence between λ1 and λ2, the slopes of f1 and f2, respectively. The attractors of this group are specified below:
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Figure 10.2.Group 2 global attractors of firing-rate in maturity: (g) bi-modal fixed point, (h) unimodal fixed-point (i) attractor at infinity, (j) unimodal attractor at zero, (k) bi-modal attractor at zero, (l) bi-polar attractor at zero and infinity. (l) For u < 0 and λ2 > 1, Fig. 10.2(l) shows a bipolar attractor at zero and infinity, with p a repelling fixed-point.

(g) For u > 0 and 0 < λ2 < λ1, Fig. 10.2(g) shows a fixed-point attractor at p inducing bi-modal convergence corresponding to a transition from f1 to f2.

(h) For u > 0 and λ2 > λ1, Fig. 10.2(h) shows a fixed-point attractor at p inducing a unimodal convergence mode corresponding to f2.

(i) For u > 0 and λ2 > 1, Fig. 10.2(i) shows an attractor at infinity.

(j) For u ≤ 0 and λ2 ≤ λ1, Fig. 10.2(j) shows an attractor at zero inducing unimodal convergence mode corresponding to f1.

(k) For u < 0 and λ2 > λ1, Fig. 10.2(k) shows an attractor at zero inducing bimodal convergence mode corresponding to transition from f2 to f1.

(l) For u < 0 and λ2 > 1 the attractor is bipolar at zero and infinity. The final destination of a trajectory at zero (silence) or infinity (saturation) is determined by the initial condition with p being the point of separation between the two basins.

10.3Simulation results

We have simulated the model Eqs. (8.4), (8.6) and (8.7) for the attractor types (a)–(e) earlier, for n = 2 and the parameter values specified in the following. For each of the cases, the steady-state value of the synaptic weight, ω, was calculated by driving Eqs. (8.4), (8.6) and (8.7), with ω(0) = 0 and υ(0) = 1, to convergence (practically, this was achieved for N = 100), and the corresponding values of λ1, λ2, c1 and c2 were calculated by Eqs. (8.23), (8.24), (10.7) and (10.8), respectively.

(a)u = 20, τm = 2.5, τω = 1000, τθ = 2, yielding

ω = −6.7711, λ1 = 0.6703, λ2 = −3.7943,

c1 = −2.4143, c2 = −1.5434

(b)u = 20, τm = 4, τω = 200, τθ = 20, yielding

ω = −5.1502, λ1 = 0.7788, λ2 = −1.4996,

c1 = 0.5151, c2 = −0.1679

(c)u = 4, τm = 2, τω = 300, τθ = 0.1, yielding

ω = −2.5695, λ1 = 0.6065, λ2 = −1.4155,

c1 = 0.8550, c2 = 0.1415

(d)u = 1, τm = 2, τω = 5, τθ = 1, yielding

ω = −0.1925, λ1 = 0.6065, λ2 = 0.5308,

c1 = 3.2160, c2 = 1.3219

(e)u = −1, τm = 2, τω = 5, τθ = 1, yielding

ω = 0, λ1 = 0.6065, λ2 = 0.6065, c1 = 3.3079, c2 = 1.3679

It can be seen from the parameter values and the condition numbers specified above that cases (a), (b) and (c) of the simulation correspond to cases (a), (b) and (c) of group 1, associated with chaotic, largely oscillatory and oscillatory attractors represented by Figs. 10.1(a), 10.1(b) and 10.1(c), while cases (d) and (e) of the simulation correspond to cases (g) and (j) of Group 2, associated with bimodal fixed-point attractor and attractor at zero, represented by Figs. 10.2(g) and 10.2(j) respectively.

Each test consisted of a learning stage, in which the feedback synaptic weight evolved from initial to final value, and a retrieval stage, in which the final value of the feedback synaptic weight obtained in the learning stage was used. The simulation results are shown in Fig. 10.3, where the values of the feedback synaptic weight throughout the run, the firing-rate during learning throughout the run, the firing-rate during learning in the late period of the run, and the firing-rate during retrieval in the early period of the run are given, respectively, in the four columns. It can be seen that, in each of the cases, the feedback synaptic weight converged to a constant value. It can also be seen that, while convergence in retrieval is noticeably faster than convergence in learning for the first three cases, learning and retrieval end, as desirable, at the same attractor. The convergent modes of firing visually conform to the attractor types predicted by the theory (and illustrated by Figs. 10.1 and 10.2). Specifically, case (a) produced a highly disordered, bifurcated and bursting sequence, as expected from a chaotic attractor, case (b) produced a quasi-4-cycle, multiplexing two uneven 2-cycles, and case (c) produced an oscillatory sequence, while cases (d) and (g) produced fixed and silent sequences, respectively.
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Figure 10.3.Simulated sequences under synaptic maturity during learning and retrieval, representing: (a) chaotic, (b) largely-cyclic, (c) oscillatory, (d) fixed-point and (e) silent modes. The first column represents synaptic weight (ω) evolution throughout the run, while the remaining three represent the firing-rate (υ) during learning throughout the run and in the late period of the run, and during retrieval in the early period of the run, respectively (Baram, 2017a).

10.4Discussion

The bilinear threshold structure of the rectified neural firing-rate model and the convergent synaptic weights facilitate effective analytic characterization of the global attractors of neural firing-rate in maturity. The conditions for each of the global attractors are specified in terms of the parameters of the corresponding discrete iteration map. This does not only provide an analytic specification of the global attractor, but also a highly intuitive graphical description of the attractor, hence, the corresponding dynamic mode. Specifically, the parameters λ1 and λ2, which define the slopes of a map, also define the bifurcation points of the global attractors. These parameters, having a direct geometric manifestation, can be highly valuable in the mathematical analysis of the global attractors. For instance, in view of the often reported inadequacy of empirical indicators of chaos (Sprott, 2003), such as the first Lyapunov exponent (Wright, 1984) used in the analysis of empirical neurophysiological data (Fell et al., 1993), the indicators c1 (Eq. 10.7) and c2 (Eq. 10.8), directly related to λ1 and λ2, analytically and unambiguously define the boundaries of chaotic attractor domain. Similarly, the parameters λ1 and λ2 analytically define the domains of largely-oscillatory attractor, the multiplexed oscillation attractor and the fixed oscillation attractor. Other attractors, more simply structured, were identified by the signs of λ2 and the activation u. The ability to characterize the modes of firing-rate dynamics in such analytic detail appears to have been only recently noted (Baram, 2013a).

Similarly behaved biological firing modes, notably, chaotic (Hayashi and Ishizuka, 1992; Fell et al., 1993), bursting (Hayashi and Ishizuka, 1992), quasi-cyclic (Lankheet et al., 2012), oscillatory (Ditlevsen and Locherbach, 2017), multiplexed (Panzeri et al., 2009), fixed point, or tonic (Bennet et al., 2000), and silent (Melnick, 1994; Atwood and Wojtowicz, 1999) have been reported. While chaos has been identified with ambiguity and deteriorated performance in certain applications involving artificial feedforward networks (Bertels et al., 1998; Gicquel et al., 1998; Reco-Martinez et al., 20005; Verschure, 1991) and in biological neural networks (Fell et al., 1993), several works have noted the utility of chaos in learning and problem solving by annealing (Lin, 2001; Ohta, 2002; Liu et al., 2006; Verschure, 1991; Sato et al., 2002). Moreover, it has been claimed (Langton, 1990) and disputed (Mitchell et al., 1993), that the boundary between order and chaos provides favorable conditions for universal computation. Chaos has been incorporated into neuron models through a bimodal logistic function (Aihara et al., 1990), simplified phenomenological models (Lin et al., 2002; Shilnikov and Rulkov, 2003), or negative self-feedback (Lin, 2001; Ohta, 2002; Liu et al., 2006). However, the problem solving and computation capabilities of biological neural networks are rather vague notions, and the possible role of chaos in such networks has remained a mystery. The analytic approach taken in this work is particularly noteworthy in view of the fact that empirical measures, such as the Lyapunov exponents, often fail to provide conclusive evidence of chaos. We suggest that the highly patterned geometric and statistical structures of the chaotic attractors associated with neural networks make such attractors an integral part of the neural code. While our mathematical analysis has primarily led to the consideration of symmetric neural circuits, resulting, as in the cases considered by Field and Golubitsky (2009), in symmetric chaotic attractors, we have also noticed in simulation that highly patterned chaotic attractors arise in non-symmetric neural circuits. Providing a transcendental prescription for mixing different firing-rates, a chaotic attractor constitutes a natural mechanism for statistical encoding and temporal multiplexing of neural information. Signal multiplexing is known to enhance information transmission capacity and is widely used in communication systems (Li and Stuber, 2010). However, in contrast to technological applications, which require rhythmic and synchronous multiplexing, especially for the purpose of decoding (Keller et al., 2001), biological multiplexing does not appear to require temporal precision (Panzeri et al., 2009). It should be noted that the application of chaos for the purpose of synchronization in technological communication systems (Itoh and Chua, 1997) is quite different from the present context, where synchronization is not a prerequisite. Since the model considered in the present work deals with firing-rates, amplitude corresponds to firing frequency. Depending on the function of the receiving neuron, demultiplexing can be done, in principle, by bend-pass filtering. Neuronal low-pass (Pattersen and Einevoll, 2008) and high-pass (Poon et al., 2000) filtering have been reported. Yet, the raw multiplexed signal, representing, as implied by the models under consideration, locally smoothed (averaged) information, can be useful in sensory systems (multiplexed Red, Green and Blue (RGB) color coding is a known example found in both biological and technological vision systems (Hunt, 2004)).


Chapter 11

Firing-rate Mode Segregation by Neural Circuit Polarization

11.1Introduction

The Hebb paradigm (Hebb, 1949; Hertz et al., 1991), supported by the eigen-frequency preference paradigm of spiking neurons (Izhikevich, 2001), implies inhibitory effects between asynchronously firing neurons. This will regularly tend to segregate a circuit into internally-synchronous, externally-asynchronous subcircuits. However, as we show in this chapter, the resulting mutually asynchronous firing of the segregated subcircuits is likely to result in mutual interference between the corresponding firing-rate modes. On the other hand, as we show, the segregation of internally-synchronous externally-asynchronous subcircuits by synapse silencing results in interference-free firing. It should be noted that the analysis of asynchronous circuit firing-rate dynamics cannot employ cobweb diagrams, which are essentially limited to scalar systems. We therefore employ representative simulation of small circuits. While the simulation of circuits of many asynchronous neurons would require prohibitive numbers of simulation plots, small circuits are rather effective in demonstrating the main concepts of interest.

As in the case of asynchronous circuits, the segregation of synchronous circuits into internally synchronous, externally asynchronous subcircuits is achieved by synaptic silencing. In contrast to asynchronous circuits, the dynamics of synchronous circuits can be described by cobweb diagrams. The segregation of synchronous circuits, consisting of identical neurons firing in concert, has a somewhat surprising, yet explainable effect: although the neurons remain the same, their firing-rate dynamics change. This can facilitate the simultaneous execution of different cortical tasks.

11.2Dynamics of somatic and synaptic silencing

The polarity of the individual neuron’s somatic membrane potential with respect to the membrane activation threshold is identical to the sign of the operand of the function f in Eq. (7.4). A negative operand will imply that the map Eq. (7.4) takes the form
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	(11.1)





which, as 0 < α < 1, converges to 0 as k → ∞. It further follows from Eq. (7.6) that, as υ(k) converges to 0, so does ω(k). Membrane silencing in the individual neuron implies, then, nullification of the feedback synaptic weight.

Synaptic polarity in the individual neuron is controlled by the value of the corresponding synaptic weight. Synapse silencing, represented by a zero value of the feedback synaptic weight, accommodates a positive constant value of u, which, by Eq. (7.4), yields the map
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	(11.2)





Note that, since α < 1, the line represented by Eq. (11.2) can only intersect the diagonal

υ(k) = υ(k − 1) if, indeed, u > 0.

As noted before, scalar global attractors are graphically described by cobweb diagrams. The cobweb diagram depicted in Fig. 11.1(a), corresponding to the parameter values τm = 2, τω = 300, τθ = 0.1 and u = −1, illustrates the membrane silencing process, converging to the point p represented by a red X placed at the origin (note that, by Eqs. (8.6) and 11.1, ω becomes 0, regardless of the values of τω and τθ). The cobweb diagram depicted in Fig. 11.1(b), corresponding to the parameters τm = 2 and u = 1, illustrates the synapse silencing process, converging to the global attractor at point p. It follows then that in contrast to membrane silencing, synapse silencing, even in the case of the single feedback synapse of the individual neuron, allows for continued neuronal firing due to external activation.
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Figure 11.1.Membrane and synapse silencing in the individual neuron. While membrane silencing is represented by a global attractor at the origin (a), feedback synapse silencing is represented by a non-zero fixed-point attractor (b). While membrane silencing stops neuron firing altogether, synapse silencing allows for continued firing due to external activation (Baram, 2018).

Membrane or synapse silencing is one side of local polarization. The other side is membrane or synapse activation. These states, governed by Eqs. (7.4) and (7.6), respectively, will affect the modes of the firing-rate dynamics, as discussed next.

11.3Underlying asynchronous firing-rate and plasticity models

The underlying instantaneous asynchronous firing-rate model is obtained from Eq. (8.4) as



	[image: image]

	(11.3)





where υ(k) is the vector of the circuit neurons’ firing-rates, υi, i = 1, 2, … , n, αi = exp(−1/τmi) and βi = 1 − αi, with τmi the membrane time constant of the i’th neuron, ωi(k) is the vector of synaptic weights corresponding to the circuit’s pre-neurons of the i’th neuron (including self-feedback), ui = Ii − ri, with Ii the circuit-external activation input and ri the membrane resting potential of the i’th neuron, and f is the conductance-based rectification kernel defined by Eq. (2.16).

The Bienenstock-Cooper-Munro plasticity rule (Bienenstock et al., 1982), Eq. (7.6) now takes the multi-neuron discrete-time form
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	(11.4)





where υ2 is the vector whose components are the squares of the components of υ, εi = exp(−1/τωi), γi = 1 − εi and Eq. (7.7) now takes the form
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	(11.5)





where δi = 1/τθi. In the following sections, we analyze and demonstrate the effects of membrane and synapse polarization on circuit structure and firing dynamics.

