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MATH AS YOU LIKE IT

Do you yearn for multiplication 
You can do without frustration? 
Does it please you not to carry in your head? 
Do you wish some court decision 
Would abolish long division? 
Do you look upon remainders with some dread?



 Does the borrow in subtraction 
Often drive you to distraction? 
Do you dream of doing fractions in a breeze? 
With each answer must you fidget 
To be sure of ev’ry digit? 
Wouldn’t you rather do it all with speed and ease?




INTRODUCTION

This book contains about 150 short-cuts that provide faster, easier ways to add, subtract, multiply and divide. Anyone who uses numbers and does calculations can benefit from these short methods and even enjoy using them. You can apply them at school, home, shop, or office to save time and trouble. Short-cuts can help to improve your math and provide the urge to learn more or to review the math you have forgotten. Or you can use short-cuts simply because they are fascinating and make it fun to work with numbers.

The short-cuts in this book require no special ability in mathematics. If you can do ordinary arithmetic, you will have no trouble in using these methods. There is nothing to “unlearn,” no foreign devices, strange systems, or difficult operations that would require long study and practice. Furthermore, the book uses only a minimum of technical terms, so you don’t have to relearn what an augend, a minuend, or a multiplicand is, in case you have forgotten your school definitions.

To get the most out of this book, go through it briefly to see what it covers and how it is organized. After that, study whatever methods are of special interest to you. Naturally, you will not be able to use, or even to remember, every short-cut (to remember a short-cut is usually the hardest part of it). The best approach is to concentrate on the methods you can use in your daily work or the ones you would like to learn just for the fun of knowing them.

Examples are given under each short-cut to demonstrate how it works. However, there are no long drills and exercises. You will still need to practice any short-cut you want to put to work but you will probably find it more satisfying to make up your own problems, keeping in mind that the best way to develop speed, ease, and accuracy with any method is to use it regularly.

Among the features used throughout the book are “Proving the answer” and “Why it works.” Proof of the answer is given to demonstrate that the short-cut really arrives at the same answer as ordinary arithmetic, a result often so surprising that you may find it hard to believe. Proving the answer also helps to show how much easier the short-cut is and to encourage the good habit of checking results.

“Why it works” is included under many short-cuts where a short, simple explanation can be devised. This aids in understanding the method and in remembering it, too. Even if you forget the details of a short-cut, you can often reconstruct the method by recalling the “why” of it and working out an example with small numbers. This will give you a simple pattern to follow and will make the short-cut easier to remember and use.

Under each short-cut in this book, either a rapid “Solution” or a longer “Solution by steps” is worked out. The steps are used where needed for additional clarity and are followed by a “Short way” indicating how the method would actually be used.

Also, after a group of related methods, a summary or table is given so you can see the methods at a glance, and as a further help in remembering them.

As you work with short-cuts, you will probably see other ways of calculating faster and easier. Discovering methods of your own can add new excitement to your journey through this corner of the magic world of numbers.

The short-cuts, of course, are not intended to supplant the pocket calculator. Rather, there’s a place for both. For long, complicated computations the electronic marvel has no rival, but for simpler problems a short-cut or rapid mental calculation can often give the answer faster than you can reach for the machine. And don’t forget those old reliables, pencil and paper. They’re inexpensive, easily carried, never need a battery, and give you a record of what you did so the work can be checked. Each of these has advantages of its own, so choose whichever method or combination of methods best suits your need and the problem to be done.

If you use a calculator, short-cuts can provide an easy way to estimate the answer in advance. This should be done to guard against large errors since pushing some wrong keys can send the answer into Never-Never Land; and since the machine leaves no record of entries, there’s no way of telling what keys you did push. An estimate helps to warn of big errors that might otherwise go unnoticed.

And, of course, a calculator can’t run itself. It needs you to tell it what to do and this requires a knowledge of arithmetic. It is hoped that this book will assist toward a better understanding of the basics involved and a deeper appreciation of the wonders of working with numbers.




I. FUNDAMENTALS OF SHORT-CUT METHODS

1-1. Basic Ways of Simplifying Calculations

Short-cut methods are based upon the principle of changing “difficult” numbers and processes into easier ones.. For example, to find the sum of 29 and 36, you can add 1 to 29 and subtract 1 from 36 so that the problem becomes 30+35; you can see at once that the answer is 65. Adding and subtracting I simplified the problem, but did not change the answer. This principle of “equivalency” as used in short-cuts enables you to reach the right answer faster and easier.

You can apply the same principle to multiplying. Take 28 x 15, for instance. If you halve 28 (= 14) and double 15 (= 30), you change the problem to 14 x 30 which, as you can see, is an easy 420 — the same answer you will get by multiplying 28 by 15.

It’s not always the size of a number that makes it difficult to handle but the KIND of number it is. You know, of course, that it’s much easier to multiply by 10 than by 9 even though 10 is the larger number. However, the “difficult” number 9 can be changed into two “easy” numbers, 10 minus 1, which equal 9. Therefore, to multiply a number by 9, you can multiply by 10 (simply add a zero to the number) and subtract the number, thus: 37 × 9 = 370 – 37 = 333. The 370 – 37 is, of course, 37 x (10 – 1) instead of 37 × 9. Either way, the answer is the same.

Incidentally, the easiest numbers to handle are 0, 1, 10, and 2, although 100, 1,000, etc., are also easy to get along with; so are other “zero numbers,” such as 20, 30, etc. If you can change a difficult number to one of these, you are on your way to an easier solution.

In many cases, you will find it faster and easier to perform two or three simple operations rather than a single more difficult one, like taking the stairs to the next floor rather than trying to make it in one big jump. To multiply 64 by 25, for instance, you can divide 64 by 4 (= 16) and multiply by 100 (just add two zeros), and there’s your answer: 1,600. This works because dividing by 4 and multiplying by 100 is the same as multiplying by [image: e9780486131528_i0002.jpg] which equals 25. Again, the method has been simplified but the answer is not changed because 25 and [image: e9780486131528_i0003.jpg] are equivalent.

Another basic way of simplifying a calculation is to break up the numbers into easier parts. For example, to divide by 16, you can divide first by 2 and then by 8, or divide twice by 4, since 2 × 8 and 4 x 4 are each equivalent to 16. Try dividing 16 into a number like 224. You can divide the number in half (= 112) and divide this by 8 (= 14), or you can divide 224 by 4 (= 56) and divide again by 4 (= 14). Dividing 224 by 16 will, of course, give the same answer, 14, because all three ways of dividing are equivalent.

A number may be broken up into other parts, too, such as into units, tens, hundreds, etc. These smaller parts can make the number much easier to handle. The number 613, for instance, can be broken up into 600 +10+3. If you want to multiply 613 by another number, such as by 12, you can multiply each part and then add the partial results to get the answer, thus:


[image: e9780486131528_i0004.jpg]


Besides such methods as the foregoing, short-cuts are also based upon eliminating or easing processes that most people find difficult, such as “carrying” in addition and multiplication, “borrowing” in subtraction, the intricacies of “long” division, and the need to remember results when doing problems mentally.


1-2. Results Are What You Want

In doing a problem, it’s better to think only of the results of each step and to omit any unnecessary details of the step itself. For example, when you see 36 ÷ 9, or 9)36, think immediately of 4. Don’t go through the details of the process such as by saying “36 divided by 9 goes 4 times.” Or when adding, like 5 + 11 + 8, you just slow yourself up if you say “5 plus 11 makes 16, plus 8 makes 24.” Instead, just think: “16, 24.”

Omit the words of a process as much as possible and concentrate on the results. You can work problems faster without the words.

Numbers and calculating are like the alphabet and reading. When you see a word, you don’t stop to spell out the letters that make it up; you recognize the word at once in its entirety. Nor do you stop to consider each word separately; you read words together and think of what they mean as a whole. Doing the same with numbers and calculations will enable you to solve problems faster and easier.


1-3. Combining Mental and Written Math for Best Results

Short-cuts are not just a way of solving problems in your mind and in a flash, although they can help you do this. Taking the time to jot things down can often speed them up. Consider the following:

Calculating involves the mind in two processes: (1) thinking out each step in the problem, and (2) remembering the results of each step for use in succeeding steps. Naturally, the longer the problem and the more complex, the more you have to remember if you do it entirely by mental math, and the more chances there are of making a mistake.

On the other hand, if you work out the whole problem on paper, you don’t have to keep remembering the results of steps and you can concentrate on the solution. Writing it down may take longer but it reduces the likelihood of error, and this can save time in the long run.

You can often achieve the maximum of speed with accuracy by using both the mental and the written methods. You do this by writing down the results of the various steps but not the details of the steps. For example, to multiply 49,837 by 11, there is no need to write out the whole problem or to struggle with it as a mental exercise; just write the partial products, then add to get the answer, thus:


[image: e9780486131528_i0005.jpg]


Or, if you want to divide 2,184 by 24, you might divide by 3 and write down 728 so you don’t have to remember it; then divide by 8 to get the answer, 91.

Some short-cuts in this book will enable you to solve problems mentally, and even on sight; others will work better if you write down partial results by steps; still other short-cuts will serve you best if you do the problem entirely on paper. It’s up to you to determine how much to carry in your head and how much to write down in order to achieve both speed and accuracy. While speed is desirable, a short-cut to the wrong answer is obviously useless. It pays to take a longer route, if necessary, to reach the right answer the first time.


1-4. Approximating and Rounding Off

Before working out a problem, determine how accurate your answer must be. A good estimate or approximation may be all you need and can save you a lot of needless figuring. Approximating depends upon determining the “significant figures” of the numbers involved — the figures that are important to your estimate.

For example, if an item is priced at 2 for $1.97, you can’t go far wrong in figuring that 3 will cost about $3.00. Or if you want to paint some walls measured at 2,386 square feet, you might use 2,500 in estimating how much paint you will need. If a gallon of paint covers 500 square feet, you have your answer faster than you can reach for a pencil.

To arrive at the significant figures, “round off” a number to whatever extent may be required to suit your purpose and drop all figures (digits) to the right of this. If the first digit dropped on the right is 5 or more, add 1 to the last digit remaining; otherwise let the last digit stand as it is. The following examples will show how this is done.






	Example (1):
	Round off 6,437:


	To the nearest thousand:
	6,000


	To the nearest hundred:
	6,400


	To the nearest ten:
	6,440


	Example (2):
	Round off 83.652:


	To the nearest unit:
	84


	To the nearest tenth:
	83.7


	To the nearest hundredth:
	83.65



Ways for rounding off numbers to approximate or estimate the answer in addition, multiplication, and division are given in the chapters dealing with these operations.


1-5. Achieving Accuracy with Speed

Some short-cuts promote both speed and accuracy because they enable you to see the correct answer at once. However, where several steps are involved, and especially with large numbers, there is much more chance of error. As previously suggested, you will often save time in reaching the right answer if you write down at least some of the results as you go.

You can further ensure accuracy by estimating your answer in advance and then checking the answer after you get it, as discussed next.





Estimating the result in advance:

Estimating the answer before doing any problem helps to avoid big mistakes, such as omitting a decimal point or putting it in the wrong place, or writing 14,444 instead of 1,444, etc. An estimate can catch errors that make the answer much larger or smaller than it should be. You can estimate your answer by rounding off numbers or by using a short-cut, as covered in later chapters.





Checking your answer:

You can check your answer by doing the problem again, either in reverse order or by some different method. Doing the problem in a different way helps to avoid the repetition of a mistake that may be habitual.

Various ways for checking your answer in addition, subtraction, multiplication, and division are given in the chapters dealing with these operations. These checks include “casting out 9’s” which can be used to test all operations. The process of casting out 9’s is explained in 1-6 (the next section).

However, no method of checking gives absolute proof that your answer is correct. There is always the chance that you might make a mistake in the check and confirm a wrong answer. However, if your answer does check out, you can usually assume it is correct.

Another essential for achieving accuracy with speed is to keep numbers and decimal points properly placed in every problem. The careful alignment of digits by units, tens, hundreds, etc., will help to attain fast, accurate results.

And finally, accuracy and speed also require that you be reasonably well skilled in basic arithmetic and can quickly recognize that 9 + 8 = 17, 16 – 5 = 11, 8 x 6 = 48, 56 ÷ 7 = 8, etc. If you must stop to work out problems like these, you will need to review and practice your “tables.”


1-6. Testing Answers by Casting Out 9’s

This test is based upon a remarkable property of 9. When any number is divided by 9, the remainder will equal the sum of the number’s digits, or the sum of the number’s digits after “casting out” 9’s. This may sound strange but the idea itself is easy to understand, as the following examples will show.

Example (1): 16 ÷ 9 = 1, with 7 remainder. The digit sum of 16 (1 + 6) is also 7, the same as the remainder after dividing 16 by 9.

Example (2): 24 ÷ 9 = 2, with 6 remainder. The digit sum of 24 (2+4) is also 6.

Example (3): 38 ÷ 9 = 4, with 2 remainder. Of course, the digit sum of 38 is not 2 but 11. However, after casting out 9, such as by subtracting 9 from 11, the remainder does become 2, the same as the remainder after dividing 38 by 9.

Remainders obtained by casting out 9’s can be used to provide “check numbers” for testing your answers in addition, subtraction, multiplication, and division.

You can use any of four methods to cast out 9’s and obtain the remainders, as shown in the following examples. The same numbers are used in each example to demonstrate that the remainders obtained are the same for all four methods.





A. Casting out 9’s by dividing:

Divide the number by 9 to obtain the remainder.





	Number
	Remainder


	46
	1


	85
	4


	198
	0


	6,368
	5



B. Casting out 9’s by adding:

Add the number’s digits, and add the digits in the sum if there is more than one digit in the sum, to obtain a one-digit remainder. If the remainder is 9 or a number evenly divisible by 9 (18, 27, 36, etc.), count the remainder as zero.






	Number
	
	Remainder


	46:
	4 + 6 = 10; 1 + 0 =
	1


	85:
	8+5= 13; 1+3 =
	4


	198:
	1+9+8= 18; 1+8 = 9;
	0


	6,368:
	6 + 3 + 6 + 8 = 23; 2 + 3 =
	5



C. Casting out 9’s by subtracting:

Add the number’s digits and subtract 9 each time the sum equals or exceeds 9. Do this until the final remainder becomes less than 9. Or, you can first get the digit sum and then keep subtracting 9 until the remainder becomes less than 9.

[image: e9780486131528_i0009.jpg]


D. Casting out 9’s by omitting them:

Add the number’s digits but do not include 9’s or combinations equal to 9 (6 and 3; 5 and 4; 1, 3, and 5, etc.). Omitting 9’s and 9-combinations saves adding them up and subtracting 9’s later. If the sum comes to 9 or more, cast out 9’s to obtain the remainder.






	Number
	
	Remainder


	46:
	no 9 to omit; 4 + 6 = 10; - 9 =
	1


	85:
	no 9 to omit; 8 + 5= 13; - 9 =
	4


	198:
	omit 1 + 8 and omit 9; =
	0


	6,368:
	omit 6 + 3; 6 + 8 = 14; - 9 =
	5



Did you notice that the remainders were the same for all four methods?

Omitting 9’s is the easiest way to cast them out, especially with large numbers, since it reduces the adding and subtracting, and requires no division. In a number like 2,756,942, for instance, the 2 and 7, 5 and 4, and the 9 can be omitted, leaving only 6 and 2 to be added, giving a remainder of 8. Dividing 2,756,942 by 9 will, of course, also give a remainder of 8, as shown:


[image: e9780486131528_i0011.jpg]


How you can apply casting out 9’s to quickly check the results of adding, multiplying, and dividing is shown at the end of the chapters dealing with these operations. The method does not give positive proof that your answer is right (no method does) but if your answer does not meet the test of casting out 9’s, you can be sure that there is an error somewhere, either in doing the calculation, or in making the check, or in both.





II. ADDITION

2-1. Basic Principles

Numbers may be added in any order. For example, 7 + 4 + 3 = 14; 3 + 4 + 7 = 14; 4 + 3 + 7 = 14, and so on.

You can take advantage of this principle by adding numbers in whatever order is easiest for you. In getting the sum of 99 + 83 + 1, for instance, you can first add 99 and 1 to make 100, and then add 83 to get 183. Obviously, this is easier than adding 99 and 83, and then 1.

You can also simplify addition by changing difficult numbers into easier ones. For example, to add 39 and 47:



	(a) Simplify 39 into a number ending in zero: 39 + 1 = 40

	(b) Add: 40 + 47 = 87

	(c) Subtract the 1 you added: 87 – 1 = 86, answer


Or you can do it this way:

(39 + 1) + (47 – 1) = 40 + 46 = 86

By adding an amount to one number and subtracting an equal amount from a second number, the sum of the two numbers remains the same.

As mentioned in Chapter I, you can do problems faster if you cut down on words as much as possible. In adding 9 + 4 + 7, for example, you would not say “9 and 4 make 13, and 7 makes 20.” Instead, you “think” the addition without the words: 13, 20. You would do the same when adding a column.

[image: e9780486131528_i0012.jpg]


Omit the words and think only of the result of each step: 15, 18, 22, 31, 36.


You should be able to “see” the sum of two digits at once, without stopping to count, and this means that you must be on good terms with your addition table, at least up to 9 + 9.


2-2. Adding by 10-Groups

Adding by 10 is easy, so look for combinations that add to 10.

[image: e9780486131528_i0013.jpg]


Notice the three pairs of numbers that make 10-groups: 2, 8; 5, 5; and 6, 4. These can be added quickly in three steps: 10, 20, 30.



 Pairs of numbers that add to 10: 
1,9; 2,8; 3,7; 4,6; 5,5 5



 Trios of numbers that add to 10: 
1, 1, 8; 1, 2, 7; 1, 3, 6; 1, 4, 5 
2, 2, 6; 2, 3, 5; 2, 4, 4 
3, 3, 4


Since numbers may be added in any order, it makes no difference whether a pair appears as 7, 3, or 3, 7; or a trio as 1, 3, 6, or 3, 6, 1, or 6, 1, 3, and so on. They all make an easy 10 to add.

Of course, you can extend the same idea to adding by 20-groups : 2, 9, 9; 3, 8, 9; 4, 7, 9; 4, 8, 8, etc. By recognizing such combinations and converting them to a single number ending in zero, addition is made easier.


2-3. Reaching 10-Levels

In adding, look for opportunities to reach a 10-level (20, 30, 40, etc.). For instance, if you have added up to 36, look for a 4, or a 3 and a 1, or a pair of 2’s, to make an easy 40; or if your addition is at 62, look for an 8 or some 8-combination that will take you to 70.

Because a 10-level number ends in zero, you will find it easier to remember the sum as you go and easier to add the next number.


2-4. Adding by Other Combinations of Numbers

Besides combinations that make 10 or 20, you can add other numbers by pairs or trios as though they were single numbers, such as adding 4 and 3 as 7, 5 and 1 as 6, 1, 3, and 5 as 9, etc. If you learn to “see” these groups as a single number, you will be able to add faster and easier.

[image: e9780486131528_i0014.jpg]


Starting from the bottom, addition by groups could go like this: 9, 19, 24; write 4, carry 2; 10, 23, 29.



2-5. Adding by Multiplying

Multiplication is simply a rapid way of adding the same number over and over. For example, 7 x 4 is the same as adding 7 four times: 7 + 7 + 7 + 7. The result comes to 28 either way.

If a number is repeated, especially if repeated often, you can use multiplication to speed up your addition. After multiplying, add the other numbers.

[image: e9780486131528_i0015.jpg]



2-6. Adding Two or More Columns

In writing columns of numbers for addition, line up the columns carefully so that units are under units, tens under tens, and so on. If decimal points are used, keep these in a straight column, too. An orderly arrangement helps to promote both speed and accuracy.

As you get the sum of each column, write the “carry” as a small number above the next column on the left.

[image: e9780486131528_i0016.jpg]


The sum of the units column is 27; write 7, carry 2; the sum of the tens column is 31; write 1, carry 3.


You may prefer to write the carry above and to the side of the numbers in the answer, such as 2,917. Either way, writing the carry relieves your mind of remembering what it is and makes it easier to locate an error if a check shows that the answer is wrong. Since the written carry lets you see the total for each column, you can check each column separately. Furthermore, if you are interrupted while adding, you will not have to re-add any column where the carry is shown.


2-7. Adding Long Columns

In a long column, you can add the numbers by groups to get sub-totals and then add the sub-totals to get the sum total. This gives your mind a chance to rest, makes it easier to check your answer, and enables you to locate a mistake more readily in case there is one. As a further help, you can write the carry for each group in the sub-totals.

[image: e9780486131528_i0017.jpg]



2-8. No-Carry Addition

You can avoid carrying in addition by writing the total for each column, then adding the column-totals to obtain the sum total.

[image: e9780486131528_i0018.jpg]


Notice that the column-totals 22, 27, 33, and 29 are lined up in their proper places. They are actually 22, 270, 3,300, and 29,000.


[image: e9780486131528_i0019.jpg]


You can also add the columns from left to right. The zeros in the column-totals are not necessary but are shown to indicate the real values of these totals.


Left-to-right addition can be useful in making estimates since you can stop adding after any column that suits the accuracy you need. In the example just given, the sum of the first column on the left shows that the total is at least 29,000; adding the next column brings the total to at least 32,300. If this is close enough for your purpose, you can skip the addition of the next two columns.


2-9. Rounding Off Numbers for Addition

An even better way to estimate a sum is to round off the numbers. For example, suppose you want to estimate the sum of the following numbers to the nearest thousand.

[image: e9780486131528_i0020.jpg]


To round off each number to the nearest thousand, add 1 to the thousand digit if the hundred digit is 5 or more; otherwise, let the thousand digit stand as it is. The rounded numbers would then be:


[image: e9780486131528_i0021.jpg]


The sum of the rounded numbers is only 408 greater than the sum of the original numbers.


2-10. Rounding Off Dollars and Cents for Addition

In adding sums of money, you can approximate the total by rounding off to the nearest dollar and dropping the cents. Cents of 50 or more are counted as a dollar and added to the dollar unit; 49 cents or less are dropped.





	Exact Amounts
	Rounded Amounts


	1 112 1
	


	$5,621.42
	$5,621


	3,842.59
	3,843


	8,034.91
	8,035


	7,156.21
	7.156


	$24,655.13
	$24,655



This method saves writing and adding two columns of figures. As you can see, the adding and subtracting of cents tends to keep the total about the same, and as the dollar amounts become larger, the importance or significance of the cents becomes less anyway.


2-11. Adding a Regular Series of Numbers

Example (1): What is the sum of all the numbers from 1 to 15?