11.4Asynchronous synaptic polarity-gated firing mode segregation

In order to demonstrate the difference between Hebbian segregation and polarity-gated segregation of asynchronous neural circuits, we consider a three-neuron circuit where the first two neurons have the same parameter values and the third has different parameter values, as specified below:

u1 = u2 = 1, u3 = 5, τm, 1 = τm,2 = 1, τm,3 = 3, τω,1 = τω,2 = 5, τω,3 = 0.5, τθ,1 = τθ,2 = 1, τθ,3 = 0.5

Starting with full connectivity, changes in circuit connectivity due to synapse silencing are illustrated in Fig. 11.2. The resulting changes in the neuronal firing modes, simulated by running Eqs. (11.3)–(11.5), are displayed in Fig. 11.3.
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Figure 11.2.Asynchronous 3-neuron circuit segregation by synapse silencing. (a) Fully connected circuit. (b) Asynchronous circuit segregation into a single isolated neuron and an asynchronous 2-neuron circuit by synapse silencing. (c) Asynchronous circuit segregation into a synchronous 2-neuron circuit and a single neuron by synapse silencing. (d) Asynchronous circuit segregation into three single neurons by synapse silencing (Baram, 2018).

The Hebb paradigm, if fully applicable, should segregate the fully connected three-neuron circuit into two totally isolated subcircuits, the first consisting of the two synchronous neurons (neurons 1 and 2) firing in unison according to one firing-rate mode, and the second consisting of one neuron (neuron 3), firing in a different firing-rate mode. Yet, as can be seen in Fig. 11.3(a), there is visible mutual interference between the firing modes corresponding to the fully connected circuit of Fig. 11.2(a). Isolating neuron 1 by polarity-gated synapse silencing (as in Fig. 11.2(b)), it produces a smooth fixed-point firing-rate mode, while neurons 2 and 3 continue to interfere with each other, as can be seen in Fig. 11.3(b). When neuron 3 is isolated from neurons 1 and 2 by polarity-gated synapse silencing (as in Fig. 11.2(c)), the latter form a 2-neuron circuit, which fires in fully matched fixed-point modes, while neuron 3 fires in an oscillatory mode, as can be seen in Fig. 11.3(c). When each of the neurons is isolated by polarity-gated synapse silencing (as in Fig. 11.2(d)), each fires in its characteristic mode, as can be seen in Fig. 11.3(d). It can be seen in Figs. 11.3(c) and 11.3(d) that there is a slight difference between the firing modes of neurons 1 and 2 in cases 11.2(c) and 11.2(d). This implies that, while in both cases there is complete synchrony between the two neurons, the 2-neuron circuit connectivity in case (c) does not allow each of the two neurons complete freedom to fire in its own independent firing-rate mode. We call such condition restrained synchrony.
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Figure 11.3.Firing-rate sequences corresponding to the circuit modification and segregation cases depicted in Fig. 11.2. Full connectivity (a) results in mutual interference between the firing modes. Neuron 1 isolation by synaptic silencing (b) results in interference-free firing of that neuron. Neuron 3 isolation by synaptic silencing (c) results in interference-free firing, while neurons 1 and 2 fire in interference-free synchrony. Mutual isolation of the three neurons by complete synapse silencing allows each of them to fire in its own characteristic mode (Baram, 2018).

It follows that, while the Hebbian paradigm may result in strong inhibitory effects between asynchronously firing neurons and circuits, it need not necessarily completely eliminate mutual interference altogether. On the other hand, the polarity-gated synapse silencing mechanism simply eliminates directional interaction, removing the corresponding interference.

11.5Firing mode control by synchronous polarity-gated circuit segregation

A cortical circuit of identical neurons may be segregated by polarity-gated synapse silencing into internally synchronous, externally asynchronous subcircuits. Circuit and subcircuit sizes can be further reduced by polarity-gated membrane silencing. As we show next, circuit and subcircuit size modification results in firing-rate mode modification, which may serve different cortical functions, even when the neurons are identical.

Consider first a fully connected circuit of n identical neurons firing in synchrony. As N → ∞, Eqs. (8.6) and (8.7) will take ω(k) to its constant limit value (Cooper et al., 2004), ω, which, in turn, implies that τω attains an infinitely large value (Baram, 2017a). Equation (8.4) then yields the following firing-rate model for each of the circuit’s neurons
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	(11.6)





where λ1 = α = exp(−1/τm), λ2 = α + βnω and β = 1 − α. As explained in Chapter 10, the transition points from one global attractor type of the map to another are defined by the parameters λ1, λ2, c1 = 2λ1λ2 + 1 + 1 + [image: image] and c2 = λ1λ2 + 1. Clearly, Eq. (11.6) will produce a different mode of firing-rate dynamics for each circuit size n. This is illustrated by Fig. 11.4, where the four subfigures depict global attractors of circuits having identical neurons, but different primal circuit sizes. It can be seen that different circuit sizes yield different attractor types, even when the individual neuron’s parameters, external activation and initial conditions are identical.
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Figure 11.4.Global attractor types corresponding to fully connected synchronous identically parametrized circuits of primal sizes: (a) two neurons (oscillatory), (b) five neurons (largely-oscillatory), (c) seven neurons (fluctuating), and (d) eleven neuron (chaotic). The global attractors are represented by red line segments or by red x (Baram, 2018).

Specifically, the circuits represented by Fig. 11.4 obey the model of Eqs. (8.4)–(8.8). Keeping in mind the linear ratio between membrane potential and firing-rate, 7.2 ± 0.6 spikes · sec−1 · mV −1 (Carandini and Ferster, 2000), we uniformly assume for illustration purposes the parameter values u = 4, τm = 2, τω = 300, τθ = 0.1 in units of mV and mSec, respectively. We further assume zero initial conditions, with N = 100 taking ω(k) to its constant limit ω, and the primal circuit size values specified in the following yielding the corresponding modal parameter and attractor condition values:

(a)n = 2, yielding ω = −2.5695, λ1 = 0.6065, λ2 = −1.4155, c1 = 0.8550, c2 = 0.1415

(b)n = 5, yielding ω = −1.3128, λ1 = 0.6065, λ2 = −1.9762, c1 = 0.1748, c2 = −0.1987

(c)n = 7, yielding ω = −1.0152, λ1 = 0.6065, λ2 = −2.1896, c1 = −0.0840, c2 = −0.3280

(d)n = 11, yielding ω = −0.8791, λ1 = 0.6065, λ2 = −3.1983, c1 = −1.3076, c2 = −0.9398

An examination of the conditions for the global attractor types specified in Chapter 10 shows that these cases represent (a) oscillatory between points a and b, (b) largely-oscillatory between line segments [a, b] and [c, d], (c) fluctuating between small and large steps and (d) chaotic by the Li-Yorke “period three” (here, a1 → a2 → a3 → a1) criterion (Li and Yorke, 1975) global attractors, as ratified by the cobweb diagrams in Fig. 11.4.

Cobweb diagrams are essentially restricted to scalar evolution and, therefore, the above analysis and, for comparison purposes, the corresponding simulations have considered synchronous circuits of identical neurons under the same initial conditions. However, a broader notion of synchronization under different initial conditions can be illustrated by simulation. For example, case (a) above, representing two fully connected circuit of two identically parametrized neurons under the same initial conditions, is now illustrated in Fig. 11.5 under different initial conditions, υ1(0) = 1 and υ2(0) = 2, respectively. The simulated sequences of firing-rate corresponding to the two neurons are shown in Fig. 11.5(a). It can be seen that, following different initial periods (Fig. 11.5(b)), the two neurons converge to fully synchronized behaviors (Fig. 11.5(c)). We have further found similar synchronization of fully connected neurons under different initial conditions in a variety of simulated cases.
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Figure 11.5.Synchronized oscillations in a circuit of two identical neurons under different initial conditions. The two sequences (a) have different initial responses (b), synchronizing in time (c) (Baram, 2018).

11.6Neural circuit segregation capacity

Neural circuit segregation by inter-neuron synapse silencing implies the division of a circuit into isolated subcircuits. Silent neurons (neurons having membranes with negative polarity) are discounted. Given a fully connected neural circuit of n active neurons (neurons having membranes with positive polarity), consider an isolated sub-circuit of m fully connected neurons. Each of the synapses of the m2 synapses (including self-synapses) connecting the neurons of the subcircuit to each other can have either positive or negative polarity. There are, then, 2m2 polarity states of the said sub-circuit. As there are
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	(11.7)





possible selections of m out of n neurons, the maximal possible number of segregated subcircuit polarity patterns is
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	(11.8)





constituting the segregated polarity code size for subcircuits of m out of n neurons. This number grows very fast with n. For instance, P(1) = 3, P(2) = 21, P(3) = 567, P(5) = 33, 887, 403 and P(7) = 563, 431, 696, 713, 567.

Following the segregation of a subcircuit of m active neurons out of a fully connected circuit of n active neurons by inter-neuron synapse silencing, we have two externally isolated, internally fully-connected subcircuits, one of m neurons and the other of n − m neurons. Each of these subcircuits has its code of polarities, as specified in Chapter 4. Further inter-neuron synapse silencing can further divide each of the subcircuits into smaller fully-connected subcircuits, etc. Such segregation results in a total polarity code size smaller than that represented by Eq. (11.8). For instance, a circuit of neurons can divide in 3 ways into two isolated subcircuits, one of 2 neurons and one of 1 neuron, producing a total polarity code of size 3 × 3 × 21 = 189 (clearly smaller than 567). When the subcircuits of two neurons further divide into segregated subcircuits of one neuron each, the total polarity code size becomes 3 × 3 = 9. While circuit segregation, by virtue of circuit size reduction, clearly reduces the polarity code size of the original circuit, it increases the information representation capacity of the circuit, due to the increased number of subcircuit created. For instance, while a fully connected unsegregated circuit of 3 neurons can represent, at a time, a single polarity word, representing the polarity states of all the membranes and synapses involved, the same 3 neurons can store 2 (albeit shorter) words when segregated into two isolated subcircuits, one of 2 neurons and the other of 1 neuron), or 3 polarity words, when segregated into three isolated subcircuits of 1 neuron each. The maximal information representation capacity of an n- neuron circuit is then, n words, each represented by the polarity state of a single neuron.

11.7Synaptic and somatic elimination: From pruning to senescence

Permanent synaptic and axonal silencing have been addressed as synapse and axon elimination. The role of synaptic elimination, observed in humans (Huttenlocher, 1979; Huttenlocher et al., 1982; Huttenlocher and Courten, 1987) and in animals (Eckenhoff and Rakic, 1991; Bourgeois, 1993; Bourgeois and Rakic, 1993; Rakic et al., 1994; Innocenti, 1995) has been generally perceived as the removal or “pruning” of redundant or weak synapses for the improvement of neural circuit performance. Although structural circuit modification has been suggested in general terms as means for long-term memory (Balice-Gordon and Lichtman, 1994), the specific function and mechanization of synapse elimination have remained essentially unclear. Reports that focal blockade of neurotransmission is more effective in synapse elimination than a whole junction blockade (Balice-Gordon and Lichtman, 1994) and that synapse elimination precedes axon dismantling (Balice-Gordon et al., 1993) have been challenged by claims that synapse elimination is a consequence of whole axon removal (Vanderhaeghen and Cheng, 2010). Dynamic firing effects of neural interaction under synapse elimination have been experimentally observed, noting that “active synaptic sites can destabilize inactive synapses in their vicinity” (Balice-Gordon and Lichtman, 1994), although such effects may involve synapse silencing and reactivation (Atwood and Wojtowicz, 1999) rather than synapse elimination. While early studies have associated synapse elimination with early development (Balice-Gordon and Lichtman, 1994; Culican et al., 1998) and childhood (Chechik et al., 1998), others have extended it to puberty (Iglesias et al., 2005) and, depending on brain regions, to age 12 for frontal and parietal lobes, to age 16 for the temporal lobe, and to age 20 for the occipital lobe (Giedd et al., 1999). Yet, Alzheimer’s disease (Horn et al., 1996), grey matter (Mechelli et al., 2004) and cognition (Craik and Bialystok, 2006) studies, and persistent evidence of molecular processes involved in synaptic elimination throughout life (Lee et al., 2016) have suggested its relevance all the way to senescence. Connectivity changes due to synapse elimination (Dennis and Yip, 1978; Huttenlocher, 1979) have been suggested as means for long-term memory (Balice-Gordon et al., 1993), and followed by studies of structure (Balice-Gordon and Lichtman, 1994), information capacity and cortical segregation (Baram, 2017b).

11.8Discussion

Extending the notion of local polarity, experimentally discovered in the separate forms of membrane and synapse silencing and reactivation about two decades ago, to the unified notion of polarity-gated neural circuits, we have shown that circuit polarization segregates a neural circuit into interference-free, internally-synchronous, externally-asynchronous subcircuits. We have further shown that chaotic, oscillatory, fixed-point and silent firing-rate modes are governed by mixed, positive and negative polarity gating, respectively, maintaining the firing variety of the different neurons and allowing each of the neurons its unique expression by firing-rate dynamics.

Synchronous circuits can be further segregated into internally synchronous subcircuits of same or different sizes, that can simultaneously perform different cortical functions. Internally synchronous circuits of different sizes will operate in different firing-rate modes, which will, in turn, segregate the different functions performed. In certain contexts, such as learning and memory discussed in the following chapter, different firing-rate modes would define the language of the dynamics generated, stored, retrieved and conveyed. The cortical ability to generate, by neural circuit polarization, a large variety of firing-rate modes guarantees a combinatorial richness of both function and information repertoires. Yet, as illustrated by Fig. 11.4, circuits of primal size greater than 7 yield (specifically 11 or more) yield chaotic behavior. This may be viewed as another evidence of “the magical number seven” (Miller, 1956), limiting working memory capacity (Pribram et al., 1960). Finally, we note that while synaptic and somatic elimination may be regarded as the long-term realization of the corresponding polarization, they have far-reaching age-related consequences not only in terms of lasting effects, such as long-term memory, but also in terms of senescence and impairment.


Chapter 12

Learning and Memory by Circuit Polarization

12.1Introduction

Given neuronal parameters, specifically, the time constants τm, τω and τθ, the only variable internal properties in the spike response and plasticity models (e.g., Eqs. (2.15)–(2.18)) are the synaptic weights. These, under certain conditions (Rosenblatt, 1958; Oja, 1982; Cooper et al., 2004; Castellani, 2017), are subject to convergence to constant limit values. Such convergence, leading to memory, may be referred to as learning. While invariant synaptic weights or their elimination represent long-term memory, persistent changes in the dynamics of the synaptic weights and changes in the dynamic modes of firing-rates, which fall in the category of generalized metaplasticity (Baram, 2017a), define another form of memory, which may be termed short-term memory. Short-term memory periods are marked by transitions from one firing-rate mode to another, brought about by changes in circuit polarity. Exertion of the same external inputs that have instigated the original learning, or memory, will reproduce the same circuit behavior, represented by firing-rate modes. Moreover, as illustrated in Fig. 11.5, the memorized firing-rate attractors are robustly retrieved regardless of different initial conditions. Suppose that the operand of the function f in Eq. (8.4) becomes negative and stays negative for some time. This may be a consequence of a drop in the level of the external input potential, Ii(k), or by an unforced change in membrane potential resulting from slow dissipation of electric charge. As explained in Chapter 11, and demonstrated by Eq. (11.1) and Fig. 11.1(a), this will result in neuronal silencing, yielding partial circuit memory loss and, as all external inputs to the circuit drop to sufficiently low levels, a total loss of circuit activity. This may be regarded as memory concealment, but not as loss of memory, as the convergent values of the synaptic weights, representing memory, are still in effect. Memory restoration will occur when the circuit polarity is the same as the one which was valid when the original memory was instigated, and when the external inputs valid at that time are recovered. Since, as shown in Chapter 9, firing-rate modes are uniquely determined by internal neuron properties and by circuit polarity, the firing-rate modes are uniquely recovered by restoration of the corresponding circuit polarity pattern. Such memory restoration may be partial, affecting, at different times, individual neurons or subcircuits. The respective roles of circuit polarity and external input levels in memory concealment, restoration and modification are explained and demonstrated in the sequel. As noted in Section 10.5, the difference between the formation of a global attractor, and the outcome of such formation, constitutes a distinction between learning and memory in the context of a firing-rate dynamics-based theory of metaplasticity. In addition to such general notions, addressed in Sections 12.2–12.4, this chapter also addresses the notion of “associative memory”, which, much like the notion of “working memory” addressed in Chapter 5, and in contrast to previously published conceptions (e.g., Hinton et al., 1986) is put in the underlying context of this book, specifically, neural circuit polarity.

12.2Short and long-term memory in the individual neuron

In order to demonstrate the basic concepts of short and long-term memory, we first consider an individual neuron in the following four cases:

(a)u = 10, τm = 2, τω = 10000, τθ = 0.1, yielding λ1 = 0.6055, λ2 = −4.7336, c1 = −3.1701, c2 = −1.8711, ω = −13.5720

(b)u = 10, τm = 2, τω = 10000, τθ = 1, yielding λ1 = 0.6055, λ2 = −1.8160, c1 = 0.3692, c2 = −0.1015, ω = −6.1569

(c)u = 1, τm = 2, τω = 5, τθ = 1, yielding λ1 = 0.6065, λ2 = 0.5308, ω = −0.1925

(d)u = −1, τm = 2, yielding λ1 = λ2 = 0.6065, ω = 0

with the notation defined in Chapters 8–11. For each of the cases, the steady-state value of the synaptic weight, ω, was calculated by driving Eqs. (8.4)–(8.8), with n = 1, ω(0) = 0 and υ(0) = 1, to convergence (practically, this was achieved for N = 100), and the corresponding values of λ1, λ2, c1 and c2 were calculated by Eqs. (8.23), (8.24), (10.7) and (10.8), respec-tively. As can be verified, the conditions stated earlier for the attractor types (a) chaotic, (b) largely-oscillatory, (c) fixed-point and (d) silent are satisfied, respectively, by the parameter values obtained. The four cases are illustrated by cobweb diagrams in Fig. 12.1.

Simulating each of the four cases, as shown in Fig. 12.2, the time domain for the firing-rate υ(k), k = 0, . . . , 30, 000 is divided into three subdomains. In the first subdomain, k = 0, . . . , 10, 000, we observe convergence of the feedback synaptic weight ω, and a simultaneous convergence of the firing-rate to a global attractor. Specifically, while in cases (a), (b) and (c) the positive centered external activation u enforces convergence of ω to a negative limit value and to persistent firing-rate modes, the negative u in case (d) results in membrane silencing, as predicted by Eq. (11.1) and illustrated by Fig. 11.1(a). Membrane silence may last indefinitely, representing loss of memory, hence the terminology short-term memory. In the second subdomain, k = 10, 000 … 20, 000, membrane silencing and, consequently, memory concealment, was accomplished by changing u from 10 to −10 in cases (a), (b) and (c), and from −1 to −10 in case (d). Membrane silence in cases (a), (b) and (c) was interrupted in the subdomain k = 20, 000 … 30, 000 by reinstating the original levels of activation, which results in restoration of the memorized (or learned) mode of firing-rate, constituting long-term memory.

[image: image]

Figure 12.1.Global attractor code of firing-rate dynamics in individual neuron with active self-synapse and silenced synapses of circuit pre-neurons: (a) chaotic, (b) largely-oscillatory, (c) fixed-point and (d) silent. Cobweb trajectories are represented by black dashed lines and converge to global attractors represented by red line segments or red x. The model is specified by Eqs. (8.4)–(8.8) for n = 1, and the parameter values for each of the global attractors are specified in the text (Baram, 2018).

12.3Short and long-term memory in synchronous circuit

As explained and demonstrated in Chapter 11, neural circuits can be segregated by synapse silencing into synchronous subcircuits. External input decline, or membrane potential decline by spontaneous electric discharge, will result in individual neuron silencing. A change in the number of active circuit neurons will result in changing firing-rate dynamics of the remaining circuit neurons, possibly to the point of total circuit silence and memory concealment. Restoration of external activation will result in partial, or complete, return of circuit activity to its previous dynamics.

[image: image]

Figure 12.2.Learning (first and second columns), short-term memory (second column), memory concealment (third column) and long-term memory restoration (fourth column) in the individual neuron are represented by firing-rate modes in the four cases considered (Baram, 2018).

In order to demonstrate memory deterioration, concealment and restoration, representing short and long-term memory in a synchronous circuit, consider a circuit of three neurons, all having the same parameter values τω = 300, τθ = 0.1, τm = 2 and u = 4. In time, the circuit undergoes several different stages of individual neuron silencing and reactivation, as depicted in Fig. 12.3. Figure 12.3(a) describes initial learning and memory, followed by memory deterioration due to a sequence of neuronal silencing, achieved by changing the value of the corresponding centralized membrane activation from u = 4 to u = −1. During the time interval between k = 0 and k = 1000, the circuit experiences learning, by the end of which it reaches a chaotic mode of firing-rate. At k = 1001 one of the neurons becomes silent. The remaining active part of the circuit, constituting a synchronous subcircuit of two neurons, displays an oscillatory mode of firing-rate (identical to case (a) in Fig. 11.4, having the same circuit size of 2 and the same parameters), until k = 2000. At this point another neuron becomes silent, and, following an abrupt response to the change in circuit size at k = 2001, the remaining active neuron displays a constant (fixed-point) mode of firing-rate. This last active neuron becomes silent at k = 3001, and the entire circuit remains silent until k = 5000. The sequence of neuron silencing thus described represents memory deterioration, ending in complete memory concealment.

[image: image]

Figure 12.3.Learning, memory deterioration and concealment (a) and memory restoration (b) represent short and long-term memory, respectively, in syn-chronous circuit. A 3-neuron synchronous circuit undergoes a sequence of learning, converging to a chaotic firing-rate mode (k = 0, . . . , 1000), followed by 1 neuron silencing yielding an oscillatory firing-rate mode of the active 2-neuron subcircuit (k = 1001, . . . , 2000), a second neuron silencing yielding a constant firing-rate mode of the remaining active neuron (k = 2001, . . . , 3000), and a third neuron silencing yielding complete memory concealment (k = 3001, . . . , 5000). Neuronal activation in reversed order (k = 5001, . . . , 10000) ends in restoration of the learned chaotic firing-rate mode (Baram, 2018).

The memory deterioration process described by Fig. 12.3(a) is reversed in Fig. 12.3(b) by reactivating, in sequence, each of the neurons by applying u = 4, as in the original learning process. The circuit remains silent until, at k = 6001, one of the neurons becomes active again, producing a constant firing-rate. At k = 7001 a second neuron becomes active, and the subcircuit of two active neurons produces an oscillatory mode of firing-rate. At k = 8001, the third neuron becomes active as well, and the original external activation of all three neurons is restored. It can be seen that the circuit activity is back to the original chaotic mode.

12.4Memory modification

Memory modification may result from changes in neuronal circuit polarity and in membrane activation level. While the circuit polarity pattern uniquely determines which neurons are active, the dynamic nature of the firing-rate produced by a neuron as a result of restored activity will depend on the level of external activation as well. As can be seen in Eq. (8.22) for n = 1, the actual value of u determines the intersection point βu of the function f2(υ(k − 1)) with the axis υ(k), but not the slope λ2 of f2(υ(k −1)), defined by Eq. (8.24). Therefore, the value of u affects the amplitude, but not the characteristic firing-rate mode of the individual neuron (this can be further ratified by examination of the cobweb diagrams in Fig. 12.1).

Repeating the simulations of the individual neuron depicted in Fig. 12.2, with the retrieval activation values changed from u = 10, used in the learning stage of cases (a)–(c), to (a) u = 1, (b) u = 0.1, (c) u = 0.01 and (d) u = −1 applied in retrieval, we obtain the results depicted in Fig. 12.4. It can be seen that while the evolution of the feedback synaptic weight and the firing-rates during learning depicted in Fig. 12.4 are identical to those depicted in Fig. 12.2, the firing-rate sequences in retrieval have different amplitudes in the two figures.

[image: image]

Figure 12.4.Using different activation values in learning (second column) and retrieval (fourth column) by an individual neuron (cases (a)–(d) of Fig. 12.1) results in different firing-rate amplitudes (Baram, 2018).

In a synchronous neural circuit, a process of memory deterioration or restoration may stop at any stage, producing what might be considered a “partial memory”, an “illusion”, or an “innovation”. For instance, if the process of memory deterioration in the synchronous 3-neuron circuit considered in Section 12.3 stops between k = 1001 and k = 2000, then memory will continue as an oscillatory sequence produced by a 2-neuron circuit, which is different from the original chaotic sequence. Similarly, if the process of deterioration stops between k = 2001 and k = 3000, then memory will continue as a constant sequence produced by a single neuron, as illustrated in Fig. 12.5(a).
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Figure 12.5.Memory modification in a synchronous 3-neuron circuit. (a) Following learning, producing chaotic firing-rate (k = 0, . . . , 1000), silencing of one neuron (k = 1001, . . . , 2000), followed by silencing of another neuron (k = 2001, . . . , 7000) takes the circuit to oscillatory, then to constant firing-rate, contrasting the original chaotic mode. (b) Reactivating one of the silenced neurons takes the circuit back to oscillatory firing-rate, again contrasting the original chaotic mode (Baram, 2018).

The same is true for the memory restoration sequence, which, if stopped between k = 6001 and k = 7000, will produce memory of a constant sequence produced by a single neuron, while, if stopped between k = 7001 and k = 8000, will produce memory of an oscillatory synchronous sequence in a 2-neuron circuit, as illustrated in Fig. 12.5(b).
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Figure 12.6.Associative and segregated memory. (a) Three-neuron circuit associating a synchronous subcircuit of two neurons (neurons 1 and 2) with a single neuron (neuron 3) having different parameters. (b) Two segregated circuits, one of two synchronous neurons (1 and 2), the other of one neuron (neuron 3) associating by simultaneous, yet asynchronous firing.

12.5Associative memory by circuit polarization and segregation

When different memories are stored and concealed in the neurons of a neural circuit, associations between them are defined by circuit connectivity. Memory will be retrieved in an associative manner when neurons and subcircuits storing different memories are activated simultaneously. Mutual interference may be eliminated by inter-synapse silencing. Consider the two circuits displayed by Fig. 12.6(a) and 12.6(b). The three neurons, marked 1, 2 and 3, appearing in both circuits, have the following parameters, indexed accordingly:

u1 = u2 = 1, u3 = 4, τm,1 = τm,2 = 1, τm, 3 = 2, τω,1 = τω,2 = 5, τω,3 = 100, τθ,1 = τθ,2 = 1, τθ, 3 = 1

Figure 12.7 shows, progressively in time, the simulated firing-rates of the three neurons υ1(k), υ2(k) and υ3(k), respectively. The first column (“learning”), representing the first 100 time samples, shows convergence of the firing-rate modes of the three neurons connected in the associative arrangement of Fig. 12.6(a). It can be seen that, while neurons 1 and 2 fire in concert, neuron 3 has its own firing-rate mode, as might be expected from its different parameters. While each of the subcircuits conveys a distinctly different type of information (fixed point vs oscillatory firing-rate mode), the firing-rate modes of the two subcircuits (neurons 1 and 2 vs neuron 3), while clearly interfering with each other, can be said to be associated by the circuit. The second column of Fig. 12.7 (“concealment”), corresponding to the next 100 time samples, represents membrane silencing of the three neurons, during which none of the information stored is displayed. The third column of Fig. 12.7 (“retrieval”) displays the firing-rates aroused by reactivating the membranes of the three neurons. It reproduces the three original characteristic firing-rate modes (first column, with, however, a considerably shorter initial transient stage, as the synaptic weights have already reached their limit values, hence, memory, associated with the learning stage). The fourth column of Fig. 12.7 (“segregation”) corresponds to the segregated circuit displayed in Fig. 12.6(b). It can be seen that with the corresponding synapses silenced, each of the two subcircuits, the first consisting of neurons 1 and 2 and the second consisting of neuron 3, fires in its characteristic firing mode, without the interference seen in the original interaction (first column). Yet, the combined action of the three-neuron circuit may be regarded as associative memory, in the sense that the two subcircuits are activated at the same time, evoking memories which, in the past were associated by simultaneous activity. Similarly, firing modes of different subcircuits, “learned” at different times, may be recreated, hence, associated, at the same time.