Solution by steps:



	(a)Add the first and last numbers of the series: 1 + 15 = 16

	(b)Divide by 2 to get the average number: 16 ÷ 2 = 8

	(c)Multiply the average by the number of numbers in the series: 8 x 15 = 120, answer


Short way:


[image: e9780486131528_i0023.jpg]


If you add all the numbers from 1 to 15, you will see for yourself that their sum is 120.





Example (2): What is the sum of all the numbers from 20 to 29?


[image: e9780486131528_i0024.jpg]


Example (3): Find the sum of all the numbers from 1 to 99.

[image: e9780486131528_i0025.jpg] , answer


2-12. Add-and-Subtract Method of Simplifying Numbers

You may be able to simplify an addition by an easy addition and subtraction before you add the numbers.

Example: 97 + 237

Solution by steps:



	(a)Add 3 to 97 to make it an easy 100

	(b)100 + 237 = 337

	(c)Subtract the 3 you added: 337 – 3 = 334, answer


Alternate solution:



	(a) 97 + 3 = 100

	(b) 237 – 3 = 234

	(c) 100 + 234 = 334


Short way: 97 + 3 = 100; + (237 – 3) = 334

Proving the answer:


[image: e9780486131528_i0026.jpg]


Why it works: In any addition, adding and subtracting the same amount does not change the sum. Try this with any numbers you please; for example, 6+3=9. Now add 2 and subtract 2: (6 + 2) + (3 – 2) = 8 + 1 = 9. Or add and subtract 3: (6+3) + (3 – 3) = 9 + 0 = 9.





You can apply this same idea to add difficult numbers like 9, 99, 999, etc. Simply add 1 to change the number to an easy 10, 100, 1,000, etc., and subtract 1 from the sum or from the other number.

Example: 13,862 + 999

Solution:

999 + 1 = 1,000; + 13,862 = 14,862; – 1 = 14,861, answer


2-13. Splitting Numbers into Easy Parts

If numbers contain two or more digits, splitting the numbers into smaller parts can make them easier to add.





Example (1): 76 + 57





Solution: Think of 76 as (70 + 6) and 57 as (50 + 7), then add by parts: 70 + 50 = 120; + 6 + 7 = 133, answer

Example (2): 6,614 + 4,238

Solution:


[image: e9780486131528_i0027.jpg]


Or you might find it easier to do it this way: 6,000 + 4,000 = 10,000; + 600 + 200 = 10,800; +10+30 = 10,840; + 4 + 8 = 10,852


2-14. Thinking of Numbers as “Dollars” and “Cents”

This is simply another way of splitting numbers into smaller parts for easier addition.

Example: 962 + 837

Solution: Think of the numbers as $9.62 and $8.37, then add the dollars and cents separately:

$9 + $8 = $17; 62¢ + 37¢ = 99¢; 
total: $17.99, which, of course, is 1,799


Checking Your Answer in Addition

No method of checking addition can tell for sure that your answer is right. You might make the same error in the check as you made in the original addition. There are such things as habitual mistakes that are repeated when adding certain numbers, like mistakes in regularly misspelling certain words.

Keep in mind that the significance or size of an error increases as the numbers go from right to left — from units, to tens, to hundreds, and so on. In adding money, for instance, an error of 5 in the cents column would only put you in or out a nickel, but the same error four columns to the left would be a 500-dollar mistake!


2-15. Checking Your Answer by Adding Again in Reverse

You can check a sum by adding again in a different order. If you add from the bottom up the first time, add from the top down as a check. If you get the same answer both ways, you may assume that you are right.


2-16. Checking Addition by the No-Carry Method

If you add in the regular way the first time, you can check your answer by getting sums by columns and then adding these to obtain the total. You can also reverse whatever order you used the first time: top to bottom or bottom to top; right to left or left to right.

[image: e9780486131528_i0028.jpg]



2-17. Checking Addition by Casting Out 9’s

Various ways to cast out 9’s are shown in 1-6, Chapter I. How to apply this method to checking addition is discussed here. The longer the addition and the larger the numbers, the more time you will save by checking your answer by casting out 9’s. ,

The remainders obtained after casting out 9’s are used as check numbers for testing the answer in addition, as follows:


[image: e9780486131528_i0029.jpg]


Since the two remainders (7) are equal, you may assume that the answer is correct.

[image: e9780486131528_i0030.jpg]


Casting out 9’s does not give positive proof that the answer is correct but if the answer does not check, there is definitely an error in the addition, in the check, or in both.





III. SUBTRACTION

3-1. Introduction

Subtraction is the reverse of addition; unlike addition, it cannot be done in any order. 5+3=8 8 and 3 + 5 = 8 but obviously 5 – 3 and 3 - 5 are not the same.

“Borrowing” is usually regarded as the main difficulty in subtraction. There are some ways to eliminate or reduce this but there are not as many short-cuts in subtraction as in the other operations.

Subtraction shows the difference or remainder after taking one number from another, and may be written in either of the following ways :







	9 - 6 = 3 Remainder
	9
	


	- 6


	3
	Remainder




3-2. Add-or-Subtract Method of Simplifying Numbers

You can simplify subtraction by changing the number to be subtracted into a number ending in zero. This can be done with an easy addition or subtraction.





Example: 123 - 96

Solution by steps:



	(a) Add 4 to 96 to make it an easy 100

	(b) 123 - 100 = 23; this is 4 less than the real difference

	(c) Add the 4 back: 23 + 4 = 27, answer


Or you can add the same amount to both numbers, like this:



	(a) 123 + 4 = 127

	(b) 96 + 4 = 100

	(c) 127 - 100 = 27


Short way: Add 4 to both numbers: 127 - 100 = 27

Why it works: In subtraction, if you add the same amount to both numbers, you do not change the difference between the numbers. Try it with any numbers, such as 5 - 1 = 4.

Now add 2 to both numbers: (5 + 2) - (1 + 2) = 7 - 3 = 4.

Or add 3 to both numbers: (5 + 3) - (1 + 3) = 8 - 4 = 4.

Instead of adding, you may find it easier to subtract the same amount from both numbers. Again, this will not change the difference between the numbers.





Example: 224 - 173

Solution: Subtract 3 from both numbers; this makes 173 end in zero; then: 221 – 170 = 51, answer


3-3. Subtraction without Borrowing

You can sometimes avoid borrowing if you subtract by pairs of digits instead of by individual digits.

Example (1):


[image: e9780486131528_i0032.jpg]


Solution: Instead of borrowing 1 from 8 and then subtracting 3 from 11, you can do this subtraction in two easy steps:



	(a) 81 - 63 = 18

	(b) 53 - 48 = 5; answer 518


Example (2):


[image: e9780486131528_i0033.jpg]


Solution:



	(a) 35 - 19 = 16

	(b) 6 - 5 = 1

	(c) 47 – 38 = 9; answer 9,116




3-4. Splitting Numbers into Easy Parts

You can split numbers into smaller parts for easier subtraction.

Example: 3,862 - 2,428





Solution by steps:



	(a) Split 3,862 into 3,800 + 62

	(b) Split 2,428 into 2,400 + 28

	(c) Subtract: 1,400 + 34 = 1,434, answer


Or you can do it this way:

3,800 - 2,400 = 1,400; 62 - 28 = 34; 1,400 + 34 = 1,434


3-5. Counting Change after a Purchase

If you buy some groceries for $3.69 and pay for them with a $5 bill, how much change should you get?

Perhaps you can subtract $3.69 from $5.00 mentally in one step and see the correct remainder ’as $1.31. If so, fine! If not, you may find it easier to calculate the cents and the dollars separately. Most of the numbers you use will end in zero or zeros so that they are easy to handle.





Solution by steps:



	(a) Add 1¢ to the 69¢; = 70¢. Add 30¢ to reach the next dollar ($4.00). So your change in coins is 31¢.

	(b) Subtract $4.00 from $5.00; = $1.00, your change in dollars

	(c) Total change: 31¢ + $1.00 = $1.31


Or you can check your change after you get it by using the money as “counters.” Start with the purchase amount and add the coins up to the next dollar; then add the dollars in change until you reach the denomination of the bill you gave in payment.


3-6. Checking Your Answer in Subtraction

The fastest, easiest way to prove your subtraction is to add the remainder to the number that was subtracted. If the sum of these two numbers equals the number from which the subtraction was made, your answer may be considered correct.

Or, to put it another way, you add the remainder to the number above it to see if their sum equals the number on top.





Example:


[image: e9780486131528_i0034.jpg]


Check: Adding 143,431 to 491,284 gives 634,715





Since you don’t have to write any additional numbers to make this check, the method is fast and easy, and should be used to prove every subtraction. Many errors in calculations are the result of errors in subtraction so that taking the time to check remainders will not only promote greater accuracy but will save time and effort in the long run.

Of course, if you want to be even more certain of your answer, you can also subtract the remainder from the number on top to see if you get the number that was subtracted. Again, this can be done without writing any additional numbers. In the example given, you would subtract 143,431 from 634,715 to get 491,284, indicating that the answer is correct.

You can also check subtraction by casting out 9’s but the method is not included here because the check by adding the remainder to the number subtracted is faster, easier, and surer.





IV. MULTIPLICATION

4-1. Basic Principles

Multiplication is already a fast process. It is a rapid method for adding the same number over and over.





Example:


[image: e9780486131528_i0035.jpg]


Multiplication may be written in one of the following ways:


[image: e9780486131528_i0036.jpg]


The numbers 3 and 8 are called factors of 24 because, when multiplied together, they give 24. Other factors of 24 are 2, 4, 6, and 12 since 2 × 12 = 24, 4 × 6 = 24, 2 × 2 × 2 × 3 = 24, etc.

Besides being a product of 3 x 8, 4 x 6, etc., 24 is also said to be a multiple of 2, 3, 4, 6, 8, and 12 because each of these factors can be multiplied by another factor or factors to produce 24.

Numbers may be multiplied in any order. Thus, 3 × 8 = 24; 8 × 3 = 24; 3 × 8 = 8 × 3. You can take advantage of this fact by multiplying in whatever order is easiest for you.

Example: 25 × 42 × 4

Solution: 25 × 4 = 100; × 42 = 4,200, answer

Another basic way to simplify multiplication is to split a number into smaller parts by units, tens, hundreds, etc.





Example: 47 × 6

Solution by steps:



	(a)Think of 47 as 40 + 7

	(b)Multiply by parts: 40 x 6 = 240; 7 x 6 = 42

	(c)Add the partial products: 240 + 42 = 282, answer


Or you can think of it this way:


[image: e9780486131528_i0037.jpg]


Or do it this way: (40 × 6) + (7 x 6) = 240 + 42 = 282





To simplify multiplication, see if you can change a multiplier to one of the easiest numbers: 0, 1, 10 (also 100, 1,000, etc.), or 2. The products of these multipliers are as follows:





Any number multiplied by zero gives zero.

Examples: 1 × 0 = 0; 2 × 0 = 0; 3 × 0 = 0





Any number multiplied by 1 gives the same number.

Examples: 2 × 1 = 2; 3 × 1 = 3; 4 × 1 = 4





Any number multiplied by 10 gives the same number with a zero added or the decimal point moved one place to the right.

Examples: 36 x 10 = 360; 4.3 x 10 = 43; 62 × 10 = 6.2





Any number multiplied by 2 equals double the number.

Examples: 24 × 2 = 48; 45 × 2 = 90





Numbers ending in 5 (15, 25, 35, etc.) and numbers near a 10-level (9, 11, 19, 21, etc.) can be made into easy multipliers by transforming them into numbers ending in zero.





Example (1): 34 × 15

Solution by steps:



	(a) Double 15 = 30

	(b) Halve 34 = 17

	(c) 17 x 30 = 510, answer


Example (2): 27 × 9


	(a) Change 9 to a multiplier made up of two easy numbers: 10- 1

	(b) 27 × 10 = 270; - (27 × 1) = 243, answer


Applications and further details of these short-cut principles will be found in the methods that follow.


4-2. Multiplication When One Number Has All Digits Alike

If the digits of a number are all the same, make this number the multiplier.

Example: 88 × 76

Solution: Make 88 the multiplier. This will require multiplying only by 8 instead of by 7 and 6.

[image: e9780486131528_i0038.jpg]


With larger numbers, the method becomes even faster and easier.





Example:

[image: e9780486131528_i0039.jpg]



4-3. To Multiply by a Number Made Up of Multiples

Example (1) : 753 x 842

In the multiplier, 4 is a multiple of 2 since 2 x 2 = 4; 8 is a multiple of 4 since 4 × 2 = 8.

Solution:


[image: e9780486131528_i0040.jpg]

Multiply this by 2 instead of 753 by 4

Multiply this by 2 instead of 753 by 8



Example (2): 243 × 186

In this multiplier, 18 is a multiple of 6 since 6 × 3 = 18.

Solution:


[image: e9780486131528_i0041.jpg]

Obtained by multiplying 1458 by 3 since 18 is 3 times 6. This is instead of multiplying 243 by 8 and then by 1.



Proving the answer:


[image: e9780486131528_i0042.jpg]



4-4. No-Carry Multiplication

If carrying is something you would like to avoid, you can get around it this way:


[image: e9780486131528_i0043.jpg]


You can also do no-carry multiplication by splitting a number into units, tens, hundreds, etc., and multiplying from left to right. The zeros in the partial products help to make the addition easier.

[image: e9780486131528_i0044.jpg]


Or you can do it this way:

(600 × 9) + (30 × 9) + (4 x 9) = 5,400 + 270 + 36 = 5,706


4-5. To Multiply a Number by 10, 100, 1,000, etc.

Multiplying by 10, 100, etc., is so simple that it hardly need be considered as a separate step. However, the process is reviewed here because the use of these multipliers is very important to methods that come later.





A. If the number has a decimal point:

Move the point one place to the right for each zero in the multiplier.

To multiply by 10, move the decimal point one place to the right; to multiply by 100, move it two places to the right; to multiply by 1,000, move the decimal point three places to the right, etc.

Examples:

[image: e9780486131528_i0045.jpg]


B. If the number has no decimal point:

Add a zero after the number for each zero in the multiplier.

To multiply by 10, add one zero after the number; to multiply by 100, add two zeros; to multiply by 1,000, add three zeros, etc.





Examples:

[image: e9780486131528_i0046.jpg]


In the following methods, where a number is to be multiplied by 10, 100, or 1,000, simply move the decimal point to the right as required, or add the proper number of zeros.

Multiplying by Aliquot Parts of 1, 10, 100, and 1,000


An aliquot part is a number that is contained in another number an exact number of times. For example, 5 is an aliquot part of 10 because 5 can be divided into 10 without a remainder.

Aliquot parts of 1, 10, 100, and 1,000 (such as .5, 5, 2.5, 25, 50, 125, etc.) can be simplified as multipliers by changing them into easy fractions, as shown in the following methods.


4-6. General Method for Multiplying by Aliquot Parts

To multiply by an aliquot part, change it to its fractional equivalent and multiply. The numerator (top) of the fraction will be 1, 10, 100, or 1,000 while the denominator of the fraction will be 2, 4, or 8. By this method, .5 is changed to the fraction [image: e9780486131528_i0047.jpg] , 5 is changed to [image: e9780486131528_i0048.jpg]25 to [image: e9780486131528_i0049.jpg] , 125 to [image: e9780486131528_i0050.jpg], etc.

Example (1): 16 × 25

Solution by steps:



	(a) Change 25 to fractional equivalent: [image: e9780486131528_i0051.jpg]

	(b) [image: e9780486131528_i0052.jpg], answer


Short way: 16 ÷ 4 = 4; add two zeros = 400

Proving the answer:


[image: e9780486131528_i0053.jpg]


Example (2) : 16 × 2.5

Solution by steps:



	(a) Fractional equivalent of [image: e9780486131528_i0054.jpg]

	(b) [image: e9780486131528_i0055.jpg], answer


Short way: 16 ÷ 4 = 4; add a zero = 40

Why it works: The multipliers (2.5, 25, etc.) are not altered in value but are simply changed to an easier form. This does not change the result or product.





Although 1 is included among the multipliers (along with 10, 100, and 1,000) in the methods that follow, actually multiplying by 1 should not be done since it will not change the number multiplied. Also keep in mind that multiplying by [image: e9780486131528_i0056.jpg] , or [image: e9780486131528_i0057.jpg] is the same as dividing by 2, 4, or 8. (For details of multiplying and dividing by fractions, see Chapter VI.)


4-7. To Multiply by .5, 5, 50, or 500

The general method for this group of multipliers is to divide by 2 and then multiply by 10, 100, or 1,000. (No need to multiply by 1 as it will not change the number multiplied.)





A. To multiply a number by .5, divide the number by 2. Dividing by 2 is the same as multiplying by [image: e9780486131528_i0058.jpg] which is equivalent to .[image: e9780486131528_i0059.jpg] .

Example: 362 × 5

Solution: 362 ÷ 2 = 181; or, 362 × [image: e9780486131528_i0060.jpg] = 181, answer

Proving the answer:


[image: e9780486131528_i0061.jpg]


B. To multiply a number by 5, divide the number by 2 and multiply by 10. This is the same as multiplying by [image: e9780486131528_i0062.jpg] which is equivalent to 5.

Example: 482 × 5

Solution: 482 ÷ 2 = 241; x 10 = 2,410, answer

Proving the answer:


[image: e9780486131528_i0063.jpg]


C. To multiply a number by 50, divide the number by 2 and multiply by 100. This is the same as multiplying by [image: e9780486131528_i0064.jpg] which is equivalent to 50.

Example: 138 × 50

Solution: 138 ÷ 2 = 69; × 100 = 6,900, answer

Proving the answer:


[image: e9780486131528_i0065.jpg]


D. To multiply a number by 500, divide the number by 2 and multiply by 1,000. This is the same as multiplying by [image: e9780486131528_i0066.jpg] which is equivalent to 500.

Example: 45.62 × 500

Solution: 45.62 ÷ 2 = 22.81; x 1,000 = 22,810, answer





Proving the answer:


[image: e9780486131528_i0067.jpg]


E. If the number to be multiplied is odd, there will be a remainder of [image: e9780486131528_i0068.jpg] after dividing by 2 but the same steps apply.

Examples:


[image: e9780486131528_i0069.jpg]


However, you can multiply odd numbers by these multipliers in a still shorter way: simply ignore the fraction [image: e9780486131528_i0070.jpg] after dividing by 2 and attach the multiplier (.5, 5, 50, or 500) to the result.

Examples:


[image: e9780486131528_i0071.jpg]



4-8. To Multiply by .25, 2.5, 25, or 250

The general method for this group of multipliers is to divide by 4 and then multiply by 10, 100, or 1,000. (No need to multiply by 1 as it will not change the number multiplied.)

A. To multiply a number by .25, divide the number by 4. Dividing by 4 is the same as multiplying by [image: e9780486131528_i0072.jpg] which is equivalent to .[image: e9780486131528_i0073.jpg] .

Example: 72 × .25





Solution: 72 ÷ 4 = 18; or, [image: e9780486131528_i0074.jpg], answer

Proving the answer:


[image: e9780486131528_i0075.jpg]


B. To multiply a number by 2.5, divide the number by 4 and multiply by 10. This is the same as multiplying by [image: e9780486131528_i0076.jpg] which is equivalent to [image: e9780486131528_i0077.jpg] .

Example: 96 × 2.5

Solution: 96 ÷ 4 = 24; x 10 = 240, answer





Proving the answer:


[image: e9780486131528_i0078.jpg]


C. To multiply a number by 25, divide the number by 4 and multiply by 100. This is the same as multiplying by [image: e9780486131528_i0079.jpg] which is equivalent to 25.





Example: 428 x 25

Solution: 428 ÷ 4 = 107; x 100 = 10,700, answer





Proving the answer:


[image: e9780486131528_i0080.jpg]


D. To multiply a number by 250, divide the number by 4 and multiply by 1,000. This is the same as multiplying by [image: e9780486131528_i0081.jpg] which is equivalent to 250.





Example: 848 × 250

Solution: 848 ÷ 4 = 212; × 1,000 = 212,000, answer





Proving the answer:


[image: e9780486131528_i0082.jpg]


E. If the number to be multiplied is not evenly divisible by 4, there will be a remainder of [image: e9780486131528_i0083.jpg] (.25), [image: e9780486131528_i0084.jpg] (.5) or [image: e9780486131528_i0085.jpg] (.75) but the same steps apply.





Examples:


[image: e9780486131528_i0086.jpg]



4-9. To Multiply by .125, 1.25, 12.5, or 125

The general method for this group of multipliers is to divide by 8 and then multiply by 10, 100, or 1,000. (No need to multiply by 1 as it will not change the number multiplied.)

A. To multiply a number by .125, divide the number by 8. Dividing by 8 is the same as multiplying by [image: e9780486131528_i0087.jpg] which is equivalent to .125 [image: e9780486131528_i0088.jpg] .

Example: 168 × .125

Solution: 168 ÷ 8 = 21; or, [image: e9780486131528_i0089.jpg], answer





Proving the answer:


[image: e9780486131528_i0090.jpg]


B. To multiply a number by 1.25, divide the number by 8 and multiply by 10. This is the same as multiplying by which is equivalent to [image: e9780486131528_i0091.jpg]





Example: 328 × 1.25

Solution: 328 ÷ 8 = 41; × 10 = 410, answer





Proving the answer:


[image: e9780486131528_i0092.jpg]


C. To multiply a number by 12.5, divide the number by 8 and multiply by 100. This is the same as multiplying by [image: e9780486131528_i0093.jpg] which is equivalent to [image: e9780486131528_i0094.jpg]

Example: 48 × 12.5

Solution: 48 ÷ 8 = 6; × 100 = 600, answer





Proving the answer:


[image: e9780486131528_i0095.jpg]


D. To multiply a number by 125, divide the number by 8 and multiply by 1,000. This is the same as multiplying by [image: e9780486131528_i0096.jpg] which is equivalent to 125.





Example: 728 × 125

Solution: 728 ÷ 8 = 91; × 1,000 = 91,000, answer





Proving the answer:


[image: e9780486131528_i0097.jpg]


E. Alternate methods of multiplying by .125, 1.25, 12.5, and 125.


	To multiply a number by .125, instead of dividing by 8, divide by 2 and then 4, or divide by 2, then 2, and by 2 again.
Example:


432 x .125: 432 ÷ 2 = 216; ÷ 2 = 108; ÷ 2 = 54, answer



	To multiply a number by 1.25, add [image: e9780486131528_i0098.jpg] of the number to the number.
Example: 168 x 1.25 = 168 + 42 = 210, answer


	To multiply a number by 12.5, multiply by 10 and add [image: e9780486131528_i0099.jpg] of the product to the product.
Example: 48 x 12.5 = 480 + 120 = 600, answer


	To multiply a number by 125, multiply by 100 and add [image: e9780486131528_i0100.jpg] of the product to the product.
Example: 728 x 125 = 72,800 + 18,200 = 91,000, answer




4-10. To Multiply by .75, 7.5, 75, or 750

While .75, 7.5, 75, and 750 are not evenly divisible into 1, 10, 100, or 1,000 and are therefore not aliquot parts of these numbers, they are included here because they are closely related to the aliquot parts just discussed and can be converted into easy multipliers by similar steps.