[image: image]

Figure 12.7.Associative and segregated memory in asynchronous 3-neuron circuit. Firing-rates of neurons 1, 2 and 3 in the circuits displayed by Fig. 12.6 are shown in the three rows. The first three columns represent learning, concealment and retrieval stages of associative memory corresponding to the circuit displayed in Fig. 12.6(a), while the last column represents interference-free firing-rates of the segregated circuit displayed in Fig. 12.6(b).

12.6Discussion

As plasticity is a fundamental property of the neuron, it seems conceivable that all cortical functions involve memory, manifested by recreation of a previous neural firing experience. Yet, as we have demonstrated, the circuit-wide expression of evoked memory can take on different forms, associated with circuit connectivity. The latter is controlled by circuit polarity, which not only segregates and reconnects circuits and subcircuits, but also determines their firing-rate modes. While we have shown a variety of learning and retrieval scenarios by individual neurons, by synchronous circuits, and by associative and segregated asynchronous circuits, the wealth of information that can be stored, retrieved and manipulated by circuit and subcircuit segregation and reconnection is combinatorial in the number of neurons involved.


Part III

Cortical Quantum Effects


Chapter 13

Some Quantum Computation Preliminaries

13.1Introduction

Just as the phenomena of quantum physics do not appear to be in natural coherence with those of classical physics, the mathematics of quantum computation requires a certain departure from classical mathematics. Neither seems immediately intuitive. Even the basic definitions are far from being self-explanatory. It is therefore rather hopeless to try to follow intuitive notion. Instead, the underlying set of basic definitions should be familiarized in a completely formal and accurate manner. Even this step requires considerable training. The following preliminaries represent a bold, yet modest attempt to present some basic definitions, so as to set the stage for the introduction of some cortically-based concepts, such as associative memory, in a quantum theoretic context in the next chapter. While the potential advantages of this context in terms of storage capacity, retrieval accuracy and time complexity will be clearly specified, some surprising similarity to classical findings, such as the linguistic plausibility of small neural circuits under subcritical connectivity probability of random graphs will be noted as well. Yet, staying within the realm of classical mathematics and avoiding these two chapters would seem to represent an understandable reader’s choice.

13.2States and qubits

The basic entity of classical computation is the classical bit. Each classical bit can have one of two values, 0 and 1. The state of any finite physical system that can be found in a finite number of states can be described by a string of bits. A string of n bits represents one of 2n possible states of a system enumerated 0, . . . , 2n − 1. In quantum computation, the basic entity is called a qubit (quantum bit). The qubit can have the analogue values |0〉 = [1 0] and |1〉 = [0 1], known as the computational basis states, where |·〉 is the Dirac notation. Qubit basis states can also be combined to form product basis states. For example, two qubits could be represented in a four-dimensional linear vector space spanned by the following tensor product basis states: |00〉 = [1000], |01〉 = [0100], |10〉 = [0010], and |11〉 = [0001].

Yet, the qubit can also have any other value that is a linear combination of |0〉 and |1〉:



	[image: image]

	(13.1)





where α and β are any complex numbers (called the amplitudes of the basis states 0 and 1, respectively), such that |α|2 + |β|2 = 1. Consequently, the qubit can be in any one of an infinite number of states described by unit vectors in a two-dimensional complex vector space. The unary representation of a qubit can be given as a vector of two values
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	(13.2)





Analogously to the classical bit string, qubit strings describe the state of a system. A two qubit system comprising two qubits |a〉 = α|0〉 + β|1〉 and |b〉 = γ|0〉 + δ|1〉 is described by the tensor product of the two qubits |a, b〉 ≡ |a〉 ⊗ |b〉 = αγ|00〉 + αδ|01〉 + βγ|10〉 + βδ|11〉.

13.3Measurement

The measurement of a qubit reveals only one of two possible outcomes. The value of α and β cannot be extracted from the measurement of a qubit. Instead, when measuring the qubit α|0〉 + β|1〉 in the computational basis, the result can be either 0 or 1 with probabilities |α2| and |β|2 respectively. For example, the state [image: image], when measured, yields any of the two results 0 or 1 with probability [image: image]. The measurement operation is not reversible and, once made, the qubit no longer exists in its state before the measurement. Measurements can be performed in different bases. For example, measuring the qubit α|0〉 + β|1〉 in the Hadamard basis defined by the two basis states [image: image] and [image: image] gives |+〉 with probability [image: image] and |−〉 with probability [image: image], since [image: image]

An n-qubit system can be either measured completely or partially. When measured partially, the unmeasured subsystem can retain quantum superposition and further quantum manipulations can be performed upon it. However, any measurement can be delayed to the end of the computation process.

13.4Operators and oracles

In quantum computation, a system changes its state under a unitary quantum operator U from |Ψ〉 to U |Ψ〉. An operator U can be described as a 2n × 2n matrix operating on the unary representation of the system state. A unitary operator satisfies UU† = I, where U† is the conjugate transpose of U (transpose the matrix U then substitute the conjugate complex of each element in the matrix). Quantum operators can be implemented using quantum gates, which are the analogue of the classical gates that compose classical electrical circuits. In this analogy, the wires of a circuit carry the information on the system’s state, while the quantum gates manipulate their contents to different states. For example, the Hadamard operator
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	(13.3)





transforms a qubit in the state |0〉 into the state |+〉 and the state |1〉 into the state |−〉. The Hadamard operator can also be seen as operating on n-qubits by the tensor product of single qubit Hadamard operators. Each qubit is then transformed according to the single qubit Hadamard transform, that is
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	(13.4)





An oracle is a “black box” which, by answering a query, produces an input to another algorithm. Given a function f, a quantum oracle Uf is a reversible oracle that accepts a superposition of inputs |x, y〉 and produces a superposition of outputs according to
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	(13.5)





as depicted in Fig. 13.1. When the additional qubit is initialized by |−〉, the oracle is called a quantum phase oracle that gives f(x) in the phase of the state |x〉 as follows:

[image: image]

A quantum circuit can process many inputs simultaneously and receive all the outcomes at the output. Consider the case where |y〉 = |0〉. Applying the n-qubit Hadamard operator to the |0〉 state, |x〉 = H⊗n|0〉⊗n, yields a superposition of all basis states. The resulting output would be [image: image], which can be calculated as
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	(13.6)
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Figure 13.1.A quantum oracle.

13.5Grover’s quantum search algorithm

Given a database of N = 2n unsorted elements of n bits each, any classical search would require O(N) queries to find a desired element. In 1996, Grover presented a quantum computational algorithm that searches an unsorted database with O([image: image]) operations (Grover, 1996; Boyer et al., 1996). The algorithm performs a series of O([image: image]) unitary operations on the superposition of all basis states that amplify the solution states causing the probability of measuring one of the solutions at the end of the computation to be close to 1. Suppose that the search problem has a set X of r solutions and that we own an oracle function fX that identifies the solution x ∈ X according to the following:
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	(13.7)





Any classical algorithm that attempts to find the solution clearly needs to query the oracle N times in the worst case. Grover’s algorithm finds the solution with the help of the oracle by querying it only O([image: image]) times.

The quantum phase oracle of the function fX flips (rotates by π) the amplitude of the states of X, while leaving all other states unchanged. This is done by the operator IX = I − 2Σx∈X |x〉. In matrix formulation, IX is similar to the identity matrix I except it has −1 as the x elements of the diagonal.

Grover’s algorithm starts with the superposition of all basis states created by applying the Hadamard operator to the zero state, H⊗n|0⊗n〉 (shortened by H|0〉), and goes about performing multiple iterations, in which each iteration consists of applying the phase oracle followed by the operator HI0H, where I0 flips the phase of the state |0〉⊗n. Grover’s iterator is thus defined as
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	(13.8)





where the sign “−” stands for the global phase flip that has no physical meaning and is performed only for analytical convenience.

The operator in Eq. (13.8) can be viewed in the space defined by the two basis states
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	(13.9)





and
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	(13.10)





as the rotation
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	(13.11)





which is depicted in Fig. 13.2, where the rotation angle is
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	(13.12)
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Figure 13.2.The effect of Grover’s rotation on the state |Ψ〉.

The initial state has an angle
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	(13.13)





with respect to |ℓ2〉, and after some analysis one can find that applying the operator T times starting from the initial state yields a solution state with a maximal probability that is very close to 1 upon measurement when
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	(13.14)





The algorithm performs O([image: image]) iterations, where r = |X| is the number of marked states. Additional improvements were made by Boyer et al. (1996) and Brassard et al. (1998) coping with an unknown number of marked states in complexity O([image: image]).

Biham et al. (1999) introduced a third improvement that outputs a marked state when initiated with a state of an arbitrary amplitude distribution.

13.6Discussion

Quantum computation has been formally found to offer substantial advantages, at least under certain tasks, over classical computation. Specifically, Grover’s quantum search algorithm constitutes a sound application of quantum computation to a significant real problem, unequivocally defeating a classical computation approach. Yet, beyond the theoretical support of such application, its practical implementation is far from being efficiently realized. The efforts towards the development of quantum computers, carried out by major companies and research institutes, have been relentless, yet, slow in progress. The difficulties are largely of technological nature. The generation of even a single quantum bit requires enormous effort and perseverance. Yet, even the minutest sign of success has been a major source of encouragement for continued effort. At the same time, the theoretical potential for computational advantages has been driving research towards finding possible roles and neurophysiological implementations of quantum computation for cortical purposes. The following chapter presents the findings of such research.


Chapter 14

Associative Memory by Quantum Set Intersection: The Edge of Small Neural Circuits

14.1Introduction

The Hebbian memory paradigm was addressed in previous chapters employing so-called classical mathematics. Molecular and neuro-physiological manifestations of cortical quantum mechanisms have been suggested (e.g., Ivancevic and Ivancevic, 2010; Clark, 2014). Specifically, Ca2+ waves have been hypothesized to drive the Grover’s quantum iterator (Eq. (13.8)) while the corresponding oracle (Eq. (13.5)) is regulated by the trisphosphate receptor (IP3R) channel (Clark, 2014). Employing the notion of quantum set intersection, it has been shown (Salman and Baram, 2012) that the Grover algorithm offers not only considerable reduction in time complexity of associative memory, but an exponential storage capacity exceeding that achieved by earlier propositions (Ventura and Martinez, 2000; Ezhov et al., 2000; Howell et al., 2000; Arima et al. 2008; Arima et al., 2009; Miyajima et al., 2010). Here, we emphasize that the quantum approach to associative memory not only improves time and memory capacities, but also resolves the linguistic issue associated with large neural networks, advocating, much like the probabilistic subcriticality addressed in Chapter 4, small neural circuit segregation.

14.2Quantum set intersection

Quantum set intersection has been shown to provide a general platform for associative memory through pattern equilibrium, pattern completion and pattern correction (Salman and Baram, 2012). Consider two sets of marked states, K of size k and M of size m, and two corresponding oracles fK and fM satisfying



	[image: image]

	(14.1)





and
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	(14.2)





with phase oracles IK and IM, respectively. The intersection set of K and M can be found by the following alternating Grover algorithm:

Iterative intersection set search procedure

Given phase oracles IK, IM

Denote QK ≡ −HI0HIK, QM ≡ −HI0HIM

Let |Ψ〉 = H|0〉⊗n

Repeat |Ψ〉 = QK |Ψ〉, |Ψ〉 = QM|Ψ〉, T = O [image: image] times

Measure |Ψ〉

It can be shown (Salman and Baram, 2012), that, following O([image: image]) iterations, the above iterative intersection search procedure finds members of the intersection set with probability which is asymptotically close to 1. The above search procedure assumes that the size of the intersection set, r, is known in order to determine the number of iterations. In the more general case where r is unknown a modification for an unknown number of marked states can be employed (Boyer et al., 1996).

The following result (Salman and Baram, 2012, Theorem 1) yields an upper bound on the probability of measuring a state in the intersection K ∩ M.

Let IK and IM be phase oracles that mark two sets of n-qubit states K and M with |K|, |M| ≪ N. Let us denote |K| = k, |M| = m, |K ∩ M| = r,
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	(14.3)





and |Ψ(t)〉 = QTH|0〉. Then, the maximal probability of measuring a state in the intersection K ∩ M is achieved at
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	(14.4)





where

[image: image]

Equation (14.3) implies that the number of iterations can be approximated by
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	(14.5)





Further analysis shows (Salman and Baram, 2012, Theorem 2) that the maximal probability of measuring a marked state in K ∩ M is approximately 1 when |K|, |M| ≪ N and N is large.

14.3Quantum associative memory

Associative memory has been perceived as a mechanism which retrieves a stored information object when probed by a like object. The process of such association may involve pattern completion or pattern correction, which, in the quantum context addressed here, will involve the quantum set intersection mechanism specified earlier.

14.3.1Pattern completion

Let IM be a phase oracle on a set M, called the memory set, of m n-qubit patterns and let x′ be a version of a memory pattern x ∈ M with d missing bits. It is required to output the pattern x based on IM and x′. The partial pattern is given as a string of binary values 0 and 1 and some unknown bits marked “?”. Denoting the set of possible completions of the partial pattern K and its size k, the completion problem can be reduced to the problem of retrieving a member x of the intersection between two sets K and M, x ∈ K ∩ M. For example, let M = {0101010, 0110100, 1001001, 1111000, 1101100, 1010101, 0000111, 0010010} be a 7-bit memory set of size 8 and let “0110?0?” be a partial pattern with two missing bits, so the completion set is K = {0110000, 0110001, 0110100, 0110101}. Pattern completion is the computation of the intersection between K and M, which is the memory pattern 0110100. Pattern completion can use, then, the following procedure:

Iterative pattern completion procedure

Given a memory phase oracle IM and a pattern x ∈ {0, 1}n, which is a partial version of some memory pattern with up to d missing bits.

Create the completion phase oracle IK.

Apply the intersection set search procedure with IM and IK.

14.3.2Pattern correction

Let IM be a phase oracle on a memory set M of m n-qubit patterns and let x′ be a version of a memory pattern x ∈ M with d faulty bits. We are required to output the pattern x based on IM and x′. The set K of possible corrections of the faulty pattern consists of all patterns within Hamming distance d from x′. The correction problem can be reduced to the problem of retrieving a member x of the intersection between two sets K and M, x ∈ K ∩ M. For example, let M = {0101010, 0110100, 1001001, 1111000, 1101100, 1010101, 0000111, 0010010} be a 7-bit memory set and let “0110001” be the input pattern with two possible errors. The correction set K consists of all patterns that are in Hamming distance up to 2 from x. Pattern correction should then retrieve the memory pattern 0110100. Employing the quantum intersection mechanism we obtain:

Iterative pattern correction procedure

Given a memory phase oracle IM and a pattern x ∈ {0, 1}n, which is a faulty version of some memory pattern with up to d faulty bits.

Create the correction phase oracle IK.

Apply the iterative intersection search procedure with IM and IK.

A generalization of both the pattern completion and the pattern correction procedures for the case of unknown number of possible corrections is straightforward using quantum search for an unknown number of marked states (Boyer et al., 1996).

14.4Associative memory capacity results

The derivation of most of the following results follows directly from earlier quantum computational analysis (Salman and Baram, 2012).

14.4.1Time complexity

As noted above (Eq. (14.5)), the time complexity of the retrieval procedure with either pattern completion or correction abilities is determined by the complexity of the quantum intersection algorithm and the complexity of the completion and correction operators, yielding, in both cases
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	(14.6)





iterations.

14.4.2Equilibrium storage capacity

The equilibrium capacity of the quantum associative memory is
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	(14.7)





as every memory pattern of size n in a memory set M of size m ≤ N is an equilibrium state, that is, if Qx = −HI0HIx, T = [image: image] and |Ψ(T)> = QxTH|0〉, then
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This, as noted before (Salman and Baram, 2012), is a direct consequence of Grover’s algorithm (Grover, 1996) and the results obtained by Boyer et al. (1996) concerning the ability to find any member of the size N database with probability close to 1.

14.4.3Completion capacity

Given a pattern x′, which is a partial version of some memory pattern xc with d missing bits, we seek the maximal memory size, for which the pattern can be completed with high probability from a random uniformly distributed memory set (McEliece et al., 1987; Baram, 1991; Baram and Sal’ee, 1992). The completion capacity is bounded from above by two different bounds. The first is a result of Grover’s quantum search algorithm limitations and the second is a result of the probability of correct completion.

Grover’s operator flips the marked states around the zero amplitude (negating their amplitudes) then flips all amplitudes around the average of all amplitudes (Biham et al., 1999). Amplification of the desired amplitudes occurs only when the average of all amplitudes is closer to the amplitudes of the unmarked states than to the marked states. This imposes the following upper bound on the memory size:
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The following result (Salman and Baram, 2012, Theorem 3) gives an upper bound on the capacity for pattern completion with high probability: An n-bit associative memory with m random patterns can complete up to d missing bits on average when m ≤ 2n−d with probability higher than [image: image], where v = m/2n−d.

Figure 14.1 shows that the lower bound on the probability of successful completion with approximation by only three terms of the sum in [image: image] as a function of υ is higher than 75% for all possible sizes of a non-empty memory within the capacity limits. The resulting completion capacity bound Mcom(d) = 2n−d agrees with the result for the equilibrium capacity, since Mcom(0) = 2n = N = Meq.

[image: image]

Figure 14.1.Success probability of pattern completion vs. v ≡ υ = m/2n−d (Salman and Baram, 2012).

The following result (Salman and Baram, 2012, Theorem 4) gives an upper bound on the capacity for pattern correction with high probability: An n-bit associative memory with m random patterns can complete up to d missing bits on average when [image: image] with probability higher than (v/(ev − 1)) [image: image], where v = m/2n−d.

The various capacities presented are exponential in n under the assumption d ≪ n. However, an increase of m beyond the capacity bound results in a decay of the correct completion probability, as depicted in Fig. 14.2. It can be seen that it is more likely to find the correct completion than not to find it as long as υ < 2. In addition, the model can also output a superposition of a number of possible outputs, by skipping the final measurement operation associated with quantum computation. This is not true for most classical memory models where spurious memories arise and the output is usually not a memorized pattern, but, rather, some spurious combination of multiple memory patterns (Hopfield, 1982; Bruck, 1990; Goles and Martínez, 1990).

[image: image]

Figure 14.2.Pattern correction probability versus v ≡ υ = m/2n−d. For 0 < υ < 1, the probability is above 75% and for v < 2 is above 50% (Salman and Baram, 2012).

It is interesting to view the above capacity results from a linguistic graph-theoretic viewpoint. In both the cases of pattern completion and pattern correction, a small value of v = m/2n−d, where m is the number of edges, n is the number of nodes and d is the number of incomplete, or incorrect, edges, yields a high probability of successful completion or correction. This is visually illustrated in Figs. 14.1 and 14.2, respectively. As noted in earlier chapters of this book (in particular, Chapter 4), classical considerations suggest that a large n implies a large m (many nodes imply a highly connected graph). Applied to the present quantum computational analysis of neural circuits, the quantum computation results yield a conclusion which, in the contexts of pattern completion and correction, is similar to that reached by classical graph theoretic considerations: small segregated neural circuits, representing short words, are more efficient than large circuits, yielding high capacities of linguistically plausible information.

14.5Numerical examples and simulations

Following previously presented examples (Salman and Baram, 2012), let us first consider an associative memory of 10 qubits. We have randomly chosen a set of 50 patterns M out of the possible 1,024 to be stored in memory. We also chosen two partial patterns, each with 4 missing qubits, yielding two completion sets K1 and K2 of 16 possible completions each. We chose K1 and K2 such that they have one and two completions in memory respectively. Figure 14.3(a) shows the memory set, where each vertical line represents a memory pattern, and Fig. 14.3(b) shows the completion set K1 in the same manner. The amplitudes of the final state of the completion algorithm are shown in Fig. 14.3(c), where the only possible memory completion has amplitude close to 1. Figure 14.4 shows the high amplitudes of the two possible memory completions when the completion set is K2.

As can be seen, applying our algorithm to both completion sets amplified the states that are possible completions in memory. The amplitudes of the desired states reached up to 96.76% in the first case and 68.44% in the second case for each one of the two high amplitudes. Therefore, the probability of measuring the correct completion in the first case is 93.62% and the probability of measuring one of the two correct completions in the second case is 93.67%.

[image: image]

Figure 14.3.(a) A set of memory patterns M (b) a set of possible completions K1 to a partial pattern, and (c) the memory completion result in amplitudes (Salman and Baram, 2012).
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Figure 14.4.(a) A set of memory patterns M (b) a set of possible completions K2 to a partial pattern, and (c) the memory completion result in amplitudes (Salman and Baram, 2012).

Another simulation was carried out on a 10 qubits associative memory with 27 memory patterns and completion queries with 3 missing bits. The behavior of the different subgroups of the basis states is schematically described in Fig. 14.5 for a series of iterations with the completion operator Q of Eq. (14.3). Each amplitude value indicated represents the amplitudes of all the basis states that belong to the corresponding subgroup. It shows the amplification of states in the intersection group K ∩ M and in NOT(K ∪ M) alternatingly, while the amplitudes of states in K\M and M\K stay close to zero.

We have also tested our algorithms with a larger number of qubits in order to verify that the success rate of retrieval grows asymptotically to 1 as the number of qubits grows. For instance, we tested a 30 qubit system with 225 memory patterns and a completion query that has 8 missing bits. We tested different completions of 8 missing bits so that the intersection set size varied from 1 to 10 patterns. Our algorithm found a member of the memory completion set with probability 96.8%. Increasing the memory size to 226 and 227, and thereby bringing the capacity close to its limit resulted in completion probabilities of 93.5% and 86.7%, respectively. Figure 14.6 depicts the success rates of pattern completion in a 30 qubit system. The solid line in Fig. 14.6 depicts the success probability versus the logarithm of the size of memory with completion queries set to 8 missing bits and the number of possible memory completions set to 1. The dashed line depicts the success probability versus the logarithm of the completion query size when the memory size is set to 225 patterns and the number of possible memory completions set to 1. The dotted line depicts the success probability versus the logarithm of the number of possible memory completions when both the memory size and the completion query size are set to 225. The dash-dotted line depicts the success probability versus the number of qubits in the system (growing from 5 to 30 qubits) when the memory size, the completion query size and the number of possible memory completions are small constants.
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Figure 14.5.Simulation of a series of iterations of the completion algorithm. The graph shows the different behavior of the different subgroups of basis states. K is the completion set and M is the memory set. The memory completions and the non-completions of memories are amplified alternatingly, while the amplitudes of K\M and M\K subgroups stay close to zero (Salman and Baram, 2012).
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Figure 14.6.Success probability of measuring a desired memory completion versus the log of the memory size (solid), completion query size (dashed), possible memory completions (dotted), and number of qubits (dash-dotted), (Salman and Baram, 2012).

Figure 14.6 shows that the deterioration of the success probability versus the memory size or the completion query size is very slow. For instance, deterioration starts at memory size 226. Furthermore, the success probability increases when the number of possible memory completions (the size of the intersection set) grows towards the sizes of the completion query and the memory, which indicates that choosing a member of the intersection becomes easy (by randomly choosing a possible completion). Finally, the figure also shows that, as the number of qubits in the system grows, the success probability becomes asymptotically 1, which indicates that, practically, our algorithm produces the intersection when n ≫ 1.

14.6Comparison to other works

Quantum computation was previously applied to associative memory by Ventura and Martinez (2000), Ezhov et al. (2000), Howell et al. (2000), and, subsequently, by others. An algorithm based on the model developed by Ventura and Martinez (2000) was proposed by Arima et al. (2008). It was further developed by Arima et al. (2009) and analyzed by Miyajima et al. (2010). We analyze the two main algorithms (Ventura and Martinez, 2000; Arima et al., 2009) and show their differences with respect to the more recent one (Salman and Baram, 2012). The earlier algorithms are given in the following.

The algorithm proposed by Ventura and Martinez (2000)

Given phase oracles IM and IK

Denote QM = −HI0HIM and QK = −HI0HIK

Let |Ψ〉 = [image: image]

Apply QM QK to |Ψ〉

Apply QK to |Ψ〉 T = [image: image] − 2 times

Measure |Ψ

The algorithm proposed by Arima et al. (2009)

Given phase oracles IM and IK

Denote QM = −HI0HIM and QK = −HI0HIK

Let |Ψ〉 =  [image: image]

Apply QM QK to |Ψ〉 T times (T not specified)

Measure |Ψ〉

The algorithm proposed by Ventura and Martinez (2000) can find only a single marked state with high probability when the memory size m is close to (N/4) − 2, as shown by the solid line in Fig. 14.7. The probability of measuring this state reduces by a half when there are two marked states and only one of them is a memory pattern, as shown by the dashed line in Fig. 14.7, and so on.

The algorithm proposed by Arima et al. (2009) gives satisfying results only when the memory size exceeds N/4, which is exponential in the number of qubits, leaving the possibility of effective pattern completion only for 2 qubits or less. It is therefore not helpful for associative memory with pattern completion and correction abilities. The success probability of this algorithm versus the memory size is depicted in Fig. 14.8.

[image: image]

Figure 14.7.Success probability versus memory size |M| for the algorithm proposed by Ventura and Martinez (2000). Optimal results are achieved only when the memory size is close to N/4 (Salman and Baram, 2012).

Miyajima et al. (2010) added a control parameter to tune the algorithm, changing the memory size for which the maximal amplitude is achieved. The algorithm is presented only for one marked state with no completion and correction abilities. The time complexity and stopping criteria were not stated by Arima et al. (2008) and were later found to be O([image: image]) (Arima et al., 2009; Miyajima et al., 2010).

In contrast to the two algorithms noted earlier, our pattern completion procedure (Salman and Baram, 2012) presented in Section 14.3.1 achieves high success probability all the way up to memory size N/4, as depicted in Fig 14.9. Furthermore, both the earlier two algorithms noted earlier need to initialize the system at a superposition of the memory states
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Figure 14.8.Memory size versus success probability in the algorithm proposed by Arima et al. (2009). Satisfactory results are achieved only when the memory size exceeds N/4 (Salman and Baram, 2012).

[image: image]

Figure 14.9.Success probability versus memory size |M| in completion and correction procedures (Salman and Baram, 2012).

which presents two difficulties: (i) the time complexity of initialization when the memory size is large and (ii) the need for repeated initialization upon every application of the memory. The latter is important as it adds an exponential factor to the query time, for either completion or correction, and an exponential addition to the single query time when amplitude amplification is needed. Amplitude amplification ensures that we pick the correct pattern with probability 1 by performing the algorithm multiple times. Our algorithm’s initialization, on the other hand, does not depend on the memory patterns.

14.7Discussion

Noting that the main ingredients of quantum search, namely, the Grover iterator (Grover, 1996) and the corresponding phase oracle, seem to be facilitated by neurophysiological processes (Clark, 2014), we have presented here an associative memory model (Salman and Baram, 2012) that might prevail in the cortical domain. The proposed model, applying not only to quantum pattern equilibrium stability but also to quantum pattern completion and quantum pattern correction, is based on a quantum set intersection version of the Grover search algorithm. It has been shown to remove severe limitations on the performance and capacities of earlier propositions based on the Grover principle.

Beyond high information capacities, and considerable reduction in processing time, we have shown, in the context of this book, that the quantum computation approach to associative memory also resolves the linguistic issue associated with large neural networks. Specifically, we have shown that, much like the probabilistic subcriticality associated with random graphs discussed in the first chapters of this book, the quantum approach yields much higher success probabilities for small neural circuits than for large neural circuits. Given the common convention of separation between classical and quantum mathematics, this point of meeting between the two seems to be rather unexpected. As the benefit of quantum computation appears to lie in the transformation of the final measurement into classical mathematics results, we return, in the rest of this book, to the classical domain.


Part IV

Sensorimotor Control


Chapter 15

Circuit Polarity in Sensorimotor Control

15.1Introduction

The functional role of cortical polarity will be demonstrated in this chapter by examining the correspondence between vision and movement, which will also be the theme of the following two chapters. Vision and movement combine to generate a valuable source of information termed optical flow, facilitating accuracy and safety in a fundamental natural behavior, namely, movement. Here, we consider two aspects of such behaviors, obstacle detection and object targeting. While the goals in the two scenarios seem rather contradictory, one aimed at avoiding collision with an object, the other aimed at meeting it head on, the sensorimotor mechanisms governing the two actions will be shown to share key features. Specifically, common to both cases is the process of sensing an expansion of an object’s visual image, which is generated by retinal and, accordingly, visual cortex circuit polarization, instigated by local edge detection (Marr and Hildreth, 1980). Moreover, both cases represent a process of circuit firing dynamics, termed diffusion, which describes the propagation of sensation-induced neuronal polarization propagating across a neural circuit. Interestingly, the optical flow, or diffusion information, generated in the two cases is used for different calculations. The first being the imminence of collision, which may produce immediate voluntary stoppage; and the second that of the local direction of motion, which will produce an optimal trajectory of motion for visual object targeting.