The general method for this group of multipliers is to multiply by [image: e9780486131528_i0101.jpg] and then by 10, 100, or 1,000. (No need to multiply by 1 as it will not change the number multiplied.)





A. To multiply a number by .75, multiply the number by [image: e9780486131528_i0102.jpg] which is equivalent to .[image: e9780486131528_i0103.jpg].

Example: 64 × .75

Solution: 64 × [image: e9780486131528_i0104.jpg] = 48; or, 64 ÷ 4 4 = 16; × 3 = 48, answer

Proving the answer:


[image: e9780486131528_i0105.jpg]


B. To multiply a number by 7.5, divide the number by 4 and multiply by 30 (or by 3 and then by 10). This is the same as multiplying by [image: e9780486131528_i0106.jpg] which is equivalent to 7.5 ([image: e9780486131528_i0107.jpg]).

Example: 92 × 7.5

Solution: 92 ÷ 4 = 23; × 3 = 69; x 10 = 690, answer





Proving the answer:


[image: e9780486131528_i0108.jpg]


C. To multiply a number by 75, divide the number by 4 and multiply by 300 (or by 3 and then by 100). This is the same as multiplying by [image: e9780486131528_i0109.jpg] which is equivalent to 75.

Example: 48 × 75

Solution: 48 ÷ 4 = 12; x 3 = 36; × 100 = 3,600, answer





Proving the answer:


[image: e9780486131528_i0110.jpg]


D. To multiply a number by 750, divide the number by 4 and multiply by 3,000 (or by 3 and then by 1,000). This is the same as multiplying by [image: e9780486131528_i0111.jpg] which is equivalent to 750.

Example: 648 × 750

Solution:


648 ÷ 4 = 162; x 3 = 486; x 1,000 = 486,000, answer


Proving the answer:


[image: e9780486131528_i0112.jpg]


E. If the number to be multiplied is not evenly divisible by 4, there will be a remainder of [image: e9780486131528_i0113.jpg], [image: e9780486131528_i0114.jpg], or [image: e9780486131528_i0115.jpg] but the same steps apply.

Examples:


[image: e9780486131528_i0116.jpg]


F. Alternate method of multiplying by .75, 7.5, 75, and 750.


	To multiply a number by .75, halve the number and to this add [image: e9780486131528_i0117.jpg] of the half.
Example: 64 × .75 = 32 + 16 = 48, answer


	To multiply a number by 7.5, halve the number, to this add [image: e9780486131528_i0118.jpg] of the half, and multiply by 10.
Example: 92 × 7.5: 46 + 23 = 69; × 10 = 690, answer


	To multiply a number by 75, halve the number, to this add [image: e9780486131528_i0119.jpg] of the half, and multiply by 100.
Example:


48 × 75: 24 + 12 = 36; × 100 = 3,600, answer



	To multiply a number by 750, halve the number, to this add [image: e9780486131528_i0120.jpg] of the half, and multiply by 1,000.
Example:

648 × 750: 324 + 162 = 486; × 1,000 = 486,000, answer




G. A third method of multiplying by .75, 7.5, 75, and 750.


	To multiply a number by .75, subtract [image: e9780486131528_i0121.jpg] of the number.
Example: 64 × .75 = 64 – 16 = 48, answer


	To multiply a number by 7.5, subtract [image: e9780486131528_i0122.jpg] of the number and multiply by 10.
Example: 92 x 7.5: 92 – 23 = 69; × 10 = 690, answer


	To multiply a number by 75, subtract [image: e9780486131528_i0123.jpg] of the number and multiply by 100.
Example: 48 x 75: 48 – 12 = 36; × 100 = 3,600, answer


	To multiply a number by 750, subtract [image: e9780486131528_i0124.jpg] of the number and multiply by 1,000.
Example: 648 × 750: 648 – 162 = 486; × 1,000

= 486,000, answer



Summary of Multiplication by Aliquot Parts and 75-Numbers

N stands for the number to be multiplied

To Multiply by Method


[image: e9780486131528_i0125.jpg]


Other aliquot parts: Multiplication by other aliquot parts in the form of mixed numbers (whole numbers with fractions, such as [image: e9780486131528_i0126.jpg] , and [image: e9780486131528_i0127.jpg]) is discussed in Chapter VI.

To Obtain the Squares of Certain Numbers


As you probably know, the “square” of a number is simply the product obtained by multiplying the number by itself. Thus, 16 is the square of 4 since 4 × 4 = 16.


4-11. To Square a Number Ending in 1

Example: 41 × 41

Solution by steps:



	(a) Square the next lower number (always ends in zero): 40 × 40 = 1,600

	(b) Obtain the sum of the next lower number and the number being squared: 40 + 41 = 81

	(c) Add (a) and (b): 1,600 + 81 = 1,681, answer


Short way: 40 × 40 = 1,600; 40 + 41 = 81; answer 1,681

Proving the answer:


[image: e9780486131528_i0128.jpg]


Other examples:


[image: e9780486131528_i0129.jpg]



4-12. To Square a Number Ending in 4

Example: 34 × 34

Solution by steps:


	(a) Square the next higher number: 35 × 35 = 1,225 (see Method 4-13)

	(b) Obtain the sum of the number being squared and the next higher number: 34 + 35 = 69

	(c) Subtract (b) from (a): 1,225 – 69 = 1,156, answer (simplify your subtraction by adding 1 to both numbers: 1,226 – 70 = 1,156)


Short way: 35 × 35 = 1,225; – (34 + 35) = 1,156

Proving the answer:


[image: e9780486131528_i0130.jpg]


Why it works: How the square of a number equals the square of the next higher number minus the sum of the higher number and the number being squared is shown in the following:


5 × 5 : (6 × 6) – (6 + 5) = 36 – 11 = 25 
4 × 4: (5 × 5) – (5 + 4) = 25 – 9 = 16 
3 × 3: (4 × 4) – (4 + 3)= 16 – 7= 9 
2 × 2: (3 × 3) – (3 + 2) = 9 – 5 = 4 
1 × 1: (2 × 2) – (2 + 1) = 4 – 3 = 1



4-13. To Square a Number Ending in 5

Example : 35 × 35

Solution by steps:



	(a) Multiply the first digit by the digit plus 1: 3 × 4 = 12

	(b) Attach 25: 1,225, answer


Short way: 3 × 4 = 12; answer 1,225

Proving the answer:


[image: e9780486131528_i0131.jpg]


Other examples:


[image: e9780486131528_i0132.jpg]



4-14. To Square a Number Ending in 6

This works by the same steps as for numbers ending in 1 (Method 4-11).

Example: 36 × 36

Solution by steps:



	(a) Square the next lower number: 35 × 35 = 1,225 (by Method 4-13)

	(b) Obtain the sum of the next lower number and the number being squared: 35 + 36 = 71

	(c) Add (a) and (b): 1,225 + 71 = 1,296, answer


Short way: 35 × 35 = 1,225; + (35 + 36) = 1,296

Proving the answer:


[image: e9780486131528_i0133.jpg]


Why it works: How the square of a number equals the square of the next lower number plus the sum of the lower number and the number being squared is shown in the following:


2 × 2: (1 × 1) + (1 + 2) = 1 + 3 = 4 
3 × 3: (2 × 2) + (2 + 3) = 4 + 5 = 9 
4 × 4: (3 × 3) + (3 + 4) = 9 + 7 = 16 
5 × 5: (4 × 4) + (4 + 5) = 16 + 9 = 25 
6 × 6: (5 × 5) + (5 + 6) = 25 + 11 = 36



4-15. To Square a Number Ending in 9

This works by the same steps as for numbers ending in 4 (Method 4-12).

Example: 39 × 39





Solution by steps:



	(a) Square the next higher number: 40 x 40 = 1,600

	(b) Obtain the sum of the number being squared and the next higher number: 39 + 40 = 79

	(c) Subtract (b) from (a): 1,600 — 79 = 1,521, answer


Short way: 40 x 40 = 1,600; — (39 + 40) = 1,521





Proving the answer:

[image: e9780486131528_i0134.jpg]


Other examples:

[image: e9780486131528_i0135.jpg]

Summary of Squaring Certain Numbers



N stands for the Number to be squared

Number ends in 1 or 6: (N — 1) × (N — 1) + (N + N — 1)

Number ends in 4 or 9: (N + 1) × (N + 1) — (N + N + 1)

Number ends in 5 (two-digit N): 1st digit × (1st digit + 1); attach 25

Number ends in 5 (three-digit N): 1st two digits × (1st two digits + 1); attach 25


Multiplying Numbers That Have Small Differences


4-16. To Multiply Two Numbers with a Difference of 1

Square either number, whichever is easier. If you square the larger number, subtract it from its square; if you square the smaller number, add it to its square.

Example (1): 24 × 23

Solution by steps:



	(a) Square the larger number; this is easy to do by Method 4-12: 24 × 24 = 576

	(b) Subtract the larger number: 576 — 24 = 552, answer Short way: 24 × 24 = 576; — 24 = 552


Proving the answer:


[image: e9780486131528_i0136.jpg]


Why it works: Squaring a number and subtracting the number from its square is equivalent to multiplying the number by the number minus 1.





Example (2): 35 × 36

Solution by steps:



	(a) Square the smaller number; this is easy to do by Method 4-13: 35 × 35 = 1,225

	(b) Add the smaller number: 1,225 + 35 = 1,260, answer


Short way: 35 × 35 = 1,225; + 35 = 1,260

Proving the answer:


[image: e9780486131528_i0137.jpg]


Why it works: Squaring a number and adding the number to its square is equivalent to multiplying the number by the number plus 1.





Other examples:

Squaring the higher number: 40 x 39 = 1,600 — 40 = 1,560

Squaring the lower number: 40 x 41 = 1,600 + 40 = 1,640


4-17. To Multiply Two Numbers with a Difference of 2

Square the average of the two numbers and subtract 1.

Example: 19 × 21





Solution by steps:



	(a) The average is the middle or “in-between” number: 20

	(b) Square the average: 20 x 20 = 400

	(c) Subtract 1: 400 —1 = 399, answer


Short way: 20 × 20 = 400; —1 = 399





Proving the answer:

[image: e9780486131528_i0138.jpg]


Why it works: If you multiply two small numbers with a difference of 2, you can see how the method works. For example, 8 × 6. The average of these numbers is 7 and the problem could be written as (7 + 1) x (7 — 1). By cross multiplying, here is how it works out:


[image: e9780486131528_i0139.jpg]

The +7 and —7 cancel each other, leaving 49 — 1 which equals 48, the product of 8 × 6. Thus, the square of the average (7 × 7) minus 1 equals 8 × 6.




4-18. To Multiply Two Numbers with a Difference of 3

Example: 27 x 24





Solution by steps:



	(a) Add 1 to the smaller number and square the sum: 24 + 1 = 25; x 25 = 625 (by Method 4-13)

	(b) Take 1 from the smaller number and add to (a): 24 — 1 = 23; + 625 = 648, answer


Short way: 25 × 25 = 625; + 23 = 648





Proving the answer:


[image: e9780486131528_i0140.jpg]


Why it works: If you multiply two small numbers with a difference of 3, you can see how the method works. For example, 8 × 11. (8 + 1) = 9; × 9 = 81; (8 — 1) = 7; + 81 = 88

Other examples:


92 x 89 = 8,100 + 88 = 8,188
 57 × 54 = 3,025 + 53 = 3,078



4-19. To Multiply Two Numbers with a Difference of 4

Square the average of the two numbers and subtract 4.

Example: 67 × 63





Solution by steps:



	(a) Average: 65 (67 -2 or 63 + 2)

	(b) 65 × 65 = 4,225 (by Method 4-13)

	(c) 4,225 — 4 = 4,221, answer


Short way: 65 × 65 = 4,225; —4 = 4,221





Proving the answer:


[image: e9780486131528_i0141.jpg]


Why it works: If you multiply two small numbers with a. difference of 4, you can see how the method works.





Example:


5 × 9; average, 7; × 7 = 49; —4 = 45
 Or, consider 5 as (7 — 2) and 9 as (7 + 2); 
(7 — 2) × (7 + 2) = 49 — 4 = 45


Other examples:


78 × 82 = 6,400 — 4 = 6,396
 63 × 59 = 3,721 — 4 = 3,717 
(61 × 61 = 3,721 by Method 4-11)



4-20. To Multiply Two Numbers with a Difference of 6

Square the average of the two numbers and subtract 9.

Example: 34 x 28





Solution by steps:



	(a) Average: 31 (34 — 3 or 28 + 3)

	(b) 31 x 31 = 961 (by Method 4-11)

	(c) 961 — 9 = 952, answer


Short way: 31 × 31 = 961; — 9 = 952

Why it works: If you multiply two small numbers with a difference of 6, you can see how the method works.

Example:


2 × 8; average, 5; × 5 = 25; — 9 = 16
 Or, consider 2 as (5 — 3) and 8 as (5 + 3); 
(5 — 3) × (5 + 3) = 25 — 9 = 16


Other examples:


83 x 77 = 6,400 — 9 = 6,391 
48 × 42 = 2,025 — 9 = 2,016


Summary of Multiplying Numbers Having Small Differences

The following table is based on 10 and numbers near 10 
Difference of 1: 10 x 9 = 90 = (10 x 10) — 10 = 90 
Difference of 1: 10 × 9 = 90 = (9 x 9) + 9 = 90 
Difference of 2: 11 x 9 = 99 = (10 x 10) — 1 = 99 
Difference of 3: 11 x 8 = 88 = (8 + 1) x (8 + 1) 
+ (8 — 1) = (9 × 9) + 7 = 88 
Difference of 4: 12 x 8 = 96 = (10 x 10) — 4 = 96 
Difference of 6: 13 × 7 = 91 = (10 x 10) — 9 = 91


Multiplying by Numbers Ending in 1


4-21. General Method for Multiplying by Numbers Ending in 1

Since 11 = 10 + 1, 21 = 20 + 1, etc., you can multiply by 11, 21, etc., more easily if you multiply by 10, 20, etc., and then add the number multiplied. The number you add is the “+1” of 10 + 1, 20 + 1, and so on.

Example:


67 × 11


Solution:


67 × (10 + 1) = 670 + 67 = 737, answer


Other examples:


36 × 21 = 720 + 36 = 756 
27 × 31 = 810 + 27 = 837 
49 x 101 = 4,900 + 49 = 4,949


Further details and alternate short-cuts for multiplying by 1-numbers will be found in the following methods.


4-22. To Multiply a Number by 11

Method A: This is the method explained in 4-21. Multiply the number by 10 and add the number.





Method B: Write the number to be multiplied and add 10 times the number.






Example: 369 × 11

Solution:


[image: e9780486131528_i0142.jpg]


Method C: To multiply a two-digit number by 11, add the number’s digits and insert their sum between the digits.





Example: 27 x 11





Solution by steps:

(a) Sum of the number’s digits: 2 + 7 = 9

(b) Insert the 9 between the 2 and 7: 297, answer





Short way: 2 + 7 = 9; answer 297





Other examples:


[image: e9780486131528_i0143.jpg]



4-23. To Multiply a Number by 21

Double the number, multiply this by 10, and add the number.





Example: 67 × 21





Solution:


2 × 67 = 134; × 10 = 1,340; + 67 = 1,407, answer


Proving the answer:


[image: e9780486131528_i0144.jpg]



4-24. To Multiply a Number by 31, 41, 51, etc.

Multiply the number by the first digit of the multiplier, multiply the result by 10, and add the number.





Example: 24 x 31





Solution by steps:

(a) Multiply 24 by the first digit of 31: 24 x 3 = 72

(b) 72 × 10 = 720; + 24 = 744, answer





Short way: 24 × 3 = 72; × 10 = 720; + 24 = 744





Proving the answer:


[image: e9780486131528_i0145.jpg]

Multiplying by Numbers Ending in 5




4-25. To Multiply by 15, 25, 35, 45, etc. Halve-and-Double Method

Halve the number to be multiplied and double the multiplier. This changes the multiplier ending in 5 to a multiplier ending in zero.





Example: 28 × 15





Solution:


Half of 28 = 14; double 15 = 30; × 14 = 420, answer


Proving the answer:


[image: e9780486131528_i0146.jpg]


Why it works: In multiplication, halving one number (dividing it by 2) and doubling the other number (multiplying it by 2) does not change the product. This is easy to see in an example using small numbers, such as 4 x 6 = 24. Double 4 = 8; halve 6 = 3; 8 × 3 = 24. Or, halve 4 = 2; double 6 = 12; 2 × 12 = 24, again.





Other examples:


[image: e9780486131528_i0147.jpg]


If the number to be multiplied is odd, the method still applies.

Example: 17 × 45





Solution:


Half of [image: e9780486131528_i0148.jpg] ; double ; [image: e9780486131528_i0149.jpg], answer


Sometimes you can halve-and-double twice to simplify the multiplication further.

Example: 175 × 24





Solution: 350 × 12 = 700 × 6 = 4,200, answer


4-26. Alternate Method for Multiplying a Number by 15

Add half the number to itself and multiply by 10.

Example (1): 64 × 15





Solution: 64 + 32 = 96; × 10 = 960, answer





Proving the answer:


[image: e9780486131528_i0150.jpg]


Example (2): 65 × 15





Solution: [image: e9780486131528_i0151.jpg]; × 10 = 975, answer

Why it works: Adding half the number to itself is the same as multiplying the number by [image: e9780486131528_i0152.jpg] ; then multiplying this by 10 is the same as multiplying the original number by 15.


4-27. Alternate Method for Multiplying a Number by 45

Multiply the number by 50 and subtract [image: e9780486131528_i0153.jpg] of the product.

Example: 36 × 45





Solution by steps:



	(a) 36 × 50 = 1,800 (36 ÷ 2 = 18; × 100 = 1,800 by Method 4-7C)

	(b) [image: e9780486131528_i0154.jpg]

	(c) 1,800 — 180 = 1,620, answer


Short way: 36 × 50 = 1,800; — 180 = 1,620

Why it works: Multiplying by 50 and subtracting [image: e9780486131528_i0155.jpg] of the product is the same as multiplying by (50 — 5) which is equivalent to 45.


4-28. Alternate Method for Multiplying a Number by 55

Multiply the number by 50 and add [image: e9780486131528_i0156.jpg] of the product.

Example: 48 × 55

Solution by steps:



	(a) 48 × 50 = 2,400 (48 ÷ 2 = 24; x 100 = 2,400)

	(b) [image: e9780486131528_i0157.jpg]

	(c) 2,400 + 240 = 2,640, answer


Short way: 48 × 50 = 2,400; + 240 = 2,640





Why it works: Multiplying by 50 and adding [image: e9780486131528_i0158.jpg] of the product is the same as multiplying by (50 + 5) which is equivalent to 55.


4-29. To Multiply One Number by Another When They Both End in 5 and the Sum of Their Other Digits is Even

Example: 35 × 55

Solution by steps:



	(a) Multiply the first digits: 3 x 5 = 15

	(b) Obtain half the sum of the first digits: [image: e9780486131528_i0159.jpg]

	(c) Add (a) and (b): 15 + 4 = 19

	(d) Attach 25 to (c): 1,925, answer


Short way: 3 × 5 = 15; + [image: e9780486131528_i0160.jpg] = 19; answer 1,925

Proving the answer:


[image: e9780486131528_i0161.jpg]


Why it works:



	(a) Multiplying 3 by 5 is really 30 x 50 = 1,500

	(b) Adding 4 to 15 is really adding 400 to 1,500 = 1,900

	(c) The 25 attached to 19 is the product of 5 x 5: answer 1,925


Other examples:


[image: e9780486131528_i0162.jpg]



4-30. To Multiply One Number by Another When They Both End in 5 and the Sum of Their Other Digits Is Odd

This follows the same steps as Method 4-29. However, there is a fraction, which is dropped, and the answer ends in 75 instead of 25.

Example: 65 × 35

Solution by steps:



	(a) Multiply the first digits: 6 × 3 = 18

	(b) Obtain half the sum of the first digits: [image: e9780486131528_i0163.jpg] ; drop the [image: e9780486131528_i0164.jpg] to get 4

	(c) Add (a) and (b): 18 + 4 = 22

	(d) Attach 75 to (c): 2,275, answer


Proving the answer:


[image: e9780486131528_i0165.jpg]


Why it works:



	(a) Multiplying 6 by 3 is really 60 × 30 = 1,800

	(b) The [image: e9780486131528_i0166.jpg] is really 450; dropping the [image: e9780486131528_i0167.jpg] is dropping 50

	(c) Adding 4 to 18 is really adding 400 to 1,800: = 2,200; this is 50 too little because of the 50 dropped in (b)

	(d) The 75 attached to 22 (really added to 2,200) is the product of 5 × 5 plus the 50 dropped in (b): answer 2,275


Other examples:


[image: e9780486131528_i0168.jpg]

Multiplying by 9, by Numbers Ending in 9, and by Multiples of 9



The general method for multiplying by these numbers is to increase them to the next number ending in zero; then, after multiplying, to subtract the excess amount from the product, as shown in the following methods.


4-31. To Multiply a Number by 9

Multiply the number by 10 and subtract the number.

Example: 37 × 9

Solution: 37 × 10 = 370; — 37 = 333, answer





Proving the answer:


[image: e9780486131528_i0169.jpg]


Why it works: Multiplying a number by 10 and subtracting the number is the same as multiplying by (10 — 1) which is equivalent to 9. You get the same result if you subtract [image: e9780486131528_i0170.jpg] of the product after multiplying the number by 10.


4-32. To Multiply a Number by 19, 29, 39, etc.

Add 1 to the multiplier (19, 29, etc.) to make it end in zero; then multiply the given number, and subtract the number from the result.

Example: 24 × 19

Solution: 19 + 1 = 20; × 24 = 480; — 24 = 456, answer





Proving the answer:


[image: e9780486131528_i0171.jpg]


Why it works: Multiplying a number by 20 and subtracting the number is the same as multiplying by (20 — 1) which is equivalent to 19. Other numbers ending in 9 work the same way: 29 = (30 — 1), 39 = (40 — 1), etc.

Other examples:


[image: e9780486131528_i0172.jpg]



4-33. To Multiply by a Multiple of 9 from 18 to 81

This refers to multiplying by 18, 27, 36, 45, 54, 63, 72, and 81 which are multiples of 9 produced by 9 x 2, 9 × 3, 9 × 4, etc.

Example: 35 × 27

Solution by steps:



	(a) Increase the multiple of 9 to the next number ending in zero. Thus, increase 27 to 30

	(b) Multiply: 35 × 30 = 1,050

	(c) Subtract [image: e9780486131528_i0173.jpg] of the product: 1,050 — 105 = 945, answer


Short way: 35 × 30 = 1,050; — 105 = 945

Proving the answer:


[image: e9780486131528_i0174.jpg]


Why it works: Multiplying a number by 30 and subtracting [image: e9780486131528_i0175.jpg] of the product is the same as multiplying the number by (30 —3) which is equivalent to 27. The other multiples of 9 work the same way: 18 = 20 − 2; 36 = 40 − 4; 45 = 50 − 5; 54 = 60 − 6, etc.





Other examples:


[image: e9780486131528_i0176.jpg]



4-34. To Multiply a Number by 99

Multiply the number by 100 and subtract the number.

Example: 83 × 99

Solution: 83 × 100 = 8,300; − 83 = 8,217





Why it works: Multiplying a number by 100 and subtracting the number is the same as multiplying the number by (100 — 1) which is equivalent to 99.

Other examples:


[image: e9780486131528_i0177.jpg]



4-35. To Multiply by a Multiple of 99

This refers to multiplying by 198, 297, 396, 495, 594, 693, 792, 891, and 990 which are multiples of 99 produced by 99 x 2, 99 x 3, 99 × 4, etc.





Example: 13 × 297

Solution by steps:



	(a) Increase the multiple of 99 to the next hundred. Thus, increase 297 to 300

	(b) Multiply: 13 × 300 = 3,900

	(c) Subtract [image: e9780486131528_i0178.jpg] of the product: 3,900 − 39 = 3,861, answer


Proving the answer:


[image: e9780486131528_i0179.jpg]


Why it works: Multiplying a number by 300 and subtracting [image: e9780486131528_i0180.jpg] of the product is the same as multiplying the number by (300 − 3) which is equivalent to 297. The other multiples of 99 work the same way: 198 = 200 − 2; 396 = 400 − 4; 495 = 500 − 5, etc.





Other examples:


[image: e9780486131528_i0181.jpg]

Multiplying by Numbers Near 100



The general method for simplifying multiplication by numbers near 100 is to change the number into an easy multiplier consisting of 100 and a small number, as follows: change 98 to 100 − 2; 99 to 100 − 1; 101 to 100 + 1; 102 to 100 + 2, etc.


4-36. To Multiply a Number by 98

Multiply the number by 100 and subtract twice the number.

Example: 64 × 98

Solution:


64 × 100 = 6,400; 64 × 2 = 128; 6,400 − 128 = 6,272, answer


Proving the answer:


[image: e9780486131528_i0182.jpg]


Why it works: Multiplying a number by 100 and subtracting twice the number is the same as multiplying the number by (100 − 2) which is equivalent to 98. Other numbers near 100 work the same way.





To Multiply a Number by 99:

Multiply the number by 100 and subtract the number, as previously described in Method 4-34.


4-37. To Multiply a Number by 101

Multiply the number by 100 and add the number.

Example: 64 × 101

Solution: 64 × 100 = 6,400; + 64 = 6,464, answer





To multiply any number from 10 to 99 by 101, simply write the number twice.





Examples:


[image: e9780486131528_i0183.jpg]



4-38. To Multiply a Number by 102

Multiply the number by 100 and add twice the number.

Example: 46 × 102

Solution:


46 × 100 = 4,600; 46 × 2 = 92; + 4,600 = 4,692, answer


Proving the answer:


[image: e9780486131528_i0184.jpg]

Other Short-Cuts in Multiplication




4-39. To Multiply One “Teen” Number by Another

Actually, this method can be used with 11 and 12 as well as the “teen” numbers from 13 to 19.

Example: 16 × 13





Solution by steps:



	(a) Add either number to the units digit of the other: 16 + 3 (or 13 + 6) = 19

	(b) Multiply by 10: 19 × 10 = 190

	(c) Multiply the units digits: 6 × 3 = 18

	(d) Add (b) and (c): 190 + 18 = 208, answer


Short way: 16 + 3 = 19; x 10 = 190; + (6 × 3) = 208

Proving the answer:


[image: e9780486131528_i0185.jpg]


Other examples:


[image: e9780486131528_i0186.jpg]


If the last two digits add to 10, simply obtain the product of the last two digits and place a 2 in front of it.

Example: 17 × 13

Solution: 7 × 3 = 21; answer 221





Other examples:


[image: e9780486131528_i0187.jpg]


The next method extends this idea to use with other numbers and shows that the 2 in the above examples is derived by multiplying 1 × (1+1), or 1 × 2.


4-40. To Multiply Two Numbers When Their End Digits Add to 10 and Their Other Digits Are the Same

Example: 74 × 76





Solution by steps:



	(a) Multiply the first digit by the first digit + 1: 7 × 8 = 56

	(b) Multiply the end digits: 4 × 6 = 24

	(c) Combine (a) and (b): 5,624, answer


Short way: 7 × 8 = 56; 4 × 6 = 24; answer 5,624

Proving the answer:


[image: e9780486131528_i0188.jpg]


Why it works: Multiplying 7 by 8 is really 70 × 80 = 5,600. Why multiply by 80? Because there are seventy 70’s plus ten 70’s from multiplying by 6 and by 4. The 24 in the answer is, of course, the product of 4 × 6.





You can get a better look at how this works by using no-carry multiplication (Method 4-4), as follows:


[image: e9780486131528_i0189.jpg]


This can be shortened to:


[image: e9780486131528_i0190.jpg]


And shortened again to:


(80 × 70) + (6 × 4) = 5,600 + 24 = 5,624


And finally to: 8 × 7 = 56; attach 24; = 5,624





Each set of numbers in the teens, 20’s, 30’s, 40’s, etc., contains five pairs of numbers that can be multiplied by this method. For example, in the 60’s:





	69 × 61 = 4,209 (zero must be inserted)


	68 × 62 = 4,216


	67 × 63 = 4,221


	66 × 64 = 4,224


	65 × 65 = 4,225 (same as by Method 4-13)



These pairs, of course, can also be reversed since 69 × 61 = 61 x 69, 68 x 62 = 62 x 68, etc.





The idea can be extended to larger numbers too, with the first two digits on the left treated as a “first digit.”

Example: 113 × 117

Solution:


11 × (11 + 1) = 11 × 12 = 132; 3 × 7 = 21; answer 13,221


Other examples:


254 x 256 = 65,024 
418 × 412 = 172,216



4-41. To Multiply Two Two-Digit Numbers When Their First Digits Add to 10 and Their End Digits Are the Same

Example: 36 × 76

Solution by steps:



	(a) Multiply the first digits and add an end digit: 3 × 7 = 21; + 6 = 27

	(b) Multiply the end digits: 6 × 6 = 36

	(c) Combine (a) and (b): 2,736, answer


Short way: (3 × 7) + 6 = 27; 6 × 6 = 36; answer 2,736

Proving the answer:


[image: e9780486131528_i0192.jpg]


Further examples are given in the following complete set of numbers in the 20’s paired with numbers in the 80’s having the same end digits. Notice that a zero must be inserted in the tens place of the first four products.

[image: e9780486131528_i0193.jpg]


Starting with 10 × 90, 11 × 91, 12 × 92, etc., you can multiply 50 pairs of two-digit numbers by this method. These pairs can also be reversed since 10 × 90 = 90 × 10, etc.



 Checking Results in Multiplication


4-42. Estimate the Answer Before You Multiply

Estimating your answer before you multiply will help to avoid big mistakes, such as getting an answer in the hundreds when it should be in the thousands, or the other way around, as may happen if you misplace a decimal point or put the right digit in the wrong place. If your answer comes out very different in magnitude from your estimate, check to see what is wrong.

One way to estimate the answer is to round off the numbers for an easy multiplication. Change the numbers in opposite directions, that is, increase one number and decrease the other. This will produce a smaller change in the product than if you increase or decrease both numbers.

For example, you might estimate the product of 486 × 112 like this:

Rounded off to the nearest hundred: 500 × 100 = 50,000

Rounded off to the nearest ten: 490 × 110 = 53,900

You can also estimate the answer by a short-cut method, such as by multiplying 486 by 100 to get 48,600 and adding [image: e9780486131528_i0194.jpg] of 48,600, since 112 is approximately [image: e9780486131528_i0195.jpg] larger than 100. This would give you an estimate of 54,675.

Any of these estimates will serve to show you in advance that your answer should be somewhere around 50,000. After you do the multiplication, check your estimate against your answer.

[image: e9780486131528_i0196.jpg]


Now you can use one of the following methods to see if your multiplication is correct.


4-43. Checking Multiplication by Multiplying in Reverse

To make this check, reverse the numbers and multiply again.

Example:


[image: e9780486131528_i0197.jpg]


Check:


[image: e9780486131528_i0198.jpg]



4-44. Checking Multiplication by Using a Short-Cut

See if you can use a short-cut for a fast, easy check on your answer. For example, you could check the product (1,764) obtained in Method 4-43 as follows:


49 x 36 = (50 x 36) − 36 = 1,800 − 36 = 1,764 (by Method 4-32)


If you use a short-cut in the first place, you can check your answer by another short-cut or by conventional multiplication.


4-45. Checking Multiplication by Dividing the Product by One of the Factors Used

Dividing the product by one of the factors should give the other factor as the quotient. This check takes longer but you might want to make it if the result is of great importance. Divide by the multiplier (rather than by the number multiplied) since this will change the order in which the digits are multiplied.

Example:


[image: e9780486131528_i0199.jpg]


Check:


[image: e9780486131528_i0200.jpg]



4-46. Checking Multiplication by Casting Out 9’s

Various ways to cast out 9’s are shown in 1-6, Chapter I. The application of this method to checking multiplication is discussed here. Use of the method is recommended in particular when large numbers are involved. One of its advantages is that you do not have to write the numbers again.

The remainders obtained after casting out 9’s are used as check numbers for testing the answer in multiplication, as follows:

Example (1):


[image: e9780486131528_i0201.jpg]

Multiplying the remainders of the factors gives a remainder of



2. The remainder of the answer is also 2. Therefore, the answer checks and may be considered correct.

In the following example, no digit sums are shown; the 9’s are cast out by omitting them.

Example (2):


[image: e9780486131528_i0202.jpg]


Since the remainders are the same (0), the answer checks as correct.





If the remainder of either factor is zero, the product of the remainders of the factors will also be zero since zero multiplied by any number is always zero.

Remember that casting out 9’s does not give positive proof of the answer. The method will not catch errors of the following types:





1. Where digits have been transposed, such as in 3,451 and 3,541. Since the same digits appear in both numbers, their digit sums and remainders will naturally be the same.

2. Where the decimal point has been misplaced. Again, it is obvious that 3.451, 34.51, 345.1, and 3,451 will all give the same digit sums and remainders. (You can guard against errors of this type by estimating your answer in advance.)

However, if casting out 9’s does not confirm your answer, you can be sure that there is something wrong in the multiplication, in the check, or in both.





V. DIVISION

5-1. Basic Principles

Division is the process of finding how many times one number is contained in another. It is a rapid way of subtracting. Thus, 8 ÷ 2 = 4 means that 2 is contained in 8 four times, or that 2 can be subtracted from 8 four times.

Division may also be shown in the form of a fraction:


[image: e9780486131528_i0203.jpg].


Division is the inverse of multiplication. If a product is divided by one of two factors, the result (quotient) will be the other factor.

[image: e9780486131528_i0204.jpg]


One basic way to simplify division is to break up the divisor into easy factors. You can then divide by these smaller numbers in whatever order is easiest for you. To divide 378 by 18, for example, you can factor 18 into 6 × 3 and divide in either order: 378 ÷ 6 = 63; ÷ 3 = 21; or 378 ÷ 3 = 126; ÷ 6 = 21. Or you can use the factors 2 × 9: 378 ÷ 2 = 189; ÷ 9 = 21.

Another basic way of simplifying division depends on the fact that the divisor and the dividend can be multiplied by the same number, or be divided by the same number, without changing the answer (quotient). For example, to divide 385 by 35, you can double both numbers to get 770 ÷ 70 which, of course, is an easy 11.

These and other ways of making division faster and easier are covered in detail under the methods that follow.


5-2. Doing Short Division

In “short” division, the multiplying and dividing steps are not written out. This method is generally employed for dividing by numbers up to 12 although you can use it with larger divisors, also. Two simple procedures can help to make your short division faster, easier, and surer.

A. Write each digit of your answer directly under the proper digit in the dividend.

B. Write each partial remainder as a small number in front of and above (or below) the next digit in the dividend. This will save you from having to remember each remainder and will make it easier to check your division in case of a mistake.

Example:


[image: e9780486131528_i0205.jpg]



5-3. Doing Long Division

In “long” division, the multiplying and subtracting steps are written out so that the remainders are shown for each step. The following procedures can help you get the right answer faster and easier.





A. Write each digit of your answer directly above the proper digit in the dividend.





B. When a digit repeats in the answer, use the product previously obtained with this digit instead of multiplying again.

Example:


[image: e9780486131528_i0206.jpg]


The first product of 7 × 432, 3024, should simply be written for the second 7 instead of multiplying by 7 again.


C. When a digit in the answer is a multiple of a preceding digit in the answer, you can simplify your multiplication as shown below.

Example:


[image: e9780486131528_i0207.jpg]


Instead of multiplying 48 by 6, multiply 144 by 2 since 6 is twice 3. Thus, 6 x 48 = 288; 2 x 144 = 288


D. If the divisor ends in one or more zeros, cancel these before you divide; move the decimal point in the dividend one place to the left for each zero cancelled.

Example: 173,216 ÷ 3,200


[image: e9780486131528_i0208.jpg]


Why it works: Cancelling the two zeros and moving the decimal point two places to the left is the same as dividing both numbers by 100. In division, the answer is not changed if the divisor and the dividend are both divided by the same number (or multiplied by the same number).

If you do the division WITHOUT cancelling the zeros, you have to handle much larger numbers.

[image: e9780486131528_i0209.jpg]



5-4. To Divide by 10, 100, 1,000, etc.

Dividing by 10, 100, etc., is so simple that it hardly need be considered as a separate step. However, the process is reviewed here because the use of these divisors is very important to methods that come later.





A. To divide a number by 10, move the decimal point one place to the left.

Examples: 682 ÷ 10 = 68.2 72.31 ÷ 10 = 7.231

B. To divide a number by 100, move the decimal point two places to the left.

Examples: 361 ÷ 100 = 3.61 4.26 ÷ 100 = .0426

C. To divide a number by 1,000, move the decimal point three places to the left.

Examples: 945 ÷ 1,000 = .945 80 ÷ 1,000 = .08





In the following methods, where a number is to be divided by 10, 100, or 1,000, simply move the decimal point the required number of places to the left.




 Dividing by Aliquot Parts of 1, 10, 100, and 1,000

As mentioned in Chapter IV on multiplying, an aliquot part is a number that goes into another number an exact number of times. For example, 5 is an aliquot part of 10 because 5 can be divided into 10 “evenly”, that is, without a remainder.

Aliquot parts of 1, 10, 100, and 1,000 (such as .5, 5, .25, 2.5, 12.5, and 125) can be simplified as divisors by changing them into easy fractions, as shown in the following methods.


5-5. General Method for Dividing by Aliquot Parts

Change the aliquot part to its fractional equivalent, invert the fraction, and multiply.

Example: 641 ÷ 25





Solution by steps:



	(a) 25 is an aliquot part of 100. Change it to its fractional equivalent: [image: e9780486131528_i0210.jpg]

	(b) Invert the fraction: [image: e9780486131528_i0211.jpg](equivalent to [image: e9780486131528_i0212.jpg] )

	(c) Multiply: = [image: e9780486131528_i0213.jpg], answer


Short way: 641 x 4 = 2,564; answer 25.64





Why it works: Dividing by 25 is the same as multiplying by [image: e9780486131528_i0214.jpg] which is equivalent to [image: e9780486131528_i0215.jpg] . Multiplying by 4 and pointing off two decimal places to the left is the same as multiplying by [image: e9780486131528_i0216.jpg] .

Dividing by other aliquot parts works on the same principle. The divisors discussed in the next methods, with their fractional equivalents, are:


[image: e9780486131528_i0217.jpg]


For multiplying and dividing by fractions, see Chapter VI.


5-6. To Divide by .5, 5, 50, or 500

A. To divide a number by .5, multiply the number by 2. Multiplying by 2 is the same as dividing by [image: e9780486131528_i0218.jpg] which is equivalent to [image: e9780486131528_i0219.jpg].

Example: 85 ÷ .5

Solution: 85 × 2 = 170, answer





Proving the answer:


[image: e9780486131528_i0220.jpg]


B. To divide a number by 5, multiply the number by 2 and divide by 10. This is the same as multiplying by [image: e9780486131528_i0221.jpg] which is equivalent to dividing by [image: e9780486131528_i0222.jpg] which equals 5.

Example: 243 ÷ 5

Solution: 243 x 2 = 486; ÷ 10 = 48.6, answer





Proving the answer:


[image: e9780486131528_i0223.jpg]


C. To divide a number by 50, multiply the number by 2 and divide by 100. This is the same as multiplying by [image: e9780486131528_i0224.jpg]which is equivalent to dividing by [image: e9780486131528_i0225.jpg] which equals 50.

Example: 215 ÷ 50

Solution: 215 × 2 = 430; ÷ 100 = 4.3, answer





Proving the answer:


[image: e9780486131528_i0226.jpg]


D. To divide a number by 500, multiply the number by 2 and divide by 1,000. This is the same as multiplying by [image: e9780486131528_i0227.jpg] which is equivalent to dividing by [image: e9780486131528_i0228.jpg] which equals 500.

Example: 164 ÷ 500

Solution: 164 × 2 = 328; ÷ 1,000 = .328, answer





Proving the answer:


[image: e9780486131528_i0229.jpg]



5-7. To Divide by .25, 2.5, 25, or 250

A. To divide a number by .25, multiply the number by 4. Multiplying by 4 is the same as dividing by [image: e9780486131528_i0230.jpg] which is equivalent to .[image: e9780486131528_i0231.jpg].

Example: 71 ÷ .25

Solution: 71 × 4 = 284, answer





Proving the answer:


[image: e9780486131528_i0232.jpg]


B. To divide a number by 2.5, multiply the number by 4 and divide by 10. This is the same as multiplying by [image: e9780486131528_i0233.jpg] which is equivalent to dividing by [image: e9780486131528_i0234.jpg] which equals [image: e9780486131528_i0235.jpg].

Example: 52 ÷ 2.5

Solution: 52 × 4 = 208; ÷ 10 = 20.8, answer





Proving the answer:


[image: e9780486131528_i0236.jpg]


C. To divide a number by 25, multiply the number by 4 and divide by 100. This is the same as multiplying by [image: e9780486131528_i0237.jpg] which is equivalent to dividing by [image: e9780486131528_i0238.jpg] which equals 25.

Example: .161 ÷ 25

Solution: 161 × 4 = 644; ÷ 100 = 6.44, answer





Proving the answer:


[image: e9780486131528_i0239.jpg]


D. To divide a number by 250, multiply the number by 4 and divide by 1,000. This is the same as multiplying by [image: e9780486131528_i0240.jpg] which is equivalent to dividing by [image: e9780486131528_i0241.jpg]which equals 250.

Example: 832 ÷ 250

Solution: 832 × 4 = 3,328; ÷ 1,000 = 3.328, answer

Proving the answer:


[image: e9780486131528_i0242.jpg]



5-8. To Divide by .125, 1.25, 12.5, or 125

A. To divide a number by .125, multiply the number by 8. This is the same as dividing by [image: e9780486131528_i0243.jpg] which is equivalent to .125 ([image: e9780486131528_i0244.jpg]).

Example: 32 ÷ .125

Solution: 32 × 8 = 256, answer

Proving the answer:


[image: e9780486131528_i0245.jpg]


B. To divide a number by 1.25, multiply the number by 8 and divide by 10. This is the same as multiplying by [image: e9780486131528_i0246.jpg] which is equivalent to dividing by [image: e9780486131528_i0247.jpg]which equals 1.25 [image: e9780486131528_i0248.jpg]or.

Example: 53 ÷ 1.25

Solution: 53 × 8 = 424; ÷ 10 = 42.4, answer

Proving the answer:


[image: e9780486131528_i0249.jpg]


C. To divide a number by 12.5, multiply the number by 8 and divide by 100. This is the same as multiplying by [image: e9780486131528_i0250.jpg] which is equivalent to dividing by [image: e9780486131528_i0251.jpg] which equals 12.5 ( [image: e9780486131528_i0252.jpg] or .

Example: 315 ÷ 12.5

Solution: 315 × 8 = 2,520; ÷ 100 = 25.2, answer

Proving the answer:


[image: e9780486131528_i0253.jpg]


D. To divide a number by 125, multiply the number by 8 and divide by 1,000. This is the same as multiplying by [image: e9780486131528_i0254.jpg] which is equivalent to dividing by [image: e9780486131528_i0255.jpg] which equals 125.

Example: 441 ÷ 125

Solution: 441 × 8 = 3,528; ÷ 1,000 = 3.528, answer

Proving the answer:


[image: e9780486131528_i0256.jpg]



5-9. To Divide by .75, 7.5, 75, or 750

While .75, 7.5, 75, and 750 are not evenly divisible into 1, 10, 100, or 1,000 and are therefore not aliquot parts of these numbers, they are included here because they are closely related to the, aliquot parts just discussed and can be converted into easy divisors by similar steps,

The fractional equivalents of these divisors are: .[image: e9780486131528_i0257.jpg]; [image: e9780486131528_i0258.jpg] ; [image: e9780486131528_i0259.jpg]; and [image: e9780486131528_i0260.jpg] . When these fractions are inverted and used as multipliers, this involves multiplying by 4, dividing by 3, and then dividing by 10, 100, or 1,000, as the case may be. (No need to multiply by 1 as it will not change the number multiplied.) Since multiplying by 4 and dividing by 3 is the same as multiplying by [image: e9780486131528_i0261.jpg] , you may find it easier to simply increase the multiplied number by [image: e9780486131528_i0262.jpg] of the number. This is the same as multiplying by [image: e9780486131528_i0263.jpg] which equals [image: e9780486131528_i0264.jpg] .