15.2Obstacle detection

The detection of an imminent collision is obviously crucial to safe autonomous motion. The underlying sensorimotor control system is generally depicted in Fig. 15.1, where a motion command is cortically transmitted to the motor lobe, which initiates the process of motion. Movement with respect to an imminent obstacle is sensed by the eyes and cortically fed back to the motor system which generates an augmented motion command so as to avoid the obstacle. Range, direction and time to contact can be extracted from the optical flow, generated on the eye retina of a moving observer by the relative motion of the image of a rigid body (Panzeri et al., 2009; Koenderink and van Doorn, 1986; Davies and Green, 1990). Such visual information may be used as a feedback signal to the motor system for generating a collision-free motion trajectory (Baram, 1996). A textured surface induces local divergence in the optical flow, which is inversely proportional to the time to contact (Nelson and Aloimonos, 1989).

The average divergence over the projected image may be obtained by integrating local optical flow measurements along the contour of the projected image, which may be approximated by the state of a locally connected diffusion network (Ringach and Baram, 1992, 1994). Similar networks have been proposed for filling-in of brightness, color and depth in vision (Grossberg and Todorovic, 1988). The resulting average divergence of an object is equivalent to the expansion rate of its projection on the image plane.

The obstacle projection geometry is shown in Fig. 15.2. A focal point O, representing the observer’s location, is connected to a point P on an obstacle. An image plane, representing the retina, is placed at a certain distance from the focal point, perpendicularly to the line OP, which intersects the image plane at point p. The points of the obstacle’s boundary are connected to the focal point by straight lines and the projected image of the obstacle is defined by the intersection of these lines with the image plane. Let (X, Y, Z) be a Cartesian coordinate system with origin at the focal point O and let (x, y) be a coordinate system in the image plane, with origin at point p. Let the relative velocity of the observer, located at O, with respect to the obstacle be given by V = (VX, VY, VZ). Normalizing the velocities, [image: image]) = (VX, VY, VZ)/D, where D is the distance between O and P, the optical divergence at a point p on the contour of the obstacle’s projection on the image plane is given by Ringach and Baram (1992, 1994)
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	(15.1)





where v(p) = (u, υ) is the velocity of p, and ux and υy are the respective partial derivatives in the x and y directions and where Fx and Fy are the slopes of the obstacle face with respect to the X and Y directions. It can be seen that in a steady walk forward at a constant velocity Vz with Vx = Vy = 0, the local divergence is inversely proportional to the time to contact with the obstacle (t = D/Vz = 1/Ψ(p)). When the observer looks at a point on the obstacle well ahead and walks steadily, both Vz and [image: image]F are non-zero. Imminent collision will cause abrupt changes in Vz and Fy, increasing both.

[image: image]

Figure 15.1.Feedback sensorimotor control system.
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Figure 15.2.Obstacle projection geometry (Baram, 1999).

As has been observed, the local divergence represented by Ψ(p) is a rather noisy signal, when derived from real images and must be averaged over the projected image of an object (Koenderink and van Doorn,1986; Prazdny, 1983; Nelson and Aloimonos, 1989). For an untextured object, Ψ(p) may be integrated along the contour of the object’s image, an operation which can be cortically replaced by a diffusion process (Ringach and Baram, 1992, 1994). Let R denote the projection of the obstacle on the image plane, let A(R) denote the area of the projected image and let ∂R denote the projected boundary of the object. Further let ds and dℓ denote infinitesimal elements of R and ∂R, respectively. Then the average divergence of the points of R is
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where υn(p) is the velocity normal to the edge at p. We see that Φ(R) can be calculated from the component of the velocity normal to the boundary and that it represents the relative rate of expansion of the obstacle’s image. The averaging action in Eq. (15.2) suggests that the noise in Ψ(p) will be largely eliminated and that Φ(R) will be a more accurate measure of the reciprocal time to contact with the obstacle. As before, it should be noted that, in a steady walk, Φ(R) represents a certain rate of net optical flow through the obstacle’s image, used as a reference signal in the feedback control system. Consequently, the time to contact with the obstacle, as measured by the inverse of the average divergence, reduces approximately at a linear rate, equal to the forward velocity.

This implies that the average divergence, or the net optical flow signal, increases at a rate which is inversely proportional to the forward velocity.

It has been shown (Ringach and Baram, 1992, 1994) that the calculation of Φ(R) is approximated by the final state of a network of locally connected array of cells, implementing a discrete diffusion process. Similar processes were previously proposed for performing other vision functions (Grossberg and Todorovic, 1988). Assuming a two-dimensional grid arrangement of cells as the one depicted in Fig. 15.3, the cell in position i at time (k + 1)Δt, where Δt is some time interval, performs the calculation



	[image: image]

	(15.3)





where C(i) is the group of neighboring cells connected to the i’th cell and |C(i)| is the number of cells in that group. This discrete diffusion process is initialized by zero everywhere but at the cells on the boundary of the image, which take the values (Marr and Hildreth, 1980)
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where It, Ix and Iy are the partial derivatives of the image light intensity with respect to t, x and y, respectively.

[image: image]

Figure 15.3.A locally connected network for calculating size change by diffusion. Cells within the image boundary have a positive polarity while cells outside the boundary have a negative polarity (Baram, 1999).

Cells within the boundary of the image (represented either by retinal receptors or neurons within the visual cortex domain), turned on by the passing edge and forming a circuit of positive membrane polarity, are active, while cells outside the image are silent, having a negative membrane polarity. It has been shown that, for a large number of nodes, the network is resistant even to a high rate (nearly 50%) of connectivity failures (Ringach and Baram, 1992).

Clearly, obstacle avoidance would be achieved by a change of walking pace and/or a change in the direction of movement. Achieving the opposite goal of target encountering is addressed next.

15.3A bird’s eye view on the descent trajectory

When a bird descends towards a point on the ground for the purpose of landing or preying, it should be able to distinguish a three-dimensional object, constituting an obstacle or a target, from its two-dimensional background (Baram, 1996). Extraction of time to contact from optical expansion have been reported and mechanisms for such calculations have been proposed (Nelson and Aloimonos, 1989; Davies and Green, 1990; Ringach and Baram, 1994). The simultaneous expansion of a background image can make target detection difficult. On the other hand, a fast contraction of the background would make it difficult to keep a check of the target location. As we show next, local optimization of the descent scenario facilitates a motion contrast between the optical images of a three-dimensional object and its two-dimensional background, keeping the background contraction rate to a minimum while maximizing the target image expansion, making the distinction between the two relatively easy.

Consider first a three-dimensional target at ground level and an observer, descending along a certain line, as shown in Fig. 15.4. The observer’s image of the target is represented by the viewing angle μ, which increases monotonically, as long as the observer’s altitude is greater than the height of the target. When the target is replaced by a flat background patch, as shown in Fig. 15.5, the viewing angle of the background patch, θ, will exhibit a different mode of behavior. Denoting the width of the background patch a, its horizontal distance from the observer x, and the observer’s altitude h, θ may be written as the difference
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where β1 and β2 are the angles between the vertical to the ground at the observer’s location and the straight lines connecting the observer to the far and near ends of the patch, respectively. We have
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hence
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Denoting further, b = x − h/ tan α, where α is the descent angle,
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which relates θ to h along the line of descent, yielding a single maximum for θ at
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Figure 15.4.Target and observer geometry (Baram, 1996).

[image: image]

Figure 15.5.Flat background patch and observer geometry (Baram, 1996).

The image of the background patch can be made to expand, contract, or remain stationary, by choice of the descent angle α. Contraction or stationarity of the background’s image will create a desirable contrast for the target’s image, which keeps expanding in the vertical dimension. The greater α is, the faster is the background contraction rate. However, in order to minimize the length of the descent trajectory, α should be as small as possible.

Selecting α locally, so that the size of h along the trajectory, as represented by Eq. (15.9) provides the maximum viewing angle θ of the background patch, will guarantee a maximal view of the background without losing the contrast between the target and its background. It might be further noted that, as in the case of obstacle detection discussed earlier, the image of the target is enhanced by an increase in the number of activated retinal and visual cortex cells, polarized positively by diffusion, as implied by image expansion, whereas the image of the background is progressively, albeit at minimal rate, silenced by negative polarization of the corresponding vision cells.

Taking h = h* with b = x − h/tan α and solving Eq. 15.8 for α, we obtain
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The descent trajectory may be calculated for a background patch of a certain standard size, say a = 1 (equivalently, all lengths may be assumed, without loss of generality, to be given in units of a). It will then take the form



	[image: image]

	(15.11)





which together with the initial condition (x0, h0) defines the descent trajectory.

Our analysis was based on the assumption that the local descent angle α is greater than tan−1(h/x). This is clearly a necessary condition if the observer is to meet the target, with α changing monotonically. It follows from Eq. (15.11) that, for the latter condition to hold at the initial point of the trajectory, we must have h0 ≤ x0. If this is not the case, the ratio x/h must be increased to 1 first. A bird may simply drop straight down to the point h = x letting gravitation alone take effect. Then, spreading wings, it may follow the trajectory represented by Eq. (15.11).

Trajectories are shown in Fig. 15.6 for h0 = 50 with x0 = 50 (red), x0 = 100 (blue) and x0 = 200 (green). In the first case the initial descent is implemented by a drop straight down. It can be seen that in all cases a nice descent trajectory, ending at the target location, is attained.

It might be noted that the trajectory that maintains a constant viewing angle of the background patch in a global sense is the relevant part of the circle which passes through the initial location of the observer and the two ends of the patch. There are, however, two major problems associated with flying along such a circular trajectory: it cannot be calculated locally from optical measurements alone, and it intersects the ground at a non-zero angle (which might have a disagreeable effect on any bird). In contrast, the proposed trajectory can be derived locally by simply varying the descent angle until the viewing angle appears stationary. In terms of Fig. 15.6, the boundary of the image is replaced by that of the background patch viewed by the bird, and the diffusion process, causing changes in cell polarity stops. Such local stationarity allows a gradual decay of the viewing angle. More importantly, the descent angle safely nullifies at zero altitude.

[image: image]

Figure 15.6.Descent trajectories for different initial conditions (Baram, 1996).

15.4Discussion

Movement execution is perhaps the most fundamental task of the brain. Movement has been associated with enhanced neurogenesis, as well as learning and memory (van Praag et al., 1999). Examining two specific natural movement tasks, one aimed at obstacle avoidance, the other aimed at object targeting, we have shown that neural circuit polarity, controlled by the optical flow generated by movement, yields biologically-driven mechanisms for performing both tasks. At the heart of both mechanisms — controlling safe and accurate movement by visual feedback — is the neuron’s ability to change its polarity, turning a seemingly complicated computational task into a simple natural reality. It is the realization of the underlying natural process which has made it possible to improve movement in the neurologically impaired, as described in the following sections.


Chapter 16

Autonomous Gait Entrainment in the Neurologically Impaired

16.1Introduction

The previous chapter presented a cortical process which, by diffusive neuronal polarization, propagates sensory information to achieve a natural movement objective, e.g., obstacle avoidance or prey targeting. We now show that harnessing such abilities can produce significant medical benefits for the neurologically impaired. A seminal study (Martin, 1967) and subsequent clinical tests (Bagley et al., 1991; Morris et al., 1996; Azulay et al., 1999) have shown significant improvement in gait parameters of patients with Parkinson’s disease (PD) walking over transverse lines drawn on the ground. Early attempts to generate such visual cues by virtual means have resulted in open-loop systems that impose a constant walking speed on the patient by a constantly moving visual cue (Prothero, 1993; Weghorst et al., 1994; Riess and Weghorst, 1995) or a geometrically patterned treadmill (Hanakawa et al., 1999). A comparison of open-loop visual cuing by virtual means to transverse line markings on the ground (Griffin et al., 2011) has found the first to have a marginal effect and the second to have a significant positive effect on gait parameters in PD patients. Subject-stationary visual cues (Lewis et al., 2000) represent another unnatural imposition where the image moves in the same direction as the subject, which stands in contrast to the opposite motion of an earth-stationary image. External open-loop auditory entrainment of gait — where a rhythmic sound is imposed on the patient in a metronome-like fashion — has been studied (Kritikos et al., 1995; Thaut et al., 1996; McIntosh et al., 1997; Howe et al., 2003; Niewboer et al., 2007) and reasoned on neurobiological grounds (Thaut et al., 2014). Yet, there is a need for constant vigilance and attention strategies to prevent reversion to impaired gait patterns caused by repetitive stimuli (Morris et al., 1996). It has been further suggested that external rhythmic entrainment instigates dopamine reward (Miendlarzewska and Trost, 2014; Salimpoor et al., 2015) that supports open-loop intervention. However, open-loop control is known to be inherently unstable, with potentially disastrous consequences due to error accumulation (Kuo, 1981). In sharp contrast, closed-loop feedback systems can regulate and stabilize otherwise unstable dynamics (Kuo, 1981) when correctly designed. Analysis has shown that walking over earth-stationary visual markings constitutes a closed-loop feedback control system which stabilizes and regulates gait (Baram, 1999). Portable virtual realization of autonomous gait entrainment by sensory feedback, facilitated by the gradual miniaturization of sensing, computation and display technologies, has led to the development of a closed-loop sensory feedback device for gait improvement in the neurologically impaired (Baram, 2004). While the effect created by the device is similar to that created by walking on a real floor with visual markings, the virtual earth-stationary visual markings are location-independent as the patient is, in principle, free to go anywhere, making such entrainment completely autonomous.