A. To divide a number by .75, increase the number by [image: e9780486131528_i0265.jpg] of the number..





Example: 36 ÷ .75

Solution:


[image: e9780486131528_i0266.jpg]


also:


[image: e9780486131528_i0267.jpg]


Proving the answer:


[image: e9780486131528_i0268.jpg]


B. To divide a number by 7.5, increase the number by [image: e9780486131528_i0269.jpg] of the number and divide by 10.





Example: 144 ÷ 7.5

Solution:


[image: e9780486131528_i0270.jpg]


also:


[image: e9780486131528_i0271.jpg]


Proving the answer:


[image: e9780486131528_i0272.jpg]


C. To divide a number by 75, increase the number by [image: e9780486131528_i0273.jpg] of the number and divide by 100.





Example: 825 ÷ 75

Solution:


[image: e9780486131528_i0274.jpg]


also:


[image: e9780486131528_i0275.jpg]


Proving the answer:


[image: e9780486131528_i0276.jpg]


D. To divide a number by 750, increase the number by [image: e9780486131528_i0277.jpg] of the number and divide by 1,000.

Example: 126 ÷ 750

Solution:


[image: e9780486131528_i0278.jpg]


also:


[image: e9780486131528_i0279.jpg]


Proving the answer:


[image: e9780486131528_i0280.jpg]


Summary of Division by Aliquot Parts and 75-Numbers

N stands for the Number to be divided

[image: e9780486131528_i0281.jpg]


Other aliquot parts: Division by other aliquot parts in the form of mixed numbers ( [image: e9780486131528_i0282.jpg] , etc.) is discussed in Chapter VI.

Testing the Divisibility of a Number

It is often useful to be able to tell quickly if one number can be divided evenly by another. The following tests make this easy to do.


5-10. Test for Divisibility by Odd and Even Numbers

A. Odd numbers: Numbers ending in 1, 3, 5, 7, or 9 can only be divided evenly by another odd number. Therefore, if a number’s last digit is odd, you know at once that the number is not evenly divisible by any even number.

B. Even numbers: Numbers ending in 2, 4, 6, 8, or 0 may be divisible evenly by either odd or even numbers. For example, 12 is evenly divisible by the even numbers 2, 4, and 6, as well as by the odd number 3.


5-11. Test for Divisibility by 2

If a number ends in 0, 2, 4, 6, or 8, it is, of course, evenly divisible by 2.


5-12. Test for Divisibility by 3

If the sum of a number’s digits is evenly divisible by 3, the number can be evenly divided by 3.

Example: 573

Test: Digit sum is 5 + 7 + 3 = 15. Since 15 is evenly divisible by 3, so is the number 573.

Check:


[image: e9780486131528_i0283.jpg]


Since changing the order of the digits does not change the digit sum, it follows that 375, 357, 537, 735, and 753 are also evenly divisible by 3.

Instead of getting the sum of all the digits, you can make the test faster and easier by omitting 3’s, 6’s, and 9’s, and combinations that add up to 3, 6, or 9 (2 and 1, 2 and 4, 4 and 5, etc.), and testing the sum of the other digits.

Example: 1,945,369

Test: By omitting the two 9’s, the 4 and 5, and the 3 and 6, only the 1 remains. This not only shows that the number is not evenly divisible by 3 but also that there will be a remainder of 1 if the number is divided by 3.

Check:


[image: e9780486131528_i0284.jpg]



5-13. Test for Divisibility by 4

If a number’s last two digits are zeros or are evenly divisible by 4, the number can be evenly divided by 4.

Example: 9,537,724

Test: Since the last two digits (24) are evenly divisible by 4, the number itself is evenly divisible by 4.

You can simplify this test further by dividing the last two digits by 2. If the result is an even number, it shows that the last two digits are evenly divisible by 4 and that, therefore, the entire number is, also.

Check:


[image: e9780486131528_i0285.jpg]



5-14. Test for Divisibility by 5

If a number ends in 5 or 0, it is evenly divisible by 5.


5-15. Test for Divisibility by 6

If a number is even and its digit sum is evenly divisible by 3, the number can be evenly divided by 6.

Example: 23,754

Test: The number is even and its digit sum, 21, is evenly divisible by 3. Hence, the number can be evenly divided by 6.

Check:


[image: e9780486131528_i0286.jpg]



5-16. Test for Divisibility by 7

There is no simple test for divisibility by 7. The best way is to try dividing the number by 7, especially if the number has fewer than six digits. However, you may find the following method interesting and, at times, useful.

Example (1): 1,224,251

Steps in test:



	(a) Starting from the right, split the number into groups of three digits: 1 224 251. Numbers of 1,000 or more are generally marked off into groups of three by commas, so you don’t have to do this separately.

	(b) Add the odd groups (first, third, etc.), add the even groups (second, fourth, etc.; 224 stands alone here, so there is nothing to add), and subtract one from the other: 1 + 251 = 252; − 224 = 28.

	(c) The original number is evenly divisible by 7 if the remainder in (b) is zero or can be evenly divided by 7. Since the remainder is 28, the number can be evenly divided by 7.


Check:


[image: e9780486131528_i0287.jpg]


You can use this same test for checking divisibility by 11 and 13, also. Since the remainder (28) cannot be evenly divided by either 11 or 13, neither can the original number.

Check:


[image: e9780486131528_i0288.jpg]


Example (2): Test 220,324 for divisibility by 7, 11, or 13.





Test: 324 − 220 = 104 which is evenly divisible by 13 but not by 7 or 11. Therefore, the original number can be evenly divided by 13 but not by 7 or 11.

Check:


[image: e9780486131528_i0289.jpg]


Example (3): Test 676,522 for divisibility by 7, 11, or 13.

Test: 676 − 522 = 154 which is evenly divisible by both 7 and 11 but not by 13. Therefore, the same applies to the original number.

Check:


[image: e9780486131528_i0290.jpg]


A separate test for divisibility by 11 is given in Method 5-20.


5-17. Test for Divisibility by 8

If the last three digits of a number are zeros or are evenly divisible by 8, the number can be evenly divided by 8.

Example: 727,648

Test: The last three digits are evenly divisible by 8 (648 ÷ 8 = 81); therefore, the number can be evenly divided by 8.

Check:


[image: e9780486131528_i0291.jpg]


You can simplify this test further by dividing the last three digits by 4. If the result is an even number, it shows that the last three digits are evenly divisible by 8 and that the original number is, also. Or, instead of dividing by 4, you can divide twice by 2 to see if you get an even number.

Of course, if the last two digits are not evenly divisible by 4, the number is not evenly divisible by either 4 or 8. And keep in mind that, if the number’s last digit is odd, you need go no further since the number cannot be evenly divided by any even number.

Here is another quick test. A number is evenly divisible by 8 if (a) the hundreds digit is even and the last two digits are evenly divisible by 8, such as in 464; or (b) the hundreds digit is odd and the last two digits are evenly divisible by 4 but not by 8, such as in 512.


5-18. Test for Divisibility by 9

If a number’s digit sum is evenly divisible by 9, the number can be evenly divided by 9.

Examples:


[image: e9780486131528_i0292.jpg]


Test: The digit sums of all four numbers are evenly divisible by 9; therefore, the numbers themselves are evenly divisible by 9.

Check:


[image: e9780486131528_i0293.jpg]


Instead of getting the digit sum, it is faster and easier to cast out 9’s. If there is no remainder after casting out 9’s, the number can be evenly divided by 9.

Example: 993,645

Test: Casting out 9, 9, 3 + 6 (= 9), and 4 + 5 (= 9), there is no remainder. Therefore, the number is evenly divisible by 9.

Check:


[image: e9780486131528_i0294.jpg]


However, if there is a remainder after casting out 9’s, there will be the same remainder when the number is divided by 9.

Example: 2,081

Test: Casting out 8 and 1 (= 9) leaves a remainder of 2. Therefore, there will also be a remainder of 2 when the number is divided by 9.

Check:


[image: e9780486131528_i0295.jpg]



5-19. Test for Divisibility by 10

If a number ends in zero, it is, of course, evenly divisible by 10.

Summary of Tests for Divisibility: 2 to 10





	Number is Divisible by
	If Number’s


	2
	Last digit is even.


	3
	Digit sum is evenly divisible by 3.


	4
	Last two digits are 00 or are evenly divisible by 4.


	5
	Last digit is 5 or 0.


	6
	Last digit is even and digit sum is evenly divisible by 3.


	7
	(See Method 5-16)


	8
	Last three digits are 000 or are evenly divisible by 8.


	9
	Digit sum is evenly divisible by 9.


	10
	Last digit is 0.



With regard to these tests, the following should also be noted: (a) The tests for divisibility by 2, 5, and 10 involve checking only the last digit.

(b) The test for divisibility by 4 depends on the last two digits.

(c) The test for divisibility by 8 depends on the last three digits.

(d) The tests for divisibility by 3, 6, and 9 are based on digit sums; in the case of 6, the number must also be even.

You can extend these tests to certain larger divisors by applying two of the tests to a number. For example, if the number is evenly divisible by both 3 and 4, it is also evenly divisible by 12 (product of 3 × 4); if evenly divisible by 3 and 5, the number is also evenly divisible by 15.

However, this will not work if the factors that make up the larger divisor can be evenly divided into each other. For instance, you cannot test for divisibility by 16 by testing for 2 and 8 because 2 goes into 8 evenly and any number evenly divisible by 8 must also be evenly divisible by 2. Therefore, this does not provide two distinct tests. Of course, if you divide a number by 8 and get an even number as a result, this does tell you that the number is evenly divisible by 16.



 Testing for Divisibility by Larger Divisors


5-20. Test for Divisibility by 11

Starting from the left or right, add the digits in the “odd” places and the digits in the “even” places. If the difference between these sums is 0 or is evenly divisible by 11, the number is evenly divisible by 11.

Example (1): 3,861

Steps in test:



	(a) Sum of first and third digits from the right: 1 + 8 = 9

	(b) Sum of second and fourth digits from the right: 6 + 3 = 9

	(c) 9 − 9 = 0; the number is evenly divisible by 11


Short way: (1 + 8) − (6 + 3) = 0

Check:


[image: e9780486131528_i0297.jpg]


Example (2): 937,651

Test: 1 + 6 + 3 = 10; 5 + 7 + 99 = 21; − 10 = 11; the number is evenly divisible by 11.

Check:


[image: e9780486131528_i0298.jpg]


Checking three-digit numbers for divisibility by 11 is especially easy by this method. If the sum of the two outside digits equals the middle digit, or differs by 11 from the middle digit, the number is evenly divisible by 11. (Note that the two outside digits are in “odd” places, the middle digit in an “even” place.)

Example (1): 792 and 297

Test: 7 + 2 = 9, the middle digit; both 792 and 297 are evenly divisible by 11.

Check:


[image: e9780486131528_i0299.jpg]


Example (2): 968 and 369

Test: 9 + 8 = 17; 6 = 11; both 968 and 869 are evenly divisible by 11.

Check:


[image: e9780486131528_i0300.jpg]


If a number is made up of a repeating digit, it is evenly divisible by 11 if it has an even number of digits.

Examples: 66, 5,555, and 777,777 are all evenly divisible by 11 but 666, 66,666, and 7,777,777 are not.

Check:


[image: e9780486131528_i0301.jpg]


Another test for divisibility by 11 is included under Method 5-16.


5-21. Test for Divisibility by 12

If a number is evenly divisible by both 3 and 4, it can be evenly divided by 12.

Example: 3,625,020

Steps in test:



	(a) Digit sum is 18; number is evenly divisible by 3 (Method 5-12)

	(b) Last two digits (20) are evenly divisible by 4; number is evenly divisible by 4 (Method 5-13)

	(c) Since the number is evenly divisible by both 3 and 4, it is evenly divisible by 12


Check:


[image: e9780486131528_i0302.jpg]



5-22. Test for Divisibility by 15

If a number is evenly divisible by both 3 and 5, it can be evenly divided by 15.

Example: 7,335

Steps in test:



	(a) Digit sum is 18; number is evenly divisible by 3

	(b) Number ends in 5; is evenly divisible by 5

	(c) Since the number meets both tests, it is evenly divisible by 15


Check:


[image: e9780486131528_i0303.jpg]



5-23. Test for Divisibility by 18

If a number is evenly divisible by both 2 and 9, it can be evenly divided by 18.

Example: 2,952

Steps in test:



	(a) Number ends in 2; is evenly divisible by 2

	(b) Digit sum is 18; number is evenly divisible by 9

	(c) Since the number meets both tests, it is evenly divisible by 18


Check:


[image: e9780486131528_i0304.jpg]



5-24. Extending the Tests to Divisibility by Larger Divisors

Tests for divisibility can be extended to larger divisors, as shown by the following examples.





	Number is Divisible by
	If the Number


	20
	Ends in 0 and the preceding digit is even.


	22
	Is even and evenly divisible by 11.


	24
	Is evenly divisible by both 3 and 8.


	25
	Ends in 00, 25, 50, or 75.


	30
	Ends in 0 and is evenly divisible by 3.


	33
	Is evenly divisible by both 3 and 11.


	36
	Is evenly divisible by both 4 and 9.





 Simplifying Dividends and Divisors


5-25. Simplifying the Dividend by Adding or Subtracting

Example (1): 3,196 ÷ 4

Solution by steps:



	(a) Simplify 3,196 to an easy zero-number by adding 4: 3,196 + 4 = 3,200

	(b) Divide the simplified dividend: 3,200 ÷ 4 = 800; which means that there are 800 4’s in 3,200, but since one 4 was added, this is 1 too many

	(c) Subtract the 1: 800 - 1 = 799, answer


Short way:


[image: e9780486131528_i0306.jpg]


Proving the answer:


[image: e9780486131528_i0307.jpg]


Example (2): 711 ÷ 9

Solution by steps:



	(a) Digit sum of 711 shows that the number is evenly divisible by 9. Simplify to a zero-number by adding 9: 711 + 9 = 720

	(b) 720 ÷ 9 = 80; since a 9 was added, this is one 9 too many, so 1 must be subtracted.

	(c) 80 − 1 = 79, answer


Short way:


[image: e9780486131528_i0308.jpg]


Proving the answer:


[image: e9780486131528_i0309.jpg]


Example (3): 558 ÷ 9

Solution by steps:



	(a) Digit sum of 558 shows that the number is evenly divisible by 9. Subtracting 18 will give a zero-number that is also divisible by 9: 558 − 18 = 540

	(b) 540 ÷ 9 = 60; this represents two 9’s fewer than were in the original number; therefore 2 must be added.

	(c) 60 + 2 = 62, answer


Short way:


[image: e9780486131528_i0310.jpg]


Proving the answer:


[image: e9780486131528_i0311.jpg]


You can use this method even if there is going to be a remainder.

Example: 3,197 ÷ 4

Solution by steps:



	(a) Test for divisibility by 4 (Method 5-13) shows that there will be a remainder of [image: e9780486131528_i0312.jpg]

	(b) Adding 3 to the dividend will make it a zero-number evenly divisible by 4: 3,197 + 3 = 3,200

	(c) 3,200 ÷ 4 = 800; this is [image: e9780486131528_i0313.jpg] of a 4 too much because of the 3 that was added; therefore, [image: e9780486131528_i0314.jpg] must be subtracted.

	(d) [image: e9780486131528_i0315.jpg] , answer


Short way:


[image: e9780486131528_i0316.jpg]


Proving the answer:


[image: e9780486131528_i0317.jpg]


If the dividend is odd and the divisor even, you may find it helpful to make the dividend even, also.

Example (1): 111 ÷ 2

Solution by steps:



	(a) 111 − 1 = 110; the 1 subtracted must be added as a remainder of [image: e9780486131528_i0318.jpg] in the answer.

	(b) [image: e9780486131528_i0319.jpg] , answer


Short way:


[image: e9780486131528_i0320.jpg]


Example (2): 69 ÷ 4

Solution:


[image: e9780486131528_i0321.jpg]



5-26. Simplifying the Dividend by Breaking It into Parts

Example: 168 ÷ 3 (test by Method 5-12 shows 168 is evenly divisible by 3)

Solution by steps:



	(a) Break the dividend into easier numbers that are also evenly divisible by 3: 168 = 150 + 18

	(b) [image: e9780486131528_i0322.jpg], answer


Breaking the dividend into parts by units, tens, hundreds, etc., is another way to simplify it for easier division.

Example: 4,264 ÷ 8 (test by Method 5-17 shows number is evenly divisible by 8)


Solution:


[image: e9780486131528_i0323.jpg]


Proving the answer:


[image: e9780486131528_i0324.jpg]



5-27. Simplifying the Divisor by Factoring It

Factoring the divisor simply means breaking it into factors — into two or more smaller numbers which, when multiplied together, give the divisor as the product, such as breaking 6 into 2 × 3. You may find it easier to divide by such factors than by the larger divisor.

In dividing by factors, it is usually better to start with the smallest one (or smaller one) since this will reduce the dividend for easier division by the larger factors. However, you may sometimes find it easier to start with the larger factor, such as in dividing 81 by 18. After factoring 18 into 2 x 9, it is obviously better to divide first by 9 rather than by 2, thus: 81 ÷ 9 = 9; [image: e9780486131528_i0325.jpg] .

In considering which factor to start with, test the dividend for divisibility and try to divide first by a factor that will not leave a remainder, if you have such a choice.

Example (1): 216 ÷ 27

Solution by steps:



	(a) Factor 27 into 3 × 9 (test by Method 5-18 shows that 216 is evenly divisible by 9 and, therefore, also by 3)

	(b) 216 ÷ 3 = 72; ÷ 9 = 8, answer


Proving the answer:


[image: e9780486131528_i0326.jpg]


Why it works: Dividing by the factors of a number is the same as dividing by the number which is a product of those factors.



 Thus,


[image: e9780486131528_i0327.jpg]


also,


[image: e9780486131528_i0328.jpg]


Example (2): 2,184 ÷ 24

Solution by steps:



	(a) 24 can be split into three pairs of factors: 2 x 12, 3 x 8, and 4 × 6. Use any pair you please. Tests for divisibility show that 2,184 can be evenly divided by all of these factors, and also by 24.

	(b)
2,184 ÷ 2 = 1,092; ÷ 12 = 91, answer 
2,184 ÷ 3 = 728; ÷ 8 = 91 
2,184 ÷ 4 = 546; ÷ 6 = 91




Proving the answer:


[image: e9780486131528_i0329.jpg]


Dividing by factors may enable you to simplify a problem from “long” division to easy “short” divisions.

Example: 2,679,568 ÷ 16

Solution by short divisions:



	(a) Factor 16 into 2 x 8 or 4 x 4 and divide by either pair of factors.

	(b)
[image: e9780486131528_i0330.jpg]




Solution by long division:


[image: e9780486131528_i0331.jpg]


Other examples:


[image: e9780486131528_i0332.jpg]


If a factor is not evenly divisible into a number, and you do not need the exact answer, you can ignore the remainder after each division. This will give you an answer within 1 less than the exact answer, no matter how many factors you divide by.

Example (1): 913 ÷ 27

Solution by steps:



	(a) Factor 27 into 9 × 3 (test for divisibility shows that 913 is not evenly divisible by either factor)

	(b) [image: e9780486131528_i0333.jpg] ; drop the [image: e9780486131528_i0334.jpg]

	(c) 101 ÷ 3 = [image: e9780486131528_i0335.jpg] , approximate answer


Exact answer:


[image: e9780486131528_i0336.jpg]


The approximate answer is only [image: e9780486131528_i0337.jpg] less than the exact answer: [image: e9780486131528_i0338.jpg]

Example (2): 22,841 ÷ 132

Solution by steps:



	(a) 132 may be factored into 2 × 2 × 3 × 11 (tests for divisibility show that 22,841 is not evenly divisible by any of these factors)

	(b) In the following divisions, the remainders are ignored and not included in the next division: [image: e9780486131528_i0339.jpg] ; [image: e9780486131528_i0340.jpg], approximate answer


Exact answer:


[image: e9780486131528_i0341.jpg]


The approximate answer is only [image: e9780486131528_i0342.jpg] less than the exact answer.


5-28. Simplifying the Dividend and Divisor by Multiplying or Dividing Both by the Same Number

If the divisor ends in 5, doubling it and the dividend can simplify the division by changing the divisor into a number ending in zero.





Example (1): 138 ÷ 15

Solution:


Double both numbers and divide: 276 ÷ 30 = 27.6 ÷ 3 = 9.2, answer


Proving the answer:


[image: e9780486131528_i0343.jpg]


Example (2): 560 ÷ 35

Solution: 1,120 ÷ 70 = 112 ÷ 7 = 16, answer

Alternate solution: Simplify both numbers first by dividing by 7:


[image: e9780486131528_i0344.jpg]



Proving the answer:


[image: e9780486131528_i0345.jpg]


Why it works: The dividend and divisor can be multiplied by the same number, or be divided by the same number, without changing the answer. You can easily see how this works by using small numbers, such as 12 ÷ 6 = 2. Halve both numbers: 6 ÷ 3 = 2; double both numbers: 24 ÷ 12 = 2; triple both numbers: 36 ÷ 18 = 2, etc.


5-29. Problems Involving Both Multiplication and Division

If a problem involves both multiplication and division, look it over to see which operation will be easier to do first. Also, whether the multiplier and divisor can be used to cancel or reduce each other.

Example (1): Multiply 484 by 16 and divide by 32

Solution:


[image: e9780486131528_i0346.jpg]


also:


[image: e9780486131528_i0347.jpg]


Proving the answer:


[image: e9780486131528_i0348.jpg]


[image: e9780486131528_i0349.jpg]


Example (2): Divide 336 by 21 and multiply by 45

Solution:


[image: e9780486131528_i0350.jpg]


also:


[image: e9780486131528_i0351.jpg]


Why it works: When multiplication and division are to be done together, it does not matter in what order you perform the operations. You can easily see this by using small numbers, such as in multiplying 3 by 4 and dividing by 6.

[image: e9780486131528_i0352.jpg]


Checking Results in Division


5-30. Estimate the Answer Before You Divide

Making an estimate before you divide can help to avoid big mistakes, such as getting an answer in the thousands when it should be in the hundreds, or vice versa. If you get an answer that is very different in magnitude from your estimate, check to see what is wrong.

One way to make an estimate is to round off the dividend and the divisor for easy division. In rounding off, change both numbers in the same direction; that is, either increase both or decrease both. (In rounding off for multiplication, you would increase one number and decrease the other, as mentioned in Method 4-42.)

Example: 45,4967 ÷ 517

Estimate: 45,000 ÷ 500 = 450 ÷ 5 = 90, approximate answer

Exact answer:


[image: e9780486131528_i0353.jpg]


In some problems, an estimate may be all you need; this can save you unnecessary figuring. It all depends upon the degree of accuracy you require for your purpose.


5-31. Check the Subtractions in Long Division As You Go

As you complete each subtraction in long division, add the remainder back to the number above it as a check. This will help to catch an error before you go on and will save time in the long run.

Example:


[image: e9780486131528_i0354.jpg]


After you obtain your answer, use one of the following methods to check it.


5-32. Checking Division by Multiplying Your Answer by the Divisor

Multiplying your answer (quotient) by the divisor should give the dividend as the product.

Example:


[image: e9780486131528_i0355.jpg]


Multiplying the divisor by the quotient (48 × 34) will also give the dividend as the product but this check is not as good since the same multiplications will be done as in the division and a mistake in multiplying may be repeated.

[image: e9780486131528_i0356.jpg]


When the check is made this way, the multiplications, 4 × 48 and 3 × 48, are the same as in the division.


If there is a remainder in the division, add this to the product in checking your answer.

Example:


[image: e9780486131528_i0357.jpg]



5-33. Checking Division by Dividing Your Answer into the Dividend

Dividing your answer (quotient) into the dividend should give the divisor as the new quotient.

Example:


[image: e9780486131528_i0358.jpg]



5-34. Checking Division by Using a Short-Cut

Any short-cut that could be used to simplify the division may be used to check the answer.

Example (1):

[image: e9780486131528_i0359.jpg]


Example (2):


[image: e9780486131528_i0360.jpg]


If you use a short-cut in doing the division the first time, you can check your answer by another short-cut or by conventional division.


5-35. Checking Division by Casting Out 9’s

Casting out 9’s is probably the fastest and easiest way to check division if the numbers are large. You can cast out 9’s by any of the methods described in 1-6, Chapter I.

Small numbers are used in the next example to make it easier to show how the remainders from casting out 9’s are applied to checking division.

Example (1):


[image: e9780486131528_i0361.jpg]


Check by steps:



	(a) Cast out 9’s from the divisor (24):
6 Remainder


	(b) Cast out 9’s from the quotient (311):
5 Remainder


	(c) Multiply the remainders of (a) and (b): 6 × 5 = 30; cast out 9’s:
3 Remainder


	(d) Cast out 9’s from the remainder of the division (4) and add to the remainder of (c): 4 + 3 = 7:
7 Remainder


	(e) Cast out 9’s from the dividend (7468):
7 Remainder



The remainder (7) is the same in (d) and (e); the answer may therefore be assumed to be correct.





Example (2):


[image: e9780486131528_i0362.jpg]


Check by casting out 9’s



	(a) Remainder of divisor: 8

	(b) Remainder of quotient: 7

	(c) 8 × 7 = 56; remainder: 2

	(d) Remainder of division’s remainder (953): 8; add to (c): 8 + 2 = 10; remainder: 1

	(e) Remainder of dividend: 1


Since the remainder (1) is the same in (d) and (e), the answer may be considered correct.

Keep in mind that a check by casting out 9’s will not catch an error caused by digits being transposed or a decimal point misplaced since such errors will not affect the remainders. However, if the check does not prove your answer, there is definitely something wrong in the division, in the check, or in both.





VI. FRACTIONS, MIXED NUMBERS, AND PERCENTAGES

6-1. Definitions and Basic Principles Common fractions:

A common fraction is written with a whole number above a line and a whole number below the line, thus: [image: e9780486131528_i0363.jpg] Common fractions are usually referred to simply as “fractions.”

Fractions are a form of division. The line of a fraction means to divide the upper number (numerator) by the lower number (denominator); it has the same meaning as a division sign: [image: e9780486131528_i0364.jpg] or 3/4 = 3 ÷ 4 = 4)3. When “of” is used with a fraction, it means to multiply: [image: e9780486131528_i0365.jpg] of [image: e9780486131528_i0366.jpg] .

Multiplying the numerator and denominator by the same number, or dividing both by the same number, does not change the value of a fraction, as shown here:





	2 × 4 = 8 ÷ 2 = 4 ÷ 2 = 2


	5 × 4 = 20 ÷ 2 = 10 ÷ 2 = 5



Multiplying by [image: e9780486131528_i0368.jpg] is the same as multiplying by 1; dividing by [image: e9780486131528_i0369.jpg] is the same as dividing by 1. Multiplying or dividing by 1 leaves the value of the fraction unchanged.

Decimal fractions:

A decimal fraction is a common fraction that has 10, 100, 1,000, etc., as the denominator.

Examples:


[image: e9780486131528_i0370.jpg]


Such fractions may be expressed in decimal form by using a decimal point. Thus, [image: e9780486131528_i0371.jpg], [image: e9780486131528_i0372.jpg], [image: e9780486131528_i0373.jpg], etc. Fractions written this way are usually referred to as “decimals.”

As you know, the value of a digit is decreased by one-tenth for each place to the right of the decimal point and is increased ten times for each place to the left of the decimal point.

In general, you can use the same short-cuts with decimals as with whole numbers, but be careful to keep decimal points in their proper places. When multiplying with decimals, there must be as many decimal places in the product as the total of decimal places in the factors.

Mixed numbers:

A mixed number is a whole number with a fraction, such as [image: e9780486131528_i0374.jpg]. Such numbers may be reduced to fractional form, thus: [image: e9780486131528_i0375.jpg] .



 Adding and Subtracting Fractions


6-2. Finding a Common Denominator

Before fractions can be added or subtracted, they must have the same denominator — a common denominator that is evenly divisible by the denominator of each fraction.





Example of addition: [image: e9780486131528_i0376.jpg]

Solution by steps:



	(a) Since “fourths” and “thirds” cannot be added directly, obtain a common denominator by multiplying the denominators: 4 x 3 = 12

	(b) Change the fractions to the common denominator: [image: e9780486131528_i0377.jpg] . Now you can add “twelfths”.

	(c) Add the numerators and place their sum over the common denominator: 3 + 8 = 11 twelfths = [image: e9780486131528_i0378.jpg], answer


Other examples:


[image: e9780486131528_i0379.jpg]


Example of subtraction: [image: e9780486131528_i0380.jpg]

Solution by steps:



	(a) Common denominator: 5 × 4 = 20

	(b) Change fractions to common denominator:
[image: e9780486131528_i0381.jpg]



	(c) Subtract: [image: e9780486131528_i0382.jpg] , answer also:
[image: e9780486131528_i0383.jpg]




Other examples:


[image: e9780486131528_i0384.jpg]



6-3. Converting Fractions to Decimals for Easier Adding or Subtracting

If fractions have denominators of 2, 4, 5, 8, or 10, you can change them easily into decimals to simplify adding or subtracting. This avoids the need to find a common denominator.

Example:


[image: e9780486131528_i0385.jpg]


Solution:


[image: e9780486131528_i0386.jpg]


also:


[image: e9780486131528_i0387.jpg]


Other examples:


[image: e9780486131528_i0388.jpg]


Fractions with denominators of 3, 6, 7, or 9 cannot be converted into decimals that come out “even.” For example, [image: e9780486131528_i0389.jpg] . . . [image: e9780486131528_i0390.jpg] , etc. It is therefore easier to add and subtract such fractions in their fractional form.


6-4. Fastest Way to Add Any Pair of Fractions

Example: [image: e9780486131528_i0391.jpg]

Solution by steps:



	(a) Multiply the denominators: 4 × 3 = 12, new denominator

	(b) Cross multiply the numerators and denominators, and add: 1 × 3 = 3; 4 × 2 = 8; + 3 = 11, new numerator

	(c) Answer: [image: e9780486131528_i0392.jpg]


Short way:


[image: e9780486131528_i0393.jpg]


Other examples:


[image: e9780486131528_i0394.jpg]



6-5. Fastest Way to Subtract Any Pair of Fractions

Example: [image: e9780486131528_i0395.jpg]

Solution by steps:



	(a) Multiply the denominators (same step as in adding fractions): 5 x 4 = 20, new denominator

	(b) Cross multiply the numerators and denominators (as in adding), and subtract: 5 × 1 = 5; 4 × 2 = 8; - 5 = 3, new numerator

	(c) Answer: [image: e9780486131528_i0396.jpg]


Short way:


[image: e9780486131528_i0397.jpg]


Other examples:


[image: e9780486131528_i0398.jpg]



6-6. To Add Two Fractions with Numerators of 1

[image: e9780486131528_i0399.jpg]


Example:


[image: e9780486131528_i0400.jpg]


Solution:


[image: e9780486131528_i0401.jpg]


Proving the answer:


[image: e9780486131528_i0402.jpg]


Other examples:


[image: e9780486131528_i0403.jpg]



6-7. To Subtract Two Fractions with Numerators of 1

[image: e9780486131528_i0404.jpg]


Example:


[image: e9780486131528_i0405.jpg]


Solution:


[image: e9780486131528_i0406.jpg]


Proving the answer:


[image: e9780486131528_i0407.jpg]


Other examples:


[image: e9780486131528_i0408.jpg]




 Multiplying and Dividing by Fractions


6-8. To Multiply by a Fraction

Multiplying is probably the easiest of the operations with fractions.

A. To multiply a whole number by a fraction, divide the number by the denominator and multiply by the numerator; or multiply first by the numerator and then divide by the denominator, whichever way is easier.

Examples:


[image: e9780486131528_i0409.jpg]


B. To multiply fractions together, multiply numerators by numerators and denominators by denominators but first simplify by reducing and cancelling, where possible.

Example:


[image: e9780486131528_i0410.jpg]


Solution:


[image: e9780486131528_i0411.jpg]


Proving the answer:


[image: e9780486131528_i0412.jpg]


Other examples:


[image: e9780486131528_i0413.jpg]


To save time in simplifying a fraction, apply the tests for divisibility (Methods 5-10 to 5-24) to see if the numerator and denominator can be divided evenly by the same number (a common factor). Keep dividing by common factors until the fraction has been reduced to its simplest form.


6-9. To Divide by a Fraction

Invert the fraction and proceed as in multiplication.

Example: [image: e9780486131528_i0414.jpg] (when [image: e9780486131528_i0415.jpg] is inverted it becomes [image: e9780486131528_i0416.jpg] or simply 2)

Solution:


[image: e9780486131528_i0417.jpg] , answer; which means that 
[image: e9780486131528_i0418.jpg] goes into 8 16 times, or that there are [image: e9780486131528_i0419.jpg] in 8,


Other examples:


[image: e9780486131528_i0420.jpg]


If fractions have a common denominator, you can ignore the denominators and divide the numerators like whole numbers.

Examples:


[image: e9780486131528_i0421.jpg]



6-10. To Multiply a Number by [image: e9780486131528_i0422.jpg]

Method A: Take [image: e9780486131528_i0423.jpg] of the number and subtract it from the number.

Example: [image: e9780486131528_i0424.jpg]

Solution: [image: e9780486131528_i0425.jpg]; 1,848 - 462 = 1,386, answer

Proving the answer:


[image: e9780486131528_i0426.jpg]


Why it works: Subtracting [image: e9780486131528_i0427.jpg] of a number from the number leaves [image: e9780486131528_i0428.jpg] of the number. This is the same as multiplying the number by [image: e9780486131528_i0429.jpg]

Method B: Halve the number and, to this, add [image: e9780486131528_i0430.jpg] of the half.

Example: [image: e9780486131528_i0431.jpg]

Solution: [image: e9780486131528_i0432.jpg], answer

Proving the answer:


[image: e9780486131528_i0433.jpg]


Why it works:


[image: e9780486131528_i0434.jpg]




 Multiplying and Dividing with Mixed Numbers


6-11. Simplifying a Mixed Number Before Multiplying

Example:


[image: e9780486131528_i0435.jpg]


Solution by steps:



	(a) Simplify [image: e9780486131528_i0436.jpg] to a whole number ending in zero by adding [image: e9780486131528_i0437.jpg]

	(b) Multiply: 20 × 16 = 320; this is [image: e9780486131528_i0438.jpg] of 16 too much

	(c) Subtract [image: e9780486131528_i0439.jpg] of 16: 320 - 2 = 318, answer


Proving the answer:


[image: e9780486131528_i0440.jpg]


Other examples:


[image: e9780486131528_i0441.jpg]


You can also simplify a mixed number by splitting it into parts — into the whole number and the fraction — and multiplying these separately.

Example: [image: e9780486131528_i0442.jpg]

Solution by steps:



	(a) 19 x 16 = 304 (by Method 4-32 or 4-39)

	(b) [image: e9780486131528_i0443.jpg]

	(c) Add (a) and (b): 304 + 14 = 318, answer


Short way: [image: e9780486131528_i0444.jpg]


6-12. To Square a Mixed Number Ending in [image: e9780486131528_i0445.jpg]

Example: [image: e9780486131528_i0446.jpg] (same as 4.5 x 4.5 in Method 4-13)

Solution by steps:



	(a) Multiply the whole number by the number + 1: 4 x 5 = 20

	(b) Place [image: e9780486131528_i0447.jpg] after the product: [image: e9780486131528_i0448.jpg], answer


Short way: [image: e9780486131528_i0449.jpg]

Proving the answer: [image: e9780486131528_i0450.jpg]

Other examples:


[image: e9780486131528_i0451.jpg]



6-13. To Multiply a Number by a Mixed Number Ending in [image: e9780486131528_i0452.jpg] : Halve-and-Double Method

Halve the number to be multiplied, double the mixed number, and multiply. This gets rid of the fraction for easier multiplication.

Example:


[image: e9780486131528_i0453.jpg]


Solution: [image: e9780486131528_i0454.jpg], answer

Proving the answer:


[image: e9780486131528_i0455.jpg]


Why it works: In multiplication, halving one number and doubling the other does not change the product of the two numbers. (Method 4-25 for multiplying by 15, 1.5, 35, 3.5, etc., works the same way.)

Other examples:


[image: e9780486131528_i0456.jpg]



6-14. To Divide a Number by a Mixed Number Ending in [image: e9780486131528_i0457.jpg]

Double both numbers and divide. This gets rid of the fraction for easier division.

Example:


[image: e9780486131528_i0458.jpg]


Solution:


[image: e9780486131528_i0459.jpg]


Proving the answer:


[image: e9780486131528_i0460.jpg]


Why it works: Multiplying the dividend and the divisor by the same number does not change the answer in division. (Method 5-28 for dividing by whole numbers ending in 5 works the same way.)

Other examples:


[image: e9780486131528_i0461.jpg]



6-15. To Multiply Two Mixed Numbers When They Both End in [image: e9780486131528_i0462.jpg] and the Sum of Their Whole Numbers Is Even

Example: [image: e9780486131528_i0463.jpg] (same as 4.5 x 6.5 in Method 4-29)

Solution by steps:



	(a) Multiply the whole numbers: 4 x 6 = 24

	(b) Obtain [image: e9780486131528_i0464.jpg] the sum of the whole numbers: [image: e9780486131528_i0465.jpg]

	(c) Add (a) and (b) and attach [image: e9780486131528_i0466.jpg], answer


Short way: ([image: e9780486131528_i0467.jpg] , answer [image: e9780486131528_i0468.jpg]

Proving the answer: [image: e9780486131528_i0469.jpg]

Other examples:


[image: e9780486131528_i0470.jpg]



6-16. To Multiply Two Mixed Numbers When They Both End in [image: e9780486131528_i0471.jpg] and the Sum of Their Whole Numbers Is Odd

Example: [image: e9780486131528_i0472.jpg] (same as 7.5 x 2.5 in Method 4-30)

Solution by steps: same as Method 6-15 but there is a fraction to be dropped and the answer ends in [image: e9780486131528_i0473.jpg] instead of [image: e9780486131528_i0474.jpg] .



	(a) Multiply the whole numbers: 7 × 2 = 14

	(b) Obtain [image: e9780486131528_i0475.jpg] the sum of the whole number: [image: e9780486131528_i0476.jpg] drop the [image: e9780486131528_i0477.jpg] , = 4

	(c) Add (a) and (b) and attach [image: e9780486131528_i0478.jpg] answer


Short way: ([image: e9780486131528_i0479.jpg] answer [image: e9780486131528_i0480.jpg]

Other examples:


[image: e9780486131528_i0481.jpg]



6-17. To Multiply Two Mixed Numbers Having the Same Whole Numbers, and Fractions That Add to 1

Example: [image: e9780486131528_i0482.jpg]

Solution by steps:



	(a) Multiply the whole number by the number + 1: 6 × 7 = 42

	(b) Find the product of the fractions: [image: e9780486131528_i0483.jpg]

	(c) Add (a) and (b): [image: e9780486131528_i0484.jpg] , answer


Short way: ([image: e9780486131528_i0485.jpg]

Proving the answer:


[image: e9780486131528_i0486.jpg]


Other examples:[image: e9780486131528_i0487.jpg]

[image: e9780486131528_i0488.jpg]



6-18. To Multiply or Divide by [image: e9780486131528_i0489.jpg]

A. To multiply a number by [image: e9780486131528_i0490.jpg] , divide the number by 4 and multiply by 10 (same as Method 4-8B for multiplying by 2.5).

Example: [image: e9780486131528_i0491.jpg]

[image: e9780486131528_i0492.jpg]


Solution:





	144 ÷ 4 = 36; × 10 = 360, answer







Proving the answer:


[image: e9780486131528_i0494.jpg]


Why it works: Dividing by 4 and multiplying by 10 is the same as multiplying by [image: e9780486131528_i0495.jpg] which equals [image: e9780486131528_i0496.jpg] .

B. To divide a number by [image: e9780486131528_i0497.jpg] , multiply the number by 4 and divide by 10 (same as Method 5-7B for dividing by 2.5).

Example:


[image: e9780486131528_i0498.jpg]


Solution: 72 × 4 = 288; ÷ 10 = 28.8, answer

Proving the answer:


[image: e9780486131528_i0499.jpg]


Why it works: Multiplying by 4 and dividing by 10 is the same as multiplying by [image: e9780486131528_i0500.jpg] , which is equivalent to dividing by [image: e9780486131528_i0501.jpg] which equals [image: e9780486131528_i0502.jpg] .

Other examples:


[image: e9780486131528_i0503.jpg]



6-19. To Multiply or Divide by [image: e9780486131528_i0504.jpg]

A. To multiply a number by [image: e9780486131528_i0505.jpg] , divide the number by 8 and multiply by 100 (same as Method 4-9C for multiplying by 12.5).

Example:


[image: e9780486131528_i0506.jpg]


Solution: 168 ÷ 8 = 21; × 100 = 2,100, answer





Proving the answer:


[image: e9780486131528_i0507.jpg]


Why it works: Dividing by 8 and multiplying by 100 is the same as multiplying by [image: e9780486131528_i0508.jpg] which equals [image: e9780486131528_i0509.jpg] .

Other examples: [image: e9780486131528_i0510.jpg] [image: e9780486131528_i0511.jpg]

B. To divide a number by [image: e9780486131528_i0512.jpg] , multiply the number by 8 and divide by 100 (same as Method 5-8C for dividing by 12.5).

Example :


[image: e9780486131528_i0513.jpg]


Solution: 52 × 8 = 416; ÷ 100 = 4.16, answer

Proving the answer:


[image: e9780486131528_i0514.jpg]


Why it works: Multiplying by 8 and dividing by 100 is the same as multiplying by [image: e9780486131528_i0515.jpg] , which is equivalent to dividing by [image: e9780486131528_i0516.jpg] which equals [image: e9780486131528_i0517.jpg] .

Other examples:


[image: e9780486131528_i0518.jpg]



6-20. To Multiply or Divide by [image: e9780486131528_i0519.jpg]

A. To multiply a number by [image: e9780486131528_i0520.jpg] , divide the number by 6 and multiply by 100.

Example:


[image: e9780486131528_i0521.jpg]


Solution: 72 ÷ 6 = 12; × 100 = 1,200, answer

Proving the answer:


[image: e9780486131528_i0522.jpg]


Why it works: Dividing by 6 and multiplying by 100 is the same as multiplying by [image: e9780486131528_i0523.jpg] which equals [image: e9780486131528_i0524.jpg] .

Other examples:


[image: e9780486131528_i0525.jpg]


B. To divide a number by [image: e9780486131528_i0526.jpg] , multiply the number by 6 and divide by 100.

Example :


[image: e9780486131528_i0527.jpg]


Solution :


91 x 6 = 546 ; ÷ 100 = 5.46, answer


Proving the answer:


[image: e9780486131528_i0528.jpg]


Why it works: Multiplying by 6 and dividing by 100 is the same as multiplying by [image: e9780486131528_i0529.jpg] , which is equivalent to dividing by [image: e9780486131528_i0530.jpg] which equals [image: e9780486131528_i0531.jpg] .

Other examples:


[image: e9780486131528_i0532.jpg]



6-21. To Multiply or Divide by [image: e9780486131528_i0533.jpg]

A. To multiply a number by [image: e9780486131528_i0534.jpg] , divide the number by 3 and multiply by 100.

Example:


[image: e9780486131528_i0535.jpg]


Solution: 93 ÷ 3 = 31 ; × 100 = 3,100, answer





Proving the answer:


[image: e9780486131528_i0536.jpg]


Why it works: Dividing by 3 and multiplying by 100 is the same as multiplying by [image: e9780486131528_i0537.jpg] which equals [image: e9780486131528_i0538.jpg] .

Other examples:


[image: e9780486131528_i0539.jpg]


B. To divide a number by [image: e9780486131528_i0540.jpg] , multiply the number by 3 and divide by 100.

Example:


[image: e9780486131528_i0541.jpg]


Solution: 53 × 3 = 159; ÷ 100 = 1.59, answer

Proving the answer:


[image: e9780486131528_i0542.jpg]


Why it works: Multiplying by 3 and dividing by 100 is the same as multiplying by [image: e9780486131528_i0543.jpg] , which is equivalent to dividing by [image: e9780486131528_i0544.jpg] which equals [image: e9780486131528_i0545.jpg] .

Other examples:


[image: e9780486131528_i0546.jpg]



6-22. To Multiply or Divide by [image: e9780486131528_i0547.jpg]

A. To multiply a number by [image: e9780486131528_i0548.jpg] , divide the number by 3 and multiply by 200 (or by 2, then by 100).

Example:


[image: e9780486131528_i0549.jpg]


Solution: 48 ÷ 3 = 16; × 200 = 3,200, answer

Proving the answer:


[image: e9780486131528_i0550.jpg]


Why it works: Dividing by 3 and multiplying by 200 is the same as multiplying by [image: e9780486131528_i0551.jpg] which equals [image: e9780486131528_i0552.jpg] .

Other examples:


[image: e9780486131528_i0553.jpg]


Alternate method of multiplying by [image: e9780486131528_i0554.jpg] :

Multiply the number by 100 and subtract [image: e9780486131528_i0555.jpg] of the product.