We employ analytic and experimental findings in demonstrating and explaining the fundamental differences between external and autonomous entrainment. From a control-theoretic viewpoint, the difference between open and closed-loop control systems entails the difference between dynamic stability and instability. From the viewpoint of human cognition, the difference between dependence and independence is the difference between apathy and regression, on the one hand, and novelty and vigilance, on the other. Reviewing clinical studies of external and autonomous gait entrainment in neurological patients, we employ the control theoretic and the human cognition contexts to explain the differences between the resulting gait parameters. Significant gait improvement by autonomous visual and auditory entrainment in patients with PD, typically suffering from basal ganglia dopamine depletion, asserts previous findings that pre-disease learning of reward-seeking behavior can replace actual reward. This effect is also expressed by residual gait improvement, lasting beyond actual entrainment. A change from one-dimensional (transverse lines) to two-dimensional (checkerboard tiles) geometry in autonomous visual entrainment, shown to produce higher novelty and vigilance, is found to result in a particularly high gait improvement in patients with Multiple Sclerosis (MS). We close with a review of clinical studies on autonomous gait entrainment in a variety of neurological disorders, specifically, PD, MS, Cerebral Palsy (CP), Senile Gait (SG) and Previous Stroke (PS). These studies show, on average, pronounced improvement in gait, demonstrating the transformative nature of autonomous gait entrainment across neurological disorders.

16.2The edge of autonomy in visual feedback

An examination of the natural sensorimotor control system underlying human locomotion with respect to visual scenery reveals that it is the physical motion of the body which generates the visual cue and not the other way around (Baram, 1999). This observation is crucial to understanding the difference between external entrainment and autonomous entrainment of gait and its cognitive effect on movement (Baram, 2009). The first represents a control system operating in open-loop, the second a closed-loop feedback control system. The two control paradigms are illustrated in Fig. 16.1. In external entrainment, a visual cue moving at a constant speed, and/or a rhythmic auditory cue are generated artificially and fed through the eyes and/or the ears to the cortical motor lobe, which activates the limbs so as to respond to the sensory cues. On the other hand, in autonomous entrainment an artificial realization of the natural sensorimotor control system is a closed-loop feedback system, where the generation of the sensory feedback cue is controlled and regulated by the body movement caused by locomotion. The resulting motion of the visual cue and the rhythm of the auditory cue are matched to the motion of the body, which is normally matched to the steps performed by the legs. When there is no motion of the body, there is no sensory cue.
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Figure 16.1.Autonomous versus external entrainment of gait: the difference between open and closed-loop sensorimotor control.
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Figure 16.2.(a) Autonomous entrainment device and (b) walking with the device (Baram, 2009).

Depicted in Fig. 16.2, a wearable sensory feedback device, employing inertial sensors, an adaptive filter and a microprocessor contained in a belt-mounted cellphone-size box, is connected to a see-through micro-display, generating an earth-stationary visual feedback cue in response to the body motion. In addition to the visual feedback cue delivered by the display, the device also produces an auditory feedback cue in the form of a clicking sound delivered through earphones in response to every step taken by the patient. In contrast to open-loop, metronome-like devices, which attempt to impose a walking pace on the patient by a constant auditory cue, the feedback device produces an auditory cue matched to the walking pattern. A balanced steady walk will generate a rhythmic auditory cue. Any deviation from such a gait pattern will result in a deviation from the auditory rhythm and will be corrected by a change of the gait pattern in a feedback fashion. The head-mounted display and earphones bring the sensory feedback signals closer to the sensors — the eyes and the ears, making the sensory effect more pronounced, easier to follow and to learn. An open-loop capability, producing constant movement of the visual cue and a constant rhythmic auditory cue, was also added to an early version of the device for experimental comparison purposes.

The safety of autonomous gait entrainment is ratified by control theoretic considerations: closed-loop feedback systems are inherently stable when correctly designed due to error correction, while open-loop, externally driven, systems are inherently unstable hence unsafe, due to error accumulation (Kuo, 1981). As can be seen from Fig. 16.1, while error correction (hence, stabilization) is made possible by the sensory feedback path of autonomous entrainment, it cannot be implemented by the open-loop (no feedback) system of external entrainment.

It has been suggested by Jenkinson and Brown (2011) that the level of beta frequency activity in basal ganglia neurons provides a measure of the likelihood that a new voluntary action will be actuated. The frequency level of this activity is modulated by the level of dopamine discharge at sites of cortical input, which are in turn modulated by salient internal and external cues. These insights suggest that autonomous entrainment of gait is more highly rewarded by dopamine discharge than rhythmic external cues. It is interesting, then, to compare clinical findings on the effects of external rhythmic entrainment and autonomous entrainment of gait in patients with PD, suffering from dopamine depletion in basal ganglia neurons.

A study of visual entrainment of gait in patients with PD (Baram et al., 2002) has compared the effects of external (open-loop) constant entrainment and autonomous (closed-loop) feedback entrainment. Patients were off their regular medication (hence, without dopamine enhancement drugs) for 12 hours. The study found that patients who used external entrainment improved their gait on average by 13.8% in walking speed and by 15.0% in stride length (for comparison purposes, we present only first-order statistics). Two of the patients went into freezing of gait midway when using external entrainment. Patients who used autonomous entrainment improved their gait on average by 25.7% in walking speed and by 30.8% in stride length. In addition to doubling the level of improvement in gait parameters with respect to external entrainment, none of the patients employing autonomous entrainment experienced freezing of gait. A subsequent study of autonomous visual gait entrainment in patients with PD on their regular medication (Badarny et al., 2014) found similar on-line and short-term (following 15 min rest and then walking without the device) residual improvement. Residual effects of visual feedback entrainment by markings on the ground have been reported as well (Morris et al., 1996).

It has been suggested that external open-loop entrainment instigates dopamine reward (Miendlarzewska and Trost, 2014; Salimpoor et al., 2015), seemingly supporting open-loop intervention. However, as shown by the earlier mentioned clinical results, external entrainment also results in adverse effects despite having some positive effects on some of the patients, such as freezing of gait in patients with PD. These mixed results may be characterized as the “double-edged sword” of external entrainment.

16.3The edge of auditory feedback

Application of external, open-loop, rhythmic (metronome-like) auditory entrainment (Nieuwboer et al., 2007) was found to increase or decrease walking speed in patients with PD on their regular medication schedule according to changes in the rhythm frequency above or below their preferred pace, respectively. At the same time, stride length has not been found to be significantly affected by such changes, or by external auditory cuing altogether. At the preferred pace, open-loop rhythmic auditory cuing has been reported to result in 4.2% average improvement in the posture and gait (PG) score, combining walking speed and stride length among a variety of posture and gait measures (Nieuwboer et al., 2007). A study of the effects of autonomous auditory entrainment on gait in patients with PD on their regular medication schedule (Baram et al., 2016) found on average 12.37% improvement in walking speed and 4.30% improvement in stride length with respect to baseline performance. This study has also found a pronounced short-term residual effect of auditory autonomous entrainment in both walking speed (9.1%) and stride length (6.5%). In contrast, external open-loop rhythmic auditory entrainment has been found to have no functional carry-over effects (Nieuwboer et al., 2007).

16.4Dopamine reward and reward-seeking: The edge of memory

It has been hypothesized that dopamine neurotransmission, highly evidenced in limbic areas of the basal ganglia (Di Chiara et al., 1992), elicits exhilaration or excitement in response to novel stimuli (Cloninger, 1987). The dopamine receptor gene D4DR has been linked to novelty seeking behavior (Ebstein et al., 1996; Benjamin et al., 1996). In the context of cognition, novelty has been associated with “the ability to think and act independently” (The Free Dictionary, 2018). While it has been suggested that seeking novelty — representing intellectual curiosity, aesthetic sensitivity and risk taking — is low in dopamine-deficient patients with PD (Menza el al., 1993), highly pronounced novelty-seeking behavior has been found in patients with PD, regardless of medication status (Djamshidian et al., 2011). Dopamine reward has also been associated with vigilance (Aston-Jones et al., 1994; Ikemoto, 2007), defined as “alert watchfulness” (The Free Dictionary, 2018). A highly insightful study (Jenkinson and Brown, 2011) suggests that the frequency level of beta-range neuronal activity in the basal ganglia is modulated by the level of dopamine discharge at sites of cortical input, which are, in turn, modulated by salient internal and external cues. Moreover, it suggests that the level of the beta-range frequency provides a measure of the likelihood that a new voluntary action will be actuated. Put in our context, this insight suggests that autonomous entrainment of gait is more highly rewarded by dopamine discharge than rhythmic external cues. Yet, dopamine depletion in basal ganglia neurons of patients with PD suggests that it may be reward-seeking, rather than actual dopamine reward, which comes into play in gait entrainment of patients with PD.

While movement has been widely associated with reward, specifically, dopamine discharge by basal ganglia neurons, movement improvement in PD patients suggests the existence of a bypass mechanism. Prior reward learning, possibly facilitated by earlier normal pre-conditioning or medication, provides response incentive without actual dopamine signaling (Wassum et al., 2011). In other words, learning to select responses that lead to reward results in reward-seeking behavior (Graef et al., 2010; Moustafa, 2010). As novelty and vigilance have been widely recognized as key proponents of dopamine reward, the level of dopamine reward or reward-seeking should correspond to the levels of novelty and vigilance. While neither novelty, nor vigilance, have generally accepted measurable manifestations, both seem to be intuitively well understood notions. In a cognitive perspective, novelty has been characterized as the ability to think and act independently (The Free Dictionary, 2018). In this respect, novelty does not seem to apply to external entrainment, which enforces a rhythmic auditory cue, or a constantly moving visual cue, on the patient. Indeed, it has been noted that the failure of external entrainment to produce satisfactory gait control in most patients is caused by the perpetual motion of the image, which, being unaffected by the patient, is eventually neglected (Morris et al., 1996). In sharp contrast, autonomous entrainment, allowing the patient to decide if and when to take a step and at what stride length and speed of walk, is an embodiment of independent, free-willed motion. Yet, vigilance appears to play a role in both external and autonomous entrainment, as both motivate a certain correspondence between step preparation and execution, on the one hand, and the presentation of a sound or an image, on the other. The unequal balance between novelty and vigilance in the two cases suggests that instigating both novelty and vigilance may present a much stronger case than external entrainment which instigates vigilance only, although both external and autonomous entrainments present cases for dopamine reward, or reward-seeking, autonomous entrainment.

16.5The edge of geometric dimension

Figure 16.3 shows the earth-stationary transverse lines geometry (a) and the checkerboard tiles geometry (b), with shoe markings. These indicate that the patient, by controlling stride-length, has reached a steady-state in which each step ends with a foot placed either between two consecutive transverse lines (in case (a)) or on a tile of a given color (white in case (b)). As the patient, employing either geometry for autonomous visual feedback, has the freedom to move on the floor in any direction, novelty will be visually expressed by edge-crossing or its avoidance. In the case of the transverse lines, edge-crossing can occur in the longitudinal direction only — perpendicularly to the direction of the transverse lines. On the other hand, in the case of the checkerboard tiles, edge-crossing can occur in two orthogonal directions: longitudinal and lateral. Novelty in the first case is one-dimensional, while in the second case it is two-dimensional. The vigilance required in the case of transverse lines is similarly one-dimensional, while the vigilance required in the case of checkerboard tiles is two-dimensional. A dopamine reward, if available, can be expected to be higher in the case of checkerboard tiles than in the case of transverse lines. Simply compare the perceived pleasure of drawing in one dimension to the one of drawing in two dimensions. Following the positive effects found in patients with MS subject to autonomous entrainment (Baram and Miller, 2006, 2007), a clinical study has compared the effects of walking over transverse lines to the effects of walking on checkerboard tiles in such patients (Baram and Miller, 2010). Two groups, each consisting of ten randomly selected patients on their regular medication were tested, one employing transverse lines, the other checkerboard tiles. The study found that while the average improvement with respect to baseline performance in the group employing transverse lines was 7.79% in walking speed and 7.20% in stride length, the average improvement in the group employing checkerboard tiles was 21.09% in walking speed and 12.99% in stride length.

It can be seen that the level of improvement in gait parameters, due to higher-dimensional visual feedback geometry found in patients with MS, increased significantly when the transverse lines geometry was replaced by the checkerboard tiles geometry. This can be attributed to the higher dimensionality of the novelty and the vigilance associated with the checkerboard tiles geometry. These findings were sufficiently conclusive for us to drop any further employment of the transverse lines geometry and adopt the checkerboard tiles geometry in all subsequent trials.

16.6The edge of polarity

As explained in Section 10.3, the image of a flat visual object placed on the ground can have a significant effect on movement. A tiled floor provides particularly rich information for gait entrainment in the neurologically impaired. Consider the tiled floor image depicted in Fig. 16.3(b). Walking across the tiles generates repeated visual edge crossing, which is detected by retinal sensors. While edge crossing initiates a retinal diffusion process, the color contrast between alternating tile images maintains different polarities of the corresponding retinal circuits, as depicted in Fig. 16.3(b). The visual polarity difference, transmitted from visual to motor cortical region, becomes a motor driving signal which, in turn, results in further gait entrainment. Disturbance in visual rhythm, as evidenced in first step depicted in Fig. 16.3(b), translated into disordered retinal diffusion, are eliminated by correction of gate pattern (represented by subsequent steps in Fig. 16.3(b)).
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Figure 16.3.Walking with transverse lines (a) and with checkerboard tiles (b) feedback. Following a few initial steps, the steps synchronize with the lines or the tiles. The transition from one-dimensional (a) to two-dimensional (b) novelty and vigilance results in lateral drift elimination.

16.7Transformative autonomous entrainment of gait across neurological disorders

Further studies on autonomous entrainment in patients with PD have found on-line and residual therapeutic effects following training with combined visual and auditory feedback (Espay et al., 2010; Espay, 2010), effects of “on” pre-dominant freezing of gait (Chong et al., 2011), on-line (Espay et al., 2013; Badarny et al., 2014) and short-term residual (Badarny et al., 2014) improvement by separate visual feedback, freezing predictability by gait initiation with visual feedback (Chong et al., 2015), and gait improvement by combined visual and auditory feedback in patients subject to deep brain stimulation (Souza et al., 2015). Studies of the effects of visual (Baram and Miller, 2006) and auditory (Baram and Miller, 2007) autonomous entrainment on patients with MS have found significant on-line and residual improvement in gait parameters.