Example:


[image: e9780486131528_i0556.jpg]


Solution: 48 × 100 = 4,800; - 1,600 = 3,200, answer

Why it works: [image: e9780486131528_i0557.jpg] is [image: e9780486131528_i0558.jpg] less than 100 so that multiplying by 100 and subtracting [image: e9780486131528_i0559.jpg] of the product is the same as multiplying by [image: e9780486131528_i0560.jpg] .

B. To divide a number by [image: e9780486131528_i0561.jpg] , multiply the number by 3 and divide by 200 (or by 2, then by 100).

Example:


[image: e9780486131528_i0562.jpg]


Solution: 46 × 3 = 138; ÷ 2 = 69; ÷ 100 = .69, answer Proving the answer:


[image: e9780486131528_i0563.jpg]


Why it works: Multiplying by 3 and dividing by 200 is the same as multiplying by [image: e9780486131528_i0564.jpg] , which is equivalent to dividing by [image: e9780486131528_i0565.jpg] which equals [image: e9780486131528_i0566.jpg] .

Other examples:


[image: e9780486131528_i0567.jpg]


Alternate method of dividing by [image: e9780486131528_i0568.jpg] :

Divide the number by 100 and increase the result by half.

Example:


[image: e9780486131528_i0569.jpg]


Solution:


[image: e9780486131528_i0570.jpg]


Proving the answer:


[image: e9780486131528_i0571.jpg]


Why it works: 100 is [image: e9780486131528_i0572.jpg] greater than [image: e9780486131528_i0573.jpg] of [image: e9780486131528_i0574.jpg] = [image: e9780486131528_i0575.jpg] ) so that dividing a number by 100 and adding [image: e9780486131528_i0576.jpg] of the result gives the same answer as dividing the number by [image: e9780486131528_i0577.jpg] .

Table of Multiplying by Certain Mixed Numbers






	N stands for the Number to be multiplied


	To Multiply by
	Method


	[image: e9780486131528_i0579.jpg]
	N/4 × 10


	[image: e9780486131528_i0580.jpg]
	N/8 × 100


	[image: e9780486131528_i0581.jpg]
	N/6 × 100


	[image: e9780486131528_i0582.jpg]
	N/3 × 100


	[image: e9780486131528_i0583.jpg]
	N/8 × 3 × 100


	[image: e9780486131528_i0584.jpg]
	N/8 × 5 × 100


	[image: e9780486131528_i0585.jpg]
	N/3 × 2 × 100


	[image: e9780486131528_i0586.jpg]
	100N - 100N/3


	[image: e9780486131528_i0587.jpg]
	100N - 100N/8



Table of Dividing by Certain Mixed Numbers






	N stands for the Number to be divided


	To Divide by
	Method


	[image: e9780486131528_i0589.jpg]
	4N/10


	[image: e9780486131528_i0590.jpg]
	8N/100


	[image: e9780486131528_i0591.jpg]
	6N/100


	[image: e9780486131528_i0592.jpg]
	3N/100


	[image: e9780486131528_i0593.jpg]
	8N/3 ÷ 100


	[image: e9780486131528_i0594.jpg]
	8N/5 ÷ 100


	[image: e9780486131528_i0595.jpg]
	3N/2 ÷ 100


	[image: e9780486131528_i0596.jpg]
	N/100 + ( )


	[image: e9780486131528_i0597.jpg]
	(N + N/7) ÷ 100



Working with Percentages

“Per cent” simply means “per hundred” or “per 100”. Thus, 6% means 6 per 100, or 6 in every 100, or 6 out of every 100. This may also be written as a decimal, .06, or as a common fraction, [image: e9780486131528_i0598.jpg]

Accordingly, 1 % of a number is [image: e9780486131528_i0599.jpg] of the number, 10% of a number is [image: e9780486131528_i0600.jpg] or [image: e9780486131528_i0601.jpg] of the number, 50% of a number is [image: e9780486131528_i0602.jpg] or [image: e9780486131528_i0603.jpg] of the number, etc.

To answer the question as to what per cent one number is of another, simply set up the numbers as a fraction and change this to per cent, as follows:

1. Make the number that follows the words, “what per cent is,” the numerator of the fraction.

2. Make the other number the denominator of the fraction.

3. Reduce the fraction, if possible, and then change it to per cent by multiplying by 100.

Example: What per cent is 16 of 64?

Solution by steps:



	(a) Make 16 the numerator and 64 the denominator: [image: e9780486131528_i0604.jpg] ; this can be reduced to [image: e9780486131528_i0605.jpg]

	(b) Multiply the fraction by 100 to change it to per cent: [image: e9780486131528_i0606.jpg] ; which means, of course, that 16 is 25% of 64


Short way: [image: e9780486131528_i0607.jpg]

Other examples:


What per cent is 64 of 16? 66 = 4; × 100 = 400% 
What per cent is 5 of 10? [image: e9780486131528_i0608.jpg] 
What per cent is 4 of 36? [image: e9780486131528_i0609.jpg]



6-23. To Find [image: e9780486131528_i0610.jpg]of a Number

Divide the number by 6.

Example: Find


[image: e9780486131528_i0611.jpg]


Solution:


[image: e9780486131528_i0612.jpg]


Proving the answer: What per cent is 15 of 90?

[image: e9780486131528_i0613.jpg]


Other examples:


[image: e9780486131528_i0614.jpg]



6-24. To Find 20 % of a Number

Divide the number by 5.

Example: Find 20% of 95.

Solution: 95 ÷ 5 = 19; or [image: e9780486131528_i0615.jpg], answer

Proving the answer: What per cent is 19 of 95?

[image: e9780486131528_i0616.jpg]


Other examples:

20% of 65 = 13 20% of $4.50 = $.90



6-25. To Find [image: e9780486131528_i0617.jpg] of a Number

Divide the number by 3.

Example: Find [image: e9780486131528_i0618.jpg] of 87.

Solution: 87 ÷ 3 = 29; or [image: e9780486131528_i0619.jpg] , answer

Proving the answer:


What per cent is 29 of 87?

[image: e9780486131528_i0620.jpg]



Other examples:


[image: e9780486131528_i0621.jpg]



6-26. To Find 50% of a Number

Divide the number by 2.

Example: Find 50% of 96.

Solution:


[image: e9780486131528_i0622.jpg]


Proving the answer: What per cent is 48 of 96%?

[image: e9780486131528_i0623.jpg]


Other examples:


[image: e9780486131528_i0624.jpg]



6-27. To Find [image: e9780486131528_i0625.jpg]of a Number

Divide the number by 3 and multiply by 2.

Example: Find

[image: e9780486131528_i0626.jpg]


Solution: 108 ÷ 3 = 36; x 2 = 72, answer or:


[image: e9780486131528_i0627.jpg]


Proving the answer: What per cent is 72 of 108?

[image: e9780486131528_i0628.jpg]


Other examples:


[image: e9780486131528_i0629.jpg]

Table for Finding Certain Per Cents







	To Find This Per Cent of a Number (N)
	Method


	[image: e9780486131528_i0631.jpg]
	N/40


	[image: e9780486131528_i0632.jpg]
	N/8


	[image: e9780486131528_i0633.jpg]
	N/6


	20 %
	N/5


	25 %
	N/4


	[image: e9780486131528_i0634.jpg]
	N/3


	[image: e9780486131528_i0635.jpg]
	N/8 × 3


	50%
	N/2


	[image: e9780486131528_i0636.jpg]
	N/8 x 5


	[image: e9780486131528_i0637.jpg]
	N/3 x 2


	[image: e9780486131528_i0638.jpg]
	N - N/3


	75 %
	N x 3/4


	75 %
	N - N/4


	[image: e9780486131528_i0639.jpg]
	N - N/8
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A CATALOG OF SELECTED DOVER BOOKS IN ALL FIELDS OF INTEREST

100 BEST-LOVED POEMS, Edited by Philip Smith. “The Passionate Shepherd to His Love,” “Shall I compare thee to a summer’s day?” “Death, be not proud,” “The Raven,” “The Road Not Taken,” plus works by Blake, Wordsworth, Byron, Shelley, Keats, many others. 96pp. [image: e9780486131528_i0656.jpg] × 8¼.

0-486-28553-7



 100 SMALL HOUSES OF THE THIRTIES, Brown-Blodgett Company. Exterior photographs and floor plans for 100 charming structures. Illustrations of models accompanied by descriptions of interiors, color schemes, closet space, and other amenities. 200 illustrations. 112pp. 8% x 11.

0-486-44131-8



 1000 TURN-OF-THE-CENTURY HOUSES: With Illustrations and Floor Plans, Herbert C. Chivers. Reproduced from a rare edition, this showcase of homes ranges from cottages and bungalows to sprawling mansions. Each house is meticulously illustrated and accompanied by complete floor plans. 256pp. 9⅜ x 12¼.

0-486-45596-3



 101 GREAT AMERICAN POEMS, Edited by The American Poetry & Literacy Project. Rich treasury of verse from the 19th and 20th centuries includes works by Edgar Allan Poe, Robert Frost, Walt Whitman, Langston Hughes, Emily Dickinson, T. S. Eliot, other notables. 96pp. [image: e9780486131528_i0657.jpg] x 8¼.

0-486-40158-8



 101 GREAT SAMURAI PRINTS, Utagawa Kuniyoshi. Kuniyoshi was a master of the warrior woodblock print — and these 18th-century illustrations represent the pinnacle of his craft. Full-color portraits of renowned Japanese samurais pulse with movement, passion, and remarkably fine detail. 112pp. 8% x 11.

0-486-46523-3



 ABC OF BALLET, Janet Grosser. Clearly worded, abundantly illustrated little guide defines basic ballet-related terms: arabesque, battement, pas de chat, relevé, sissonne, many others. Pronunciation guide included. Excellent primer. 48pp. [image: e9780486131528_i0658.jpg] x 5¾.

0-486-40871-X



 ACCESSORIES OF DRESS: An Illustrated Encyclopedia, Katherine Lester and Bess Viola Oerke. Illustrations of hats, veils, wigs, cravats, shawls, shoes, gloves, and other accessories enhance an engaging commentary that reveals the humor and charm of the many-sided story of accessorized apparel. 644 figures and 59 plates. 608pp. 6⅛ x 9¼.

0-486-43378-1



 ADVENTURES OF HUCKLEBERRY FINN, Mark Twain. Join Huck and Jim as their boyhood adventures along the Mississippi River lead them into a world of excitement, danger, and self-discovery. Humorous narrative, lyrical descriptions of the Mississippi valley, and memorable characters. 224pp. [image: e9780486131528_i0659.jpg] x 8¼.

0-486-28061-6



 ALICE STARMORE’S BOOK OF FAIR ISLE KNITTING, Alice Starmore. A noted designer from the region of Scotland’s Fair Isle explores the history and techniques of this distinctive, stranded-color knitting style and provides copious illustrated instructions for 14 original knitwear designs. 208pp. 8⅜ x 10⅞.

0-486-47218-3



 ALICE’S ADVENTURES IN WONDERLAND, Lewis Carroll. Beloved classic about a little girl lost in a topsy-turvy land and her encounters with the White Rabbit, March Hare, Mad Hatter, Cheshire Cat, and other delightfully improbable characters. 42 illustrations by Sir John Tenniel. 96pp. [image: e9780486131528_i0660.jpg] x 8¼.

0-486-27543-4



 AMERICA’S LIGHTHOUSES: An Illustrated History, Francis Ross Holland. Profusely illustrated fact-filled survey of American lighthouses since 1716. Over 200 stations — East, Gulf, and West coasts, Great Lakes, Hawaii, Alaska, Puerto Rico, the Virgin Islands, and the Mississippi and St. Lawrence Rivers. 240pp. 8 x 10¾.

0-486-25576-X



 AN ENCYCLOPEDIA OF THE VIOLIN, Alberto Bachmann. Translated by Frederick H. Martens. Introduction by Eugene Ysaye. First published in 1925, this renowned reference remains unsurpassed as a source of essential information, from construction and evolution to repertoire and technique. Includes a glossary and 73 illustrations. 496pp. 6⅛ x 9¼.

0-486-46618-3



 ANIMALS: 1,419 Copyright-Free Illustrations of Mammals, Birds, Fish, Insects, etc., Selected by Jim Harter. Selected for its visual impact and ease of use, this outstanding collection of wood engravings presents over 1,000 species of animals in extremely lifelike poses. Includes mammals, birds, reptiles, amphibians, fish, insects, and other invertebrates. 284pp. 9 x 12.

0-486-23766-4



 THE ANNALS, Tacitus. Translated by Alfred John Church and William Jackson Brodribb. This vital chronicle of Imperial Rome, written by the era’s great historian, spans A.D. 14-68 and paints incisive psychological portraits of major figures, from Tiberius to Nero. 416pp. [image: e9780486131528_i0661.jpg] x 8¼.

0-486-45236-0



 ANTIGONE, Sophocles. Filled with passionate speeches and sensitive probing of moral and philosophical issues, this powerful and often-performed Greek drama reveals the grim fate that befalls the children of Oedipus. Footnotes. 64pp. [image: e9780486131528_i0662.jpg] x 8 ¼.

0-486-27804-2



 ART DECO DECORATIVE PATTERNS IN FULL COLOR, Christian Stoll. Reprinted from a rare 1910 portfolio, 160 sensuous and exotic images depict a breathtaking array of florals, geometrics, and abstracts — all elegant in their stark simplicity. 64pp. 8⅜ x 11.

0-486-44862-2



 THE ARTHUR RACKHAM TREASURY: 86 Full-Color Illustrations, Arthur Rackham. Selected and Edited by Jeff A. Menges. A stunning treasury of 86 full-page plates span the famed English artist’s career, from Rip Van Winkle (1905) to masterworks such as Undine, A Midsummer Night’s Dream, and Wind in the Willows (1939). 96pp. 8% x 11.

0-486-44685-9



 THE AUTHENTIC GILBERT & SULLIVAN SONGBOOK, W. S. Gilbert and A. S. Sullivan. The most comprehensive collection available, this songbook includes selections from every one of Gilbert and Sullivan’s light operas. Ninety-two numbers are presented uncut and unedited, and in their original keys. 410pp. 9 x 12.

0-486-23482-7



 THE AWAKENING, Kate Chopin. First published in 1899, this controversial novel of a New Orleans wife’s search for love outside a stifling marriage shocked readers. Today, it remains a first-rate narrative with superb characterization. New introductory Note. 128pp. [image: e9780486131528_i0663.jpg] x 8¼.

0-486-27786-0



 BASIC DRAWING, Louis Priscilla. Beginning with perspective, this commonsense manual progresses to the figure in movement, light and shade, anatomy, drapery, composition, trees and landscape, and outdoor sketching. Black-and-white illustrations throughout. 128pp. 8% x 11.

0-486-45815-6



 THE BATTLES THAT CHANGED HISTORY, Fletcher Pratt. Historian profiles 16 crucial conflicts, ancient to modern, that changed the course of Western civilization. Gripping accounts of battles led by Alexander the Great, Joan of Arc, Ulysses S. Grant, other commanders. 27 maps. 352pp. 5% x 8½.

0-486-41129-X



 BEETHOVEN’S LETTERS, Ludwig van Beethoven. Edited by Dr. A. C. Kalischer. Features 457 letters to fellow musicians, friends, greats, patrons, and literary men. Reveals musical thoughts, quirks of personality, insights, and daily events. Includes 15 plates. 410pp. 5% x 8½.

0-486-22769-3



 BERNICE BOBS HER HAIR AND OTHER STORIES, F. Scott Fitzgerald. This brilliant anthology includes 6 of Fitzgerald’s most popular stories: “The Diamond as Big as the Ritz,” the title tale, “The Offshore Pirate,” “The Ice Palace,” “The Jelly Bean,” and “May Day.” 176pp. 5⅜ x 8½.

0-486-47049-0



 BESLER’S BOOK OF FLOWERS AND PLANTS: 73 Full-Color Plates from Hortus Eystettensis, 1613, Basilius Besler. Here is a selection of magnificent plates from the Hortus Eystettensis, which vividly illustrated and identified the plants, flowers, and trees that thrived in the legendary German garden at Eichstätt. 80pp. 8⅜ x 11.

0-486-46005-3



 THE BOOK OF KELLS, Edited by Blanche Cirker. Painstakingly reproduced from a rare facsimile edition, this volume contains full-page decorations, portraits, illustrations, plus a sampling of textual leaves with exquisite calligraphy and ornamentation. 32 full-color illustrations. 32pp. 9⅜ x 12¼.

0-486-24345-1

THE BOOK OF THE CROSSBOW: With an Additional Section on Catapults and Other Siege Engines, Ralph Payne-Gallwey. Fascinating study traces history and use of crossbow as military and sporting weapon, from Middle Ages to modern times. Also covers related weapons: balistas, catapults, Turkish bows, more. Over 240 illustrations. 400pp. 7¼ x 10⅛.

0-486-28720-3



 THE BUNGALOW BOOK: Floor Plans and Photos of 112 Houses, 1910, Henry L. Wilson. Here are 112 of the most popular and economic blueprints of the early 20th century — plus an illustration or photograph of each completed house. A wonderful time capsule that still offers a wealth of valuable insights. 160pp. 8% x 11.

0-486-45104-6



 THE CALL OF THE WILD, Jack London. A classic novel of adventure, drawn from London’s own experiences as a Klondike adventurer, relating the story of a heroic dog caught in the brutal life of the Alaska Gold Rush. Note. 64pp. [image: e9780486131528_i0664.jpg] x 8¼.

0-486-26472-6



 CANDIDE, Voltaire. Edited by Francois-Marie Arouet. One of the world’s great satires since its first publication in 1759. Witty, caustic skewering of romance, science, philosophy, religion, government — nearly all human ideals and institutions. 112pp. [image: e9780486131528_i0665.jpg] x 8¼.

0-486-26689-3



 CELEBRATED IN THEIR TIME: Photographic Portraits from the George Grantham Bain Collection, Edited by Amy Pastan. With an Introduction by Michael Carlebach. Remarkable portrait gallery features 112 rare images of Albert Einstein, Charlie Chaplin, the Wright Brothers, Henry Ford, and other luminaries from the worlds of politics, art, entertainment, and industry. 128pp. 8% x 11.

0-486-46754-6



 CHARIOTS FOR APOLLO: The NASA History of Manned Lunar Spacecraft to 1969, Courtney G. Brooks, James M. Grimwood, and Loyd S. Swenson, Jr. This illustrated history by a trio of experts is the definitive reference on the Apollo spacecraft and lunar modules. It traces the vehicles’ design, development, and operation in space. More than 100 photographs and illustrations. 576pp. 6¾ x 9¼.

0-486-46756-2



 A CHRISTMAS CAROL, Charles Dickens. This engrossing tale relates Ebenezer Scrooge’s ghostly journeys through Christmases past, present, and future and his ultimate transformation from a harsh and grasping old miser to a charitable and compassionate human being. 80pp. [image: e9780486131528_i0666.jpg] x 8¼.

0-486-26865-9



 COMMON SENSE, Thomas Paine. First published in January of 1776, this highly influential landmark document clearly and persuasively argued for American separation from Great Britain and paved the way for the Declaration of Independence. 64pp. [image: e9780486131528_i0667.jpg] x 8¼.

0-486-29602-4



 THE COMPLETE SHORT STORIES OF OSCAR WILDE, Oscar Wilde. Complete texts of “The Happy Prince and Other Tales,” “A House of Pomegranates,” “Lord Arthur Savile’s Crime and Other Stories,” “Poems in Prose,” and “The Portrait of Mr. W. H.” 208pp. [image: e9780486131528_i0668.jpg] x 8¼.

0-486-45216-6



 COMPLETE SONNETS, William Shakespeare. Over 150 exquisite poems deal with love, friendship, the tyranny of time, beauty’s evanescence, death, and other themes in language of remarkable power, precision, and beauty. Glossary of archaic terms. 80pp. [image: e9780486131528_i0669.jpg] x 8¼.

0-486-26686-9



 THE COUNT OF MONTE CRISTO: Abridged Edition, Alexandre Dumas. Falsely accused of treason, Edmond Dantès is imprisoned in the bleak Chateau d’If. After a hair-raising escape, he launches an elaborate plot to extract a bitter revenge against those who betrayed him. 448pp. [image: e9780486131528_i0670.jpg] x 8¼.

0-486-45643-9



 CRAFTSMAN BUNGALOWS: Designs from the Pacific Northwest, Yoho & Merritt. This reprint of a rare catalog, showcasing the charming simplicity and cozy style of Craftsman bungalows, is filled with photos of completed homes, plus floor plans and estimated costs. An indispensable resource for architects, historians, and illustrators. 112pp. 10 x 7.

0-486-46875-5



 CRAFTSMAN BUNGALOWS: 59 Homes from “The Craftsman,” Edited by Gustav Stickley. Best and most attractive designs from Arts and Crafts Movement publication — 1903—1916 — includes sketches, photographs of homes, floor plans, descriptive text. 128pp. 8¼ x 11.

0-486-25829-7



 CRIME AND PUNISHMENT, Fyodor Dostoyevsky. Translated by Constance Garnett. Supreme masterpiece tells the story of Raskolnikov, a student tormented by his own thoughts after he murders an old woman. Overwhelmed by guilt and terror, he confesses and goes to prison. 480pp. [image: e9780486131528_i0671.jpg] x 8¼.

0-486-41587-2



 THE DECLARATION OF INDEPENDENCE AND OTHER GREAT DOCUMENTS OF AMERICAN HISTORY: 1775-1865, Edited by John Grafton. Thirteen compelling and influential documents: Henry’s “Give Me Liberty or Give Me Death,” Declaration of Independence, The Constitution, Washington’s First Inaugural Address, The Monroe Doctrine, The Emancipation Proclamation, Gettysburg Address, more. 64pp. [image: e9780486131528_i0672.jpg] x 8¼.

0-486-41124-9



 THE DESERT AND THE SOWN: Travels in Palestine and Syria, Gertrude Bell. “The female Lawrence of Arabia,” Gertrude Bell wrote captivating, perceptive accounts of her travels in the Middle East. This intriguing narrative, accompanied by 160 photos, traces her 1905 sojourn in Lebanon, Syria, and Palestine. 368pp. 5⅜ x 8½.

0-486-46876-3



 A DOLL’S HOUSE, Henrik Ibsen. Ibsen’s best-known play displays his genius for realistic prose drama. An expression of women’s rights, the play climaxes when the central character, Nora, rejects a smothering marriage and life in “a doll’s house.” 80pp. [image: e9780486131528_i0673.jpg] x 8¼.