Our exploratory studies in PD and MS, suggesting the transformative nature of autonomous entrainment (Baram, 2013b, 2017c), have led to studies of autonomous entrainment in other neurological disorders. Such disorders do not appear to have been approached by technologically-based gait entrainment before, apparently because they present a considerably larger variety of behaviors than patients with PD, and even patients with MS. Consequently, these disorders could not be addressed by external rhythmic entrainment but seemed to present a case for individual self-generated autonomous closed-loop feedback entrainment. The results of our clinical findings for autonomous entrainment in these disorders are now briefly reviewed.

Cerebral palsy (CP) has predominantly pre-natal causes and is symptomatically addressed at a young age. A study of patients with gait disorders due to CP (Baram and Lenger, 2012) found that, for patients training with visual feedback, the short-term residual improvement was 21.7% in walking speed and 8.72% in stride length. For CP patients training with auditory feedback, the short-term residual improvement was 25.43% in the walking speed and 13.58% in the stride length. Age-matched controls who trained with either visual or auditory feedback showed no improvement in gait parameters. A study of randomly selected old-age home residents suffering from senile gait (SG) without PD (Baram et al., 2010) showed that, in patients with baseline performance above the median, the average on-line improvement when using visual feedback was considerably higher (6.31% in walking speed and 6.41% in stride length) than in patients with baseline performance below the median (−0.72% in walking speed and 3.39% in stride length). Improvement in gait parameters was further shown to increase with the number of years of schooling. Patients with SG also suffering from PS (Baram et al., 2010), using on-line visual feedback, improved their walking speed or stride length or both by more than 10% on average. In patients with baseline performance above the median, improvement was considerably higher (13.2% in walking speed and 16.6% in stride length) than in patients with baseline performance below the median (−9.9% in walking speed and −7.7% in stride length).

16.8Discussion

Put in the context of cortical polarity, the findings reviewed and compared in this chapter unambiguously show that autonomous entrainment of gait by visual and/or auditory feedback is not only decisively safer, but also significantly more effective than external entrainment. Specifically, it is the difference in retinal sensor polarity generated by visual images which entrains the motor system in a feedback fashion. While external gait entrainment is a “double-edged sword” producing adverse effects such as freezing in patients with PD, autonomous entrainment comes without such adverse effects. While the motivation underlying the effectiveness of autonomous entrainment is dopamine reward, it is materialized in patients with PD lacking in dopamine reward by preconditioned or learned reward-seeking behavior. Underlying reward and reward-seeking are the cognitive attributes of novelty and vigilance. Novelty, cognitively characterized as the ability to think and act independently, can only materialize under autonomous entrainment and not under externally enforced entrainment. Geometrically defined with respect to edge crossing under visual feedback, both novelty and vigilance are more highly expressed in movement with respect to two-dimensional visual objects (notably, checkerboard tiles) than in movement with respect to one-dimensional visual objects (notably, one-dimensional transverse lines).

External entrainment represents an open-loop control system which is inherently unstable hence, unsafe for patient use due to error accumulation while autonomous entrainment constitutes a closed-loop feedback control system which is, by error correction, inherently stable and, hence, safe for patient use. Autonomous entrainment of gait by visual or auditory feedback produces significantly higher improvement in gait parameters than external entrainment. The level of improvement in gait parameters due to autonomous entrainment found in PD patients without dopamine supplement was higher than that achieved with dopamine supplement, indicating that the effect of learned reward-seeking behavior can be at least as high as that of actual dopamine reward. While external auditory entrainment of gait in patients with PD produced no residual effects, autonomous auditory entrainment in such patients has resulted in residual improvement, indicating that autonomous entrainment is more effective in learning reward-seeking behavior than external entrainment. The checkerboard tiles geometry, being two-dimensional, produces in autonomous entrainment significantly higher levels of novelty and vigilance, resulting in significantly higher improvement in gait parameters than the one-dimensional transverse lines geometry. The transformative nature of autonomous gait entrainment across neurological disorders, predicted by stability, learnability, reward and reward-seeking considerations, was ratified by gait improvement results obtained in independent clinical studies of patients with different disorders, specifically, PD, MS, CP, SG and PS.

The highly transformative nature of autonomous entrainment implies that patients with different disorders can benefit from it. While PD patients are largely deprived of basal ganglia dopamine production, there does not seem to be any known reason to presume such deprivation in other disorders. Yet, the level of gait improvement can vary significantly, not only with respect to the nature of the disorder, but also with respect to disorder severity and patient’s own biological and biographical attributes, such as age, education, mental state and cognitive abilities. While the association with certain attributes, such as education, has been noted, attempting to predict patient’s response to autonomous entrainment according to the various attributes would present a painstaking task. Yet, certain categories not addressed by the studies reviewed herewith, such as, e.g., PD accompanied by dementia, seem to be particularly interesting. This, and other relevant categorization, such as cognitive abilities, are suggested for future research. Finally, it might be noted that hundreds of publications related to gait entrainment, while making reference to autonomous (or closed-loop) entrainment, have, in fact, addressed external entrainment without making a distinction between external and autonomous entrainment. We find such presentations to be highly, although not necessarily intentionally, misleading. In order to make the distinction between external and autonomous entrainment unambiguously clear, we have only noted works that have made a clear case for one or the other.


Chapter 17

Circuit Polarity and Singularity Segregation in Cortical Recordings

17.1Introduction

Hanakawa et al. (1999) examined cortical activity in patients with PD assisted by treadmill-induced open-loop visual cue for gait entrainment by employing blood-flow measurements. This early study found that the right lateral pre-motor cortex, which is mainly regulated by cerebellar inputs, was activated to a greater extent in PD patients than in age-matched healthy individuals. On the other hand, the healthy individuals activated mainly the supplementary motor area (SMA), which was under-activated in PD patients.

A later study (Velu et al., 2013), employing electroencephalography (EEG) recordings, has examined the cortical activity in patients with PD assisted by closed-loop visual feedback induced by portable augmented-reality device, as described in the previous chapter. This case study has found a considerably higher increase in the beta frequency range of the connections between the occipital and the motor regions, and between the occipital and the parietal regions of a responding patient with PD, compared to a non-responding patient and to an age-matched healthy individual. Revisiting the results of that study, we show here that they concur with the observations on cortical polarity and singularity segregation reported in this book. This is particularly noteworthy in view of the fact that polarity and singularity segregation have been argued in this book on predominantly mathematical grounds. The cortical recordings serve as direct and vivid evidence of not only the validity of cortical polarity and singularity segregation, but also their specific functional role in the directional connectivity between brain areas associated with the cortical functions of interest, specifically, vision, navigation and movement.

17.2Recorded cortical sensorimotor activity

Electroencephalography is an electrophysiological monitoring method to record electrical activity of the brain. Cortical activity, relating neural firing-rate to scalp-localized potential values, was recorded employing a portable EEG device and compared in a cortical network composed of occipital (Oz), parietal (P4) and motor (Cz) channels (Velu et al., 2013). The choice of these channels was based on anatomical findings from prior fMRI and PET experiments on paradoxical gait in PD (Hanakawa et al., 1999; Snijers et al., 2011). A patient with PD responding to visual autonomous entrainment (PDr), a non-responding patient with PD (PDnr) and a healthy age-matched individual (Control) participated.

Renormalized partial directed coherence (RPDC), representing directional connectivity between the cortical regions of interest, was used. RPDC provides a scale-free estimator, avoids normalization by outflows and is not restrained by frequency dependent statistical significance (Schelter et al., 2009). The experiment consisted of three walking stages: A (visual feedback turned off), B (visual feedback turned on) and C (visual feedback turned off).

The EEG spectra show color-coded RPDC differences between stages C and A in the delta (0–4 Hz), alpha (8–12 Hz) and beta (12–30 Hz) frequency bands corresponding to the connection between Oz and Cz (Fig. 17.1) and the connection between Oz and P4 (Fig. 17.2). Blue indicates a decrease, while red indicates an increase in the differential RPDC (RPDC(C)-RPDC(A)). It can be seen that there is increased RPDC between Oz and Cz (Fig. 17.1) and between Oz and P4 (Fig. 17.2) in the beta range in PDr, reduced in PDnr and only weakly noticeable in Control. Similar results are seen in the difference in activity between stages B and A, but we only show the differences in RPDC between stages C and A to avoid any confound from neural responses to the presence of visual cues.
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Figure 17.1.Color-coded Renormalized Partial Directed Coherence (RPDC), representing direction-specific connectivity from occipital region (Oz) to motor region (Cz). Blue indicates a decrease in RPDC while red indicates an increase in RPDC between Stage C and Stage A. Increased RPDC appears in the beta frequency range in PDr, reduced in PDnr and only weakly noticable in Control (Velu et al., 2013).

17.3Circuit polarization and singularity segregation in cortical recordings

Putting the EEG results in the context of cortical polarity, red colored RPDC represents positive polarity in the connectivity between the respective regions (Oz to Cz and Oz to P4), while blue colored RPDC represents negative polarity. It can be seen that in Fig. 17.1, showing Oz to Cz RPDC, there are positive polarity (red-colored) signatures in the beta frequency range (12–30 Hz) corresponding to PDr, considerably reduced in the beta range corresponding to PDnr and almost non-existent in the beta range corresponding to Control. On the other hand, there is pre-dominantly negative polarity in the delta frequency range corresponding to PDr, and pre-dominantly positive polarity in the delta range corresponding to PDnr, considerably reduced in the delta range corresponding to Control. There is a very weakly noticeable activity in the alpha frequency range corresponding to all three participants. Essentially similar results can be seen in Fig. 17.2, showing Oz to P4 RPDC. It might be noted that in the beta range for PDr, there are positive (red) RPDC signatures around both 0.5 sec and −0.5 sec in both Fig. 17.1 and Fig. 17.2. These signatures appear to correspond to two consecutive steps, about one second apart within the recorded walking sequence, centered at 0 sec.
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Figure 17.2.Color-coded Renormalized Partial Directed coherence (RPDC), representing direction-specific connectivity from occipital region (Oz) to parietal region (Cz). Blue indicates a decrease in RPDC while red indicates an increase in RPDC between Stage C and Stage A. Occipital region (Oz) to motor region (Cz) flow shows increased RPDC in the beta frequency range in PDr, reduced in PDnr, and only weakly noticeable in Control (Velu et al., 2013).

In the context of segregated singularity, the visible differences between the RPDC signatures corresponding to the different frequency zones, delta, alpha and beta, representing different connectivity sequences, indicate segregation between the modes of connectivity and, hence, segregation of the corresponding cortical circuits. As shown in this book, a difference in circuit connectivity would imply a difference in circuit firing dynamics, as represented by the EEG activities corresponding to the three frequency domains. In closing, we note again that it was not our purpose here to point out the advantages of visual feedback for improvement of PD gait, which was done in the original study (Velu et al., 2013), but rather to point out the presence of cortical polarization and singularity segregation, mathematically revealed and analyzed in this book, and ratified by the EEG recordings.

17.4Discussion

Case studies are highly valuable means for ground-breaking research (Solomon, 2006; Carey, 2010; Nissen and Wynn, 2014). Their merits include:

•detecting novelties,

•generating hypotheses,

•applicability when other research design are not implementable,

•allowing emphasis on narrative aspect (in depth understanding) and

•educational values.

The major limitations are:

•lack of ability to generalize, or to establish cause-effect relationship,

•danger of over interpretation,

•retrospective design, and

•distraction by focusing on the unusual.

Results of case studies, while understandably subject-dependent, can be rather conclusive. The results presented and analyzed in this chapter represent a positive case in point. Each of the subjects tested represents a widely recognized category. Among patients with PD, there are patients that respond to treatment and patients that do not. Controls are, normally, age-matched healthy individuals that do not show noticeable response to treatment. As the purpose of the study discussed here was to experimentally examine a theoretically-founded hypothesis regarding, essentially, a model, and, only remotely, a cure for a disease (which has been examined in clinical studies of large cohorts of patients before), a case study was an important first step. The conclusive results were highly ratifying of the theory tested here: cortical activity is driven by circuit polarization and its dynamic singularities are highly segregated. Motivated readers and researchers are highly encouraged to conduct and expand such studies.


Epilogue

Over 100 years of brain research have produced an incredibly large body of knowledge and understanding of this wondrous creation of nature. Experimental studies have addressed many aspects of relevance in considerable detail. Yet, over the years, it has become increasingly clear that putting it all together would require collaboration between a host of scientific disciplines, including biology, chemistry, physics, cognition, psychology and linguistics. While different branches of mathematics appear to be involved in each of these disciplines, it has been suggested that a complete understanding of the mind would require “a new kind of science”, yet to be revealed (Penrose, 1994).

Poincare’s 19th century discovery of singularities, or attractors, in systems dynamics took nearly a hundred years to materialize as a theory of chaos, dominating all aspects of today’s dynamical systems theory. The theories of prime numbers and random graphs represent abstract mathematics in its purest form. While the former, maintaining its somewhat supreme mathematical status, has been slowly finding its isolated ways into certain natural sciences, the latter has been more generous in revealing its benefits in technological domains, such as electronic communication, transportation and computer networks. Both the theories of prime numbers and random graphs have been known to hold, and occasionally reveal, deep and fundamental secrets, repeatedly surprising and astonishing scientifically-minded lay persons, theoreticians and practitioners of the sciences alike. Early 20th century quantum physics, later materializing into a theory of quantum computation, has exponentially expanded the theoretical limits of information capacity. Yet, in terms of scientific research, each of these mathematical disciplines has essentially remained encapsulated within its own stringent borders.

The present book has examined the combined roles of the earlier mentioned mathematical disciplines in the cortical domain. Considered separately, global attractors determine the nature of firing-rate dynamics, consistent with cortical functionality. Subcritical connectivity in randomly generated neural network graphs produces segregated neural circuits. Prime numbers determine separate neural circuit and circuit category sizes, consistent with cortical lobe size limitations. Cortical quantum computation mechanisms enhance the information storage, completion and correction capacities of neural circuits. These mathematical disciplines surface, separate or combined, in a multitude of cortical operations. Circuit size and connectivity define not only firing-rate dynamics, but also memory capacity, circuit category and the maximal lengths of circuit tree firing-rate cycles. Circuit connectivity further determines synchrony or asynchrony of circuit firing. As shown in this book, there is a considerable added value in the cortical synergy of the four mathematical disciplines noted earlier. We have shown that such synergy, representing perhaps, “a new kind of science”, can affect cortical operation in a fundamental manner, dominating the activities of the mind.
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