0-486-27062-9



 DOOMED SHIPS: Great Ocean Liner Disasters, William H. Miller, Jr. Nearly 200 photographs, many from private collections, highlight tales of some of the vessels whose pleasure cruises ended in catastrophe: the Morro Castle, Normandie, Andrea Doria, Europa, and many others. 128pp. 8⅞ x 11¾.

0-486-45366-9



 THE DORÉ BIBLE ILLUSTRATIONS, Gustave Doré. Detailed plates from the Bible: the Creation scenes, Adam and Eve, horrifying visions of the Flood, the battle sequences with their monumental crowds, depictions of the life of Jesus, 241 plates in all. 241pp. 9 x 12.

0-486-23004-X



 DRAWING DRAPERY FROM HEAD TO TOE, Cliff Young. Expert guidance on how to draw shirts, pants, skirts, gloves, hats, and coats on the human figure, including folds in relation to the body, pull and crush, action folds, creases, more. Over 200 drawings. 48pp. 8¼ x 11.

0-486-45591-2



 DUBLINERS, James Joyce. A fine and accessible introduction to the work of one of the 20th century’s most influential writers, this collection features 15 tales, including a masterpiece of the short-story genre, “The Dead.” 160pp. [image: e9780486131528_i0674.jpg] x 8¼.

0-486-26870-5



 EASY-TO-MAKE POP-UPS, Joan Irvine. Illustrated by Barbara Reid. Dozens of wonderful ideas for three-dimensional paper fun — from holiday greeting cards with moving parts to a pop-up menagerie. Easy-to-follow, illustrated instructions for more than 30 projects. 299 black-and-white illustrations. 96pp. 8⅜ x 11.

0-486-44622-0



 EASY-TO-MAKE STORYBOOK DOLLS: A “Novel” Approach to Cloth Dollmaking, Sherralyn St. Clair. Favorite fictional characters come alive in this unique beginner’s dollmaking guide. Includes patterns for Pollyanna, Dorothy from The Wonderful Wizard of Oz, Mary of The Secret Garden, plus easy-to-follow instructions, 263 black-and-white illustrations, and an 8-page color insert. 112pp. 8¼ x 11.

0-486-47360-0



 EINSTEIN’S ESSAYS IN SCIENCE, Albert Einstein. Speeches and essays in accessible, everyday language profile influential physicists such as Niels Bohr and Isaac Newton. They also explore areas of physics to which the author made major contributions. 128pp. 5 x 8.

0-486-47011-3



 EL DORADO: Further Adventures of the Scarlet Pimpernel, Baroness Orczy. A popular sequel to The Scarlet Pimpernel, this suspenseful story recounts the Pimpernel’s attempts to rescue the Dauphin from imprisonment during the French Revolution. An irresistible blend of intrigue, period detail, and vibrant characterizations. 352pp. [image: e9780486131528_i0675.jpg] x 8¼.

0-486-44026-5



 ELEGANT SMALL HOMES OF THE TWENTIES: 99 Designs from a Competition, Chicago Tribune. Nearly 100 designs for five- and six-room houses feature New England and Southern colonials, Normandy cottages, stately Italianate dwellings, and other fascinating snapshots of American domestic architecture of the 1920s. 112pp. 9 x 12.

0-486-46910-7



 THE ELEMENTS OF STYLE: The Original Edition, William Strunk, Jr. This is the book that generations of writers have relied upon for timeless advice on grammar, diction, syntax, and other essentials. In concise terms, it identifies the principal requirements of proper style and common errors. 64pp. 5⅜ x 8½.

0-486-44798-7



 THE ELUSIVE PIMPERNEL, Baroness Orczy. Robespierre’s revolutionaries find their wicked schemes thwarted by the heroic Pimpernel — Sir Percival Blakeney. In this thrilling sequel, Chauvelin devises a plot to eliminate the Pimpernel and his wife. 272pp. [image: e9780486131528_i0676.jpg] x 8¼.

0-486-45464-9



 FIVE ACRES AND INDEPENDENCE, Maurice G. Kains. Great back-to-the-land classic explains basics of self-sufficient farming. The one book to get. 95 illustrations. 397pp. 5⅜ x 8½.

0-486-20974-1



 FLAGG’S SMALL HOUSES: Their Economic Design and Construction, 1922, Ernest Flagg. Although most famous for his skyscrapers, Flagg was also a proponent of the well-designed single-family dwelling. His classic treatise features innovations that save space, materials, and cost. 526 illustrations. 160pp. 9% x 12¼.

0-486-45197-6



 FLATLAND: A Romance of Many Dimensions, Edwin A. Abbott. Classic of science (and mathematical) fiction — charmingly illustrated by the author — describes the adventures of A. Square, a resident of Flatland, in Spaceland (three dimensions), Lineland (one dimension), and Pointland (no dimensions). 96pp. [image: e9780486131528_i0677.jpg] x 8¼.

0-486-27263-X



 FRANKENSTEIN, Mary Shelley. The story of Victor Frankenstein’s monstrous creation and the havoc it caused has enthralled generations of readers and inspired countless writers of horror and suspense. With the author’s own 1831 introduction. 176pp. [image: e9780486131528_i0678.jpg] x 8¼.

0-486-28211-2



 THE GARGOYLE BOOK: 572 Examples from Gothic Architecture, Lester Burbank Bridaham. Dispelling the conventional wisdom that French Gothic architectural flourishes were born of despair or gloom, Bridaham reveals the whimsical nature of these creations and the ingenious artisans who made them. 572 illustrations. 224pp. 8⅜ x 11.

0-486-44754-5



 THE GIFT OF THE MAGI AND OTHER SHORT STORIES, O. Henry. Sixteen captivating stories by one of America’s most popular storytellers. Included are such classics as “The Gift of the Magi,” “The Last Leaf,” and “The Ransom of Red Chief.” Publisher’s Note. 96pp. [image: e9780486131528_i0679.jpg] x 8¼.

0-486-27061-0



 THE GOETHE TREASURY: Selected Prose and Poetry, Johann Wolfgang von Goethe. Edited, Selected, and with an Introduction by Thomas Mann. In addition to his lyric poetry, Goethe wrote travel sketches, autobiographical studies, essays, letters, and proverbs in rhyme and prose. This collection presents outstanding examples from each genre. 368pp. 5⅜ x 8½.

0-486-44780-4



 GREAT EXPECTATIONS, Charles Dickens. Orphaned Pip is apprenticed to the dirty work of the forge but dreams of becoming a gentleman — and one day finds himself in possession of “great expectations.” Dickens’ finest novel. 400pp. [image: e9780486131528_i0680.jpg] x 8¼.

0-486-41586-4



 GREAT WRITERS ON THE ART OF FICTION: From Mark Twain to Joyce Carol Oates, Edited by James Daley. An indispensable source of advice and inspiration, this anthology features essays by Henry James, Kate Chopin, Willa Cather, Sinclair Lewis, Jack London, Raymond Chandler, Raymond Carver, Eudora Welty, and Kurt Vonnegut, Jr. 192pp. 5⅜ x 8½.

0-486-45128-3



 HAMLET, William Shakespeare. The quintessential Shakespearean tragedy, whose highly charged confrontations and anguished soliloquies probe depths of human feeling rarely sounded in any art. Reprinted from an authoritative British edition complete with illuminating footnotes. 128pp. [image: e9780486131528_i0681.jpg] x 8¼.

0-486-27278-8



 THE HAUNTED HOUSE, Charles Dickens. A Yuletide gathering in an eerie country retreat provides the backdrop for Dickens and his friends — including Elizabeth Gaskell and Wilkie Collins — who take turns spinning supernatural yarns. 144pp. 5⅜ x 8½.

0-486-46309-5



 THE JUNGLE, Upton Sinclair. 1906 bestseller shockingly reveals intolerable labor practices and working conditions in the Chicago stockyards as it tells the grim story of a Slavic family that emigrates to America full of optimism but soon faces despair. 320pp. [image: e9780486131528_i0682.jpg] x 8¼.

0-486-41923-1



 THE KINGDOM OF GOD IS WITHIN YOU, Leo Tolstoy. The soul-searching book that inspired Gandhi to embrace the concept of passive resistance, Tolstoy’s 1894 polemic clearly outlines a radical, well-reasoned revision of traditional Christian thinking. 352pp. [image: e9780486131528_i0683.jpg] x 8¼.

0-486-45138-0



 THE LADY OR THE TIGER?: and Other Logic Puzzles, Raymond M. Smullyan. Created by a renowned puzzle master, these whimsically themed challenges involve paradoxes about probability, time, and change; metapuzzles; and self-referentiality. Nineteen chapters advance in difficulty from relatively simple to highly complex. 1982 edition. 240pp. 5⅜ x 8½.

0-486-47027-X



 LEAVES OF GRASS: The Original 1855 Edition, Walt Whitman. Whitman’s immortal collection includes some of the greatest poems of modern times, including his masterpiece, “Song of Myself.” Shattering standard conventions, it stands as an unabashed celebration of body and nature. 128pp. [image: e9780486131528_i0684.jpg] x 8¼.

0-486-45676-5



 LES MISÉRABLES, Victor Hugo. Translated by Charles E. Wilbour. Abridged by James K. Robinson. A convict’s heroic struggle for justice and redemption plays out against a fiery backdrop of the Napoleonic wars. This edition features the excellent original translation and a sensitive abridgment. 304pp. 6⅛ x 9¼.

0-486-45789-3



 LILITH: A Romance, George MacDonald. In this novel by the father of fantasy literature, a man travels through time to meet Adam and Eve and to explore humanity’s fall from grace and ultimate redemption. 240pp. 5% x 8½.

0-486-46818-6



 THE LOST LANGUAGE OF SYMBOLISM, Harold Bayley. This remarkable book reveals the hidden meaning behind familiar images and words, from the origins of Santa Claus to the fleur-de-lys, drawing from mythology, folklore, religious texts, and fairy tales. 1,418 illustrations. 784pp. 5% x 8½.

0-486-44787-1



 MACBETH, William Shakespeare. A Scottish nobleman murders the king in order to succeed to the throne. Tortured by his conscience and fearful of discovery, he becomes tangled in a web of treachery and deceit that ultimately spells his doom. 96pp. [image: e9780486131528_i0685.jpg] x 8¼.

0-486-27802-6



 MAKING AUTHENTIC CRAFTSMAN FURNITURE: Instructions and Plans for 62 Projects, Gustav Stickley. Make authentic reproductions of handsome, functional, durable furniture: tables, chairs, wall cabinets, desks, a hall tree, and more. Construction plans with drawings, schematics, dimensions, and lumber specs reprinted from 1900s The Craftsman magazine. 128pp. 8⅛ x 11.

0-486-25000-8



 MATHEMATICS FOR THE NONMATHEMATICIAN, Morris Kline. Erudite and entertaining overview follows development of mathematics from ancient Greeks to present. Topics include logic and mathematics, the fundamental concept, differential calculus, probability theory, much more. Exercises and problems. 641pp. 5% x 8½.

0-486-24823-2



 MEMOIRS OF AN ARABIAN PRINCESS FROM ZANZIBAR, Emily Ruete. This 19th-century autobiography offers a rare inside look at the society surrounding a sultan’s palace. A real-life princess in exile recalls her vanished world of harems, slave trading, and court intrigues. 288pp. 5⅜ x 8½.

0-486-47121-7



 ONE OF OURS, Willa Cather. The Pulitzer Prize-winning novel about a young Nebraskan looking for something to believe in. Alienated from his parents, rejected by his wife, he finds his destiny on the bloody battlefields of World War I. 352pp. [image: e9780486131528_i0686.jpg] x 8¼.

0-486-45599-8



 ORIGAMI YOU CAN USE: 27 Practical Projects, Rick Beech. Origami models can be more than decorative, and this unique volume shows how! The 27 practical projects include a CD case, frame, napkin ring, and dish. Easy instructions feature 400 two-color illustrations. 96pp. 8¼ x 11.

0-486-47057-1



 OTHELLO, William Shakespeare. Towering tragedy tells the story of a Moorish general who earns the enmity of his ensign Iago when he passes him over for a promotion. Masterly portrait of an archvillain. Explanatory footnotes. 112pp. [image: e9780486131528_i0687.jpg] x 8¼.

0-486-29097-2



 PARADISE LOST, John Milton. Notes by John A. Himes. First published in 1667, Paradise Lost ranks among the greatest of English literature’s epic poems. It’s a sublime retelling of Adam and Eve’s fall from grace and expulsion from Eden. Notes by John A. Himes. 480pp. [image: e9780486131528_i0688.jpg] x 8¼.

0-486-44287-X



 PASSING, Nella Larsen. Married to a successful physician and prominently ensconced in society, Irene Redfield leads a charmed existence — until a chance encounter with a childhood friend who has been “passing for white.” 112pp. 5% x 8½.

0-486-43713-2



 PERSPECTIVE DRAWING FOR BEGINNERS, Len A. Doust. Doust carefully explains the roles of lines, boxes, and circles, and shows how visualizing shapes and forms can be used in accurate depictions of perspective. One of the most concise introductions available. 33 illustrations. 64pp. 5⅜ x 8½.

0-486-45149-6



 PERSPECTIVE MADE EASY, Ernest R. Norling. Perspective is easy; yet, surprisingly few artists know the simple rules that make it so. Remedy that situation with this simple, step-by-step book, the first devoted entirely to the topic. 256 illustrations. 224pp. 5% x 8½.

0-486-40473-0



 THE PICTURE OF DORIAN GRAY, Oscar Wilde. Celebrated novel involves a handsome young Londoner who sinks into a life of depravity. His body retains perfect youth and vigor while his recent portrait reflects the ravages of his crime and sensuality. 176pp. [image: e9780486131528_i0689.jpg] x 8¼.

0-486-27807-7



 PRIDE AND PREJUDICE, Jane Austen. One of the most universally loved and admired English novels, an effervescent tale of rural romance transformed by Jane Austen’s art into a witty, shrewdly observed satire of English country life. 272pp. [image: e9780486131528_i0690.jpg] x 8¼.

0-486-28473-5



 THE PRINCE, Niccolò Machiavelli. Classic, Renaissance-era guide to acquiring and maintaining political power. Today, nearly 500 years after it was written, this calculating prescription for autocratic rule continues to be much read and studied. 80pp. [image: e9780486131528_i0691.jpg] x 8¼.

0-486-27274-5



 QUICK SKETCHING, Carl Cheek. A perfect introduction to the technique of “quick sketching.” Drawing upon an artist’s immediate emotional responses, this is an extremely effective means of capturing the essential form and features of a subject. More than 100 black-and-white illustrations throughout. 48pp. 11 x 8¼.

0-486-46608-6



 RANCH LIFE AND THE HUNTING TRAIL, Theodore Roosevelt. Illustrated by Frederic Remington. Beautifully illustrated by Remington, Roosevelt’s celebration of the Old West recounts his adventures in the Dakota Badlands of the 1880s, from roundups to Indian encounters to hunting bighorn sheep. 208pp. 6¼ x 9¼.

0-486-47340-6



 SMALL HOUSES OF THE FORTIES: With Illustrations and Floor Plans, Harold E. Group. 56 floor plans and elevations of houses that originally cost less than $15,000 to build. Recommended by financial institutions of the era, they range from Colonials to Cape Cods. 144pp. [image: e9780486131528_i0692.jpg]x 11.

0-486-45598-X



 SOME CHINESE GHOSTS, Lafcadio Hearn. Rooted in ancient Chinese legends, these richly atmospheric supernatural tales are recounted by an expert in Oriental lore. Their originality, power, and literary charm will captivate readers of all ages. 96pp. [image: e9780486131528_i0693.jpg]x 8½.

0-486-46306-0



 SONGS FOR THE OPEN ROAD: Poems of Travel and Adventure, Edited by The American Poetry & Literacy Project. More than 80 poems by 50 American and British masters celebrate real and metaphorical journeys. Poems by Whitman, Byron, Millay, Sandburg, Langston Hughes, Emily Dickinson, Robert Frost, Shelley, Tennyson, Yeats, many others. Note. 80pp. [image: e9780486131528_i0694.jpg] x 8¼

0-486-40646-6



 SPOON RIVER ANTHOLOGY, Edgar Lee Masters. An American poetry classic, in which former citizens of a mythical midwestern town speak touchingly from the grave of the thwarted hopes and dreams of their lives. 144pp. [image: e9780486131528_i0695.jpg] x 8¼.

0-486-27275-3



 STAR LORE: Myths, Legends, and Facts, William Tyler Olcott. Captivating retellings of the origins and histories of ancient star groups include Pegasus, Ursa Major, Pleiades, signs of the zodiac, and other constellations. “Classic.” — Sky & Telescope. 58 illustrations. 544pp. 5⅜ x 8½

0-486-43581-4



 THE STRANGE CASE OF DR. JEKYLL AND MR. HYDE, Robert Louis Stevenson. This intriguing novel, both fantasy thriller and moral allegory, depicts the struggle of two opposing personalities — one essentially good, the other evil — for the soul of one man. 64pp. [image: e9780486131528_i0696.jpg] x 8¼.

0-486-26688-5



 SURVIVAL HANDBOOK: The Official U.S. Army Guide, Department of the Army. This special edition of the Army field manual is geared toward civilians. An essential companion for campers and all lovers of the outdoors, it constitutes the most authoritative wilderness guide. 288pp. [image: e9780486131528_i0697.jpg] x 8¼

0-486-46184-X



 A TALE OF TWO CITIES, Charles Dickens. Against the backdrop of the French Revolution, Dickens unfolds his masterpiece of drama, adventure, and romance about a man falsely accused of treason. Excitement and derring-do in the shadow of the guillotine. 304pp. [image: e9780486131528_i0698.jpg] x 8¼

0-486-40651-2



 TEN PLAYS, Anton Chekhov. The Sea Gull, Uncle Vanya, The Three Sisters, The Cherry Orchard, and Ivanov, plus 5 one-act comedies: The Anniversary, An Unwilling Martyr, The Wedding, The Bear, and The Proposal. 336pp. [image: e9780486131528_i0699.jpg]

0-486-46560-8



 THE FLYING INN, G. K. Chesterton. Hilarious romp in which pub owner Humphrey Hump and friend take to the road in a donkey cart filled with rum and cheese, inveighing against Prohibition and other “oppressive forms of modernity.” 320pp. 5⅜ x 8½.

0-486-41910-X



 THIRTY YEARS THAT SHOOK PHYSICS: The Story of Quantum Theory, George Gamow. Lucid, accessible introduction to the influential theory of energy and matter features careful explanations of Dirac’s anti-particles, Bohr’s model of the atom, and much more. Numerous drawings. 1966 edition. 240pp. 5⅜ x 8½.

0-486-24895-X



 TREASURE ISLAND, Robert Louis Stevenson. Classic adventure story of a perilous sea journey, a mutiny led by the infamous Long John Silver, and a lethal scramble for buried treasure — seen through the eyes of cabin boy Jim Hawkins. 160pp. [image: e9780486131528_i0700.jpg] x 8¼.

0-486-27559-0



 THE TRIAL, Franz Kafka. Translated by David Wyllie. From its gripping first sentence onward, this novel exemplifies the term “Kafkaesque.” Its darkly humorous narrative recounts a bank clerk’s entrapment in a bureaucratic maze, based on an undisclosed charge. 176pp. [image: e9780486131528_i0701.jpg] x 8¼.

0-486-47061-X



 THE TURN OF THE SCREW, Henry James. Gripping ghost story by great novelist depicts the sinister transformation of 2 innocent children into flagrant liars and hypocrites. An elegantly told tale of unspoken horror and psychological terror. 96pp. [image: e9780486131528_i0702.jpg] x 8¼.

0-486-26684-2



 UP FROM SLAVERY, Booker T. Washington. Washington (1856-1915) rose to become the most influential spokesman for African-Americans of his day. In this eloquently written book, he describes events in a remarkable life that began in bondage and culminated in worldwide recognition. 160pp. [image: e9780486131528_i0703.jpg] x 8¼.

0-486-28738-6



 VICTORIAN HOUSE DESIGNS IN AUTHENTIC FULL COLOR: 75 Plates from the “Scientific American - Architects and Builders Edition,” 1885-1894, Edited by Blanche Cirker. Exquisitely detailed, exceptionally handsome designs for an enormous variety of attractive city dwellings, spacious suburban and country homes, charming “cottages” and other structures — all accompanied by perspective views and floor plans. 80pp. 9¼ x 12¼.

0-486-29438-2



 VILLETTE, Charlotte Brontē. Acclaimed by Virginia Woolf as “Brontē’s finest novel,” this moving psychological study features a remarkably modern heroine who abandons her native England for a new life as a schoolteacher in Belgium. 480pp. [image: e9780486131528_i0704.jpg] x 8¼.

0-486-45557-2



 THE VOYAGE OUT, Virginia Woolf. A moving depiction of the thrills and confusion of youth, Woolf’s acclaimed first novel traces a shipboard journey to South America for a captivating exploration of a woman’s growing self-awareness. 288pp. [image: e9780486131528_i0705.jpg].

0-486-45005-8



 WALDEN; OR, LIFE IN THE WOODS, Henry David Thoreau. Accounts of Thoreau’s daily life on the shores of Walden Pond outside Concord, Massachusetts, are interwoven with musings on the virtues of self-reliance and individual freedom, on society, government, and other topics. 224pp. [image: e9780486131528_i0706.jpg] x 8¼.

0-486-28495-6



 WILD PILGRIMAGE: A Novel in Woodcuts, Lynd Ward. Through startling engravings shaded in black and red, Ward wordlessly tells the story of a man trapped in an industrial world, struggling between the grim reality around him and the fantasies his imagination creates. 112pp. 6⅛ x 9¼.

0-486-46583-7



 WILLY POGÁNY REDISCOVERED, Willy Pogány. Selected and Edited by Jeff A. Menges. More than 100 color and black-and-white Art Nouveau-style illustrations from fairy tales and adventure stories include scenes from Wagner’s “Ring” cycle, The Rime of the Ancient Mariner, Gulliver’s Travels, and Faust. 144pp. 8⅜ x 11.

0-486-47046-6



 WOOLLY THOUGHTS: Unlock Your Creative Genius with Modular Knitting, Pat Ashforth and Steve Plummer. Here’s the revolutionary way to knit — easy, fun, and foolproof! Beginners and experienced knitters need only master a single stitch to create their own designs with patchwork squares. More than 100 illustrations. 128pp. 6½ x 9¼.

0-486-46084-3



 WUTHERING HEIGHTS, Emily Brontē. Somber tale of consuming passions and vengeance — played out amid the lonely English moors — recounts the turbulent and tempestuous love story of Cathy and Heathcliff. Poignant and compelling. 256pp. [image: e9780486131528_i0707.jpg] x 8¼.

0-486-29256-8



 Browse over 9,000 books at www.doverpublications.com
